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1. INTRODUCTION

. . A B - . vA VB
?
What is the square root of a matrix such as ( c D > ? Itis not, in general, < JC \/5) .

This is easy to see since the upper left entry of its square is A + +/BC and not A.

. (a b\. (a*+bc bla+d) e
The square of the matrix (c d) is (c(a+d) &2+ be and, if this is to equal

C D
a?+bc=A,bla+d) =B, cla+d)=C,and d? + bc = D.
We may return to solve this later. However, let’s first look at some examples.

<A B , then the following system of equations must be solved:

Example 1. The matrix (3 8) has four square roots:

2 0 2 0 -2 0 -2 0
0 3/)°\0 =-3)°\ 0 3)’\0 =3/
11 _
Example 2. (0 1 ) has two square roots:

() )

Matrices which have just two square roots can often be recognized as geometric trans-
formations which can be “halved” in an obvious way. For example, shear matrices

((1) ?) transform the plane to itself by sliding horizontal lines to the right by a

times the y-intercept of the line (so its square root is ((1)

a
i )). Rotation matrices

<_ts ‘z) ,s2 +t? = 1, rotate the plane around the origin by # where cos# = t and

sin @ = s (S0 its square roots are the rotation matrices corresponding to rotation by g
and 7 + £.

Example 3. (8 (1)> has no square roots.
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To see this, suppose to the contrary that
a?+bc bla+d)\ (0 1
cla+d) d*+bc ) \0 0)°
Then a? + be = d? + be = 0 which implies @ = +d. Since b(a +d) = 1, a+d # 0
and so a = d # 0. Finally, since ¢(a + d) = 0 it follows that c = 0 and thusa = 0 - a

contradiction!

10
0 1
Hamilton Theorem which states that A satisfies its characteristic equation:

Example 4. has infinitely many square roots. To see this, recall the Cayley-

A2 =71A—6I

where 7 is the trace of A and ¢ is the determinant of A. Hence, if A has trace 0 and
determinant -1, for example
A= (a2a—1 b ) )
B —a

Here are some square roots for what we’ll call Jordan matrices (matrices with
lower left entry 0— also known as upper triangular matrices or the Jordan canonical

form of a matrix).

a 0\° [(+£/a 0

0o b) L0 +V)
Note that this covers all four square roots when a # b.

(o2 == (% =)

Note that this covers both square roots.
Most generally,

then A2 = TI.

ISEES)

1
6 2= (5 2)
0 ¢/ — 0 +/c )’
These are all the square roots; you see that there are four for the first type and two for
the second. The last — the most general case— includes the other two. Notice that if
a = c then two of the possible square roots are undefined.

What follows are five methods for computing the square roots of arbitrary two-
by-two matrices. | include a number of applications and examples. My assignment of
names to each method is informal and has no historical significance as far as | know.

2. SIMILARITY METHOD



Although not every matrix is a Jordan matrix, every matrix A is similar to a Jordan
matrix:
VA :3M : (M *AM)g; = 0.

IfM~YAM = Jand Jz isa square-root of .J, then
(MJEM Y2 =MJM ' = A

andso MJzMLisa square root of A.

It is well known, and easy to see, that if the columns of M are linearly independent
eigenvectors for A, then M~ AM is diagonal. Hence, finding a diagonalizing matrix
M is no harder than finding the eigenvectors of A. For our purposes, we simply want
to find a matrix M which, upon conjugating A, gives a Jordan matrix. It turns out that
(almost) all matrices are similar, via a rotation matrix, to a Jordan matrix. We get this

algebraically. A matrix similar to (Z b ) via a rotation looks like:

CoEE -G

X =ct® 4 (d — a)st — bs>.

where

To be a Jordan matrix, X = 0 and so we want s, ¢ that satisfy
e i)s2+t2=1,and

o ii) ct? + (d — a)st — bs? = 0. As long as X # s2 + t2 (equivalently, A is not a
scalar multiple of a rotation matrix), it is possible.

To find the square root of A in the applicable cases:

e 1) Find roots of
cx? +(d—a)x —b=0.

2) Find s, t which satisfy s> + t? = 1 and

ct? +(d —a)st —bs®> =0

and form M = <t _S>.
S t

3) Calculate J = M1 AM.

4)Find Jz.
5) Calculate M J2 M.

8 -2
Example 5. Let A = (6 1 )



e 1) Solving 62% — Tz +2 =0, wefindz =  orz =

e 2) Choosing the root (%), we next find s, ¢ so that

TIPS o
Namely,s_\/g,t_\/g.Then

1 =2
M_<g f).

3 _58) , gives four square roots of J:

—8
(i2 i2i\/5) )
0 +v5

wls oo

= 1land s> +1? = 1.

e 3,4) Calculating J = M 1AM = (

Choosing one, say
Jh_ (2 16— 8v/5
={y 5 ,

e 5) We get
1o [ —6+4V5 4-25
MJ=M _<—12+6\/5 8 —3v5

which, indeed, is a square root of A.

We note that the choice of the other root (%) in step 2 will still give the same set
of square roots of A.

Example 6. Although dealing with real numbers is desirable, it is not essential. Let
A 1 -1
S\l 0 )

1) 2* — z + 1 = 0 has two solutions: £ (1 + v/3).

2) We take s = 1(v/3 +i) and ¢ = 1(v/3 —4). Then

M‘%(ﬁlz _\/?—_ii>'
.S)J_MlAM_%<1_O\/§i 1—1-_\2/§z>
05)A%_MJ%M1_%<? _11)



3. ABEL-MOBIUS METHOD

The equation cx? + (d — a)z — b = 0 actually has a geometric significance. We
note the following chain of equivalences:

cx’+(d—a)z—b=0

ar +b
=z
cr+d

(3= ()= ) ()

x - .
( 1 ) IS an eigenvector.

Another interesting connection between the equation cx? + (d — a)x — b = 0 and
the square roots of A is via Abel’s functional equation.

Theorem 1. Let p(x) = ca?® + (d — a)x — b. Then

satisfies Abel’s functional equation:

ar +b
cr+d

F( )= F(z) + k.

This can be used to find a closed formula for powers of A (in particular, the %
ar +b

b . x .
d)’ define ® 4 (z) = T It is easy

power). To see this, given a matrix A = (CCL

to see that

q)A o (I>B = q)AB.
Hence, if F/(®4(x)) = F(x) + k, then

P pn(x) = F~H(F(x) 4 nk).

Example 7. Let A = (2 _12) Then p(x) = 62% — 7 + 2 and
dx 3r — 2
F(x)_/6x2—7m+2_1n(2:v—1)'
Then,
8xr — 2 122 — 8 4 3xr—2 4
F(6x+1)—1n(10$_5)—ln(g)+ln(2z_1)—F(az)+ln(g).
Since v o
Flz)=
(@) = 523



it works out that

aela) = 7P ) = g

Coming full circle, this shows (with a little more work)

w_ (45" —3.47 2.47 —2.57
A _<6-5"—6-4" 4-4"—3-5")' 1)

Letting n = 3, we find

A3 = <é\/\€—_162 gi;é)

The form of equation (1) is not surprising. A consequence of the Cayley-Hamilton
is that
ATl =7 A" —5A"?

and so the ij-th entry of A™ satisfies a second order recurrence (like the Fibonacci
numbers) and so satisfies a Binet-type formula (like the Fibonacci numbers).

We shall now prove Theorem 1 in two ways; the first utilizing the fact that the
roots of p(z) are slopes of eigenvectors, the second related to the system of differential
equations defined by A. We assume that p(z) has distinct real roots (which, since
the discriminant of p(z) is the same as that of the characteristic polynomial of A, is
equivalent to A having distinct real eigenvalues).

Proof 1. Let 1 and x5 be the roots of p(x) and define

_ [ T1 X2
M= ( A ) |
As was noted above, the columns of M are eigenvectors and so D = M 1AM is
diagonal. Then & (x) = kx for some k and

Ppr-1(Pa(z)) = Pp(Par-1(2)) = k-1 (2).

If F(x) = / % then, by partial fractions,

T
F(z) =cln pr— =cln|®y-1(2)]
and thus b
ax
F =cln|k| + F(x).
(250 = ek + F(@)
QED



Proof 2. Let x = z(¢t) and y = y(t) be the solutions to the system of differential
equations

' =azx + by
Yy =cx+dy’

-+
G-+ ()

If F(z) = / %, then [F(z/y)] = —1 = [F(z' /y')]’ and so0

By the quotient rule,

< |8

and, similarly,

azx + by T x
=F(=)=F(-)+k

F(
for some & and therefore, for all z in the range of = /y,
F(®a(2) = F(2) + k.
QED

Although the proofs of Theorem 1 require p(z) to have real roots, it still works to
some extent for other matrices.

1 -1
1 0

F(z) / dz 2 arcta (217—1)
)= | ————— = — arctan )
2—xz+1 /3 V3

Example 8. Let A = ( ) Then p(z) = 2* —z + 1 and

F(1— %) = % arctan (%) = % arctan (2“7—\/_51) - % arctan(y/3).

Since F~1(z) =  + \/Tg tan(@x),

P an(z) = % + ? tan (arctan (2;5\/—5 1) —n- arctan(\/§)> .

It is a challenging exercise to use the addition formula for arctangents to show

() 1+3 r—1 2z — 1
xr) = — —_ =
A3 2 2 \z+1 z+1

1 1 /2 -1
o (P 1)

and therefore



4. NEWTON’S METHOD

Newton’s method is a way of approximating roots of a given function. It works as
follows. Given a function f(z) and an initial value x, define

Tn+l = Tp — f/(.%' )
n

The sequence often converges to a root of the function f(z).
Its effectiveness varies according to the type of function and initial guess. Define

22 +a 1 a
n =—(z, + —).

2z, 2 Tn

Tn41 =

If zo > 0, then z,, — y/a and if zy < 0, then x,, — —+/a. This follows from the
following easily proved formula:

Tpi1 —Va _ (9Cn - \/5)2
.I'n+1+\/a .I'n+\/a

We now attempt Newton’s method for matrices. That is, given a starting guess
Xy, define

1
Xn+1 = i(Xn + AX;l)

Example9.LetA_<_41 :2>,andX0_<1 O>.Then

o)
5 7).

9706 —1.022
2.0441 9706

9995 —.9998
X4=1{1.0096 9995 > and
. _ (1:000 —1.000

>~ {2.000 1.000

Hence X, rapidly converges to a square root of A.

We say that a matrix is positive if it has positive eigenvalues. We then reserve
the notation /A to denote the positive square root of A (there is indeed only one such
square root; the other(s) having spectrum with at least one negative element). For

example
-1 =2 1 -1
(2 3)-G )

It turns out that the convergence in Example 9 is true in general.



Theorem 2. Let A and X, be positive. If A and X, can be simultaneously upper
triangularized (for example, if A and X, commute), then X,, — v/A.

Proof. By hypothesis, there exists M such that for some a, b, ¢, z,yand z, MAM ~! =

(8 IZ) and MXoM~! = (g g) It follows that the matrix (X, — v/A)(X, +

V/A)~! has spectrum
{x— Va z—+/c
x++a z+4/c

Let B, = (X, —VA)(X,+vA)~!. Itiseasy to verify that B,,,; = B2 and therefore

MB,M = (% o
" 0 ¢,

}c(-1,1).

where a,,, ¢, — 0. Since b,,+1 = b, (an + ¢n), b, — 0 and therefore B,, — 0. Since
X, =[2(I = B,) ' —I]VA4,

it follows that X,, — v/A. QED

A more general version of this theorem has been done by Higham [4].
Interestingly, the choice of X is important if X, and A do not commute. For

. 1 4 . 1 2 1 0
example, consider A = (0 1)forwhlch\/—_ (0 1). If Xo = (c 2)

then, apparently, X,, — /A if ¢ is less than but near g but X,, diverges if c is larger

than but near % The number % is critical in the sense that if Xg = ( % g) then
6

X is not invertible. In general, there are infinitely many matrices <i (2)> such that
some X, is not invertible and so one might expect that the set of matrices X for
which Newton’s method converges is quite complicated. This is indeed borne out by
computer experimentation.

Let S be the set of all matrices X, for which X, converges. S is a subset of
the four dimensional space of two-by-two matrices. By Theorem 2, S contains the
plane {sA + tI : s,t € R} but computer experiments indicate that S is a self-similar
S

fractal. Following are examples of slices through S; < .

i > in Figure 1, for example,
indicates the plane {(j i) : s,t € [—~100,100]?} and the black pixels represent

matrices Xy = (S t

; 1) such that X,, (apparently) converges.



. s t
F|g.1<t 1>

10



. s 1
Fig. 2 <—t S)

11
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. s 0
F|g.3<t _S>

12



Figure 3 represents part of the plane which is the orthogonal complement to the
plane of matrices which commute with <(1) 111> .

Some facts/questions jump out at one upon seeing these pictures. It is easy to see
that if Xo € S then — Xy € S. Apparently, S is invariant under multiplication by 2;
does Xy € S imply 2X, € §? As far as | know, this is an open question. Is S a true
fractal? That is, is the Hausdorff dimension of a two-dimensional slice of S ever less
than 2? What is the Hausdorff dimension of S?

5. EXTENSION METHOD

We now consider functions of matrices. That is, if a function f(z) is given, is
there a way to define f(A)? There is extensive literature on this; see for example,
Rinehart [6] and Uhlig [7]. This, of course, is of interest when f(z) = /x.

a b
0 C>.Then

N ]

Consider first the general Jordan matrix (

0 ct

<a b>4<a4 b(a3+a20+ac2—|—c3))

. a b\". . a® 2 (a" —c") a™  bna"!
and, in general, 0 o) 8 either 0 or{ g " ac-

cording to whether a # ¢ or a = ¢ respectively. Hence for any polynomial p(x),

» ((8 I;)) _ (p(oa) aic(p;()c)— p(C)))
(6 0) - (% )

according to whether a # ¢ or a = c respectively.
We may extend further to analytic functions or even to any function f(z): if

MAM~-! = (g i),then define

b
0 (F@ 25(f@) = ) ) o
s =a (7§ 7(©)
if A has distinct eigenvalues a, ¢ and define, for the ‘confluent’ case when A has equal

eigenvalues:
fA) =M (fg’) b}c(g)) M.

13



Note that, of course, if f is not differentiable everywhere, then there exist matrices for
which f(A) is undefined. The fact that this definition is well-defined (i.e., the result is
independent of the choice of M) is left to the reader.

In general, it is clear that A and f(A) are simultaneously upper triangularizable
and thus f(A) = xA + yI for some x and y (possibly depending on both f and

A). This is a classical formula appearing, for example, in Horn and Johnson [5]. If
MAM~" = (g lc)) then the trace of v/A is \/a + /¢, the determinant of /A is

/ac and therefore, since /A satisfies its characteristic equation,
1
=——(A I). 2
VA =~ (A + Vacl) 2)

Hence we have a formula for the square root of A depending only on A and its
eigenvalues.

8

Example 10. Let A = (6

equation

_12). Then T =9, = 20 and so A has characteristic

2> —92+20=0
and the eigenvalues are 4 and 5. By (2),

1 (4/5-6 4-2V5
\/_—2+\/5(A+2\/5[)—<6\/5—12 8—3\/5)'

We may also apply this method to matrices without real eigenvalues.

1
1

%(I:I:i\/g). Sinceac=d=1anda+c=71=1,
(Va++ve)? =a+c+2ac=3

Example 11. As in Example 8, let A = < _01 ) Then A has eigenvalues a, c =

and so, by (2),

=

A _%(A+I)_%<? ‘11).

More generally, if f(A) = zA + yI and A has distinct eigenvalues, then conju-
gation gives

(f%a) abc(f(Jg()c)—f(C))>:f((g i)>=x(3 Zc))ﬂ/((l) (D

andso z = (f(a) — f(c))/(a—¢),and y = (af(c) — cf(a))/(a — ¢). When A has
equal eigenvalues, then z = f/(a) and y = f(a) — af’(a). Therefore, if A has distinct
eigenvalues a and ¢ then

af(e) —cf(@)

a—c a—cC

(3a)




while if A has eigenvalue a of multiplicity 2, then

f(A) = fla)A+ (f(a) — af'(a))I. (30)

As an application, we consider continued fractions of square roots of matrices.
Recall /2 can be written as an infinite continued fraction:

1
Visl4 -t
S "
We shall use the standard notation:
V2=1[1,2,2,2,..].

In general, every irrational number z has an infinite continued fraction expansion:

T =ag+ % = lag, a1, az,as, . ..]
N o

but ‘quadratic surds’ (i.e., irrational numbers of the form r + /s where r and s are

rational or, equivalently, irrational roots of quadratic polynomials with integer coef-

ficients) are special in that they are precisely the numbers with eventually repeating

continued fractions. For example,

and

3+5\ﬁ =[1,7,1,2,1,8,13,8].

This is a standard result in the theory of continued fractions; see, for example, [1] or

[2].

Does the square-root of an integral matrix A satisfy

VA=Ag+ (A1 + (Ag+..)"H7!

where Ay, are integral and eventually repeat?
A natural attempt to answer this question is to extend the floor function to matri-

ces. For example, given a matrix A, if MAM ! = ((S) g) then

[A] = M <[8] [(t)]> M.

It is worth pointing out that if A is integral, [A] need not be. For example if

(1 2 1 (3-V3 23 .
A= (1 3 ,then [A] = 5 ( /3 34 \/§> The reason for the discrepancy

is that the eigenvalues of A are not rational. If a matrix A is integral with integral

15



eigenvalues however, then [A] = A. This is more in line with what we would expect of
integral matrices; we henceforth call such matrices strongly integral.

Consider now the continued fraction expansion of a matrix A. Let X, = A and
define, recursively, A,, = [X,,] and X,,,1 = (X,, — A,) L.

The following theorem answers the question above (partially).

Theorem 3. If A is strongly integral with distinct, positive, eigenvalues neither of
which is a perfect square, then vA = Ag + (A1 + (Az +...)~ 1)~ for a sequence of
rational matrices (A,,) and, furthermore, the sequence is eventually periodic.

Proof. Let A = (z Z) and suppose s, t are the eigenvalues of A. Since the dis-

criminant of
er? +(d—a)yr—b=0 (4)
is the same as that of the characteristic equation and since the eigenvalues of A are
integral, the solutions of (4) are rational. That is, there exist integers x, u, y, v such that
< and £ satisfy (4). Recall, from section 2, that this implies that M~1AM is diagonal
where M = (w y)
u v

Since s, t are not both perfect squares, \/s = [so, s1,...] and v/t = [to, t1,...] for
integers s; and ¢;. Furthermore, it’s easy to see that

A, =M (861 tO ) ML

Since M is integral, each A, is rational. Since /s and v/t are quadratic surds, it
follows that the pairs (s;, t;) eventually repeat and therefore the matrices A,, eventually
repeat. QED

It is too much to hope that A; are integral. For example, if A = <_14 g) then

A satisfies the hypotheses of Theorem 3 but

VA = . <—24 130>'

An interesting fact is the following:

Proposition 1. If A is a rational matrix, then the sequence A; eventually repeats or is
eventually undefined.
Proof. An eigenvalue of A is either a rational number or a quadratic surd. QED

6. CAYLEY-HAMILTON METHOD

For what A is A2 integral? To answer this question, we apply the Cayley-
Hamilton Theorem to A2 to get perhaps our simplest method. Note

16



A=71VA-6I (5)

where 7 is the trace of v/A and ¢ is the determinant of \/A. Suppose A has trace 7 and
determinant A and is not a multiple of 1. By (5), 7 # 0 and we have

VA= 1(A+41). (6)

Furthermore, 62 = A or § = ++/A. Using (5) and (6),
TA—AI=A? = (rVA—-61)? =124 — 276V A + 6°1 = (72 — 20)A — AI

andso T = 72 — 26. Hence 7 = ++/T + 24 and, finally

\/Z:\/%(AJNSI), 5= +VA (7).

8§ —2
Example 12. A = (6 1

have § = +21/5. Hence

) has no integral square roots. Since T' = 9, A = 20, we

VT +20=1/9+4V5=24+5

and therefore

8+ 25 -2
+1 8 —2 245 245
A= —— + 251 =
2ﬁ:\/5[<6 1) V5] 6 1+2V56
2445 2445

Obviously, none of the four square roots of A are integral.

Example 13. A = (2 ! ) has two rational square roots but no integral ones. Since

7 25
T =27and A =1, when § = —1 we get A3 _%<1 7

7 24
liL 3 7
A2—m<7 26)

710

Example 14. A = 15 929
roots. Since T' = 29, A = 4, and § = £2, we have

. Fl (742 10
T VJ/29+14 15 2242

) and when § = 1 we get

) has two integral square roots and two irrational square

=

A

1 2 1 9 10
amdsothesquarerootsoanrej:(3 4) amdi\/ﬁ(15 24>.

17



—-11 6

-30 16

Example 15. A = ( _10 6

—-13 6
+ (—30 14 >

Based on (7), a matrix A with trace 7" and determinant A has integral square roots
if and only if v/T' 4+ 2v/A is an integer which divides each entry of A + /AT

> has four integral square roots: + < -3 2> and

Suppose a and b are relatively prime. When does A = ( _ab 2 ) have an integral

square root? Answer: when v/2a + 2v/a? 4 b? is an integer or, equivalently, when
there exists an integer c such that a? + b2 = ¢2 and 2(a + ¢) is a square. Assuming this,
since a and b are relatively prime, either a or b is odd but, since a + ¢ must be even, a
is odd. Conversely, if a is odd, b is even, and there is some c such that a? + b? = ¢2,

then
c—ac+a b

2
2 2 (2) '
Since the two factors on the left are relatively prime, 2(a + ¢) is a square which divides
both (a + ¢)? and b2. Therefore, v/2a + 2¢ divides both a + c and b. But this is exactly
the condition for A to have an integral square root. Therefore, A has an integral square
root if and only if a is odd, b is even and a? + b* = ¢ for some c.
This leads easily to the standard parametrization of Pythagorean triples. Suppose

a,band c are relatively prime and a? + b = ¢* with @ odd and b even. Then

Gy=(s )

for some integers x, y, u, v. It’s not hard to verify that w = —y and v = = from which

it follows that
2
z y\ _[a b
(52 = (5 0)

and therefore o = 22 — 2, b = 2zy, and ¢ = 22 + y°.

It is worth noting that the set of matrices of the form ( _Iy Z with real entries

forms a field isomorphic to the field of complex numbers via the map

T Yy .
(5 2)-ovm

When x and y are integers, the resulting subring is isomorphic to the ring of “Gaussian
integers”.
More generally, consider the quadratic field Q(vd) = {z + yVd : =,y € Q}

where d is an integer. It is easy to see that the set of matrices of the form <;b 2)

(a, b rational) is a field isomorphic to Q(+/d) via the mapping

(c?b 2) — a4+ bVd.

18



We may devise a test for when an element of Q(+/d) is the square of another
element in Q(v/d): a + bv/d has square root in Q(+/d) if and only if (;b Z) has a

rational square root if and only if \/2a &= /a2 — db? is rational.

Example 16 Is # the square of a number of the form = + y+/5, «, y rational? Let

a=3andb= 3. Thena® — 5b%> = 1 and \/2a + v/a? — 56> = 2 and so the answer

is yes. Computing the square root,
3/2 1/2\*  [(1/2 1/2
5/2 3/2) ~ \5/2 1/2

[3+V5  1+5
2 2

The question of when A has an integral square root is also related to the theory of
quadratic forms. A binary quadratic form is a polynomial

and thus

Q(z,y) = ax?® + 2bxy + cy®.

a
b

o= (3) 4(;)

Qw,y) = |A> (i) 2

If A has an integral square root, then the corresponding quadratic form is the sum of

squares of two linear forms. This is not the only case where this happens however.

A theorem of Mordell [3] gives sufficient conditions for a quadratic form to be the

sum of squares of two linear forms: the gcd of a,b,and c is a sum of two square, the
1 -

1 2) satisfies

these conditions but does not have an integral square root, for example.

Such a form is related to the matrix ( IZ) by the equation

and therefore

determinant of A is a square, and Q is non-negative. The matrix 13
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