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Abstract
This study examined the errors and misconceptions exhibited by high school students when
solving exponential equations. It was hypothesized that high school students in Algebra
2/Trigonometry and Pre-Calculus classrooms would use guess-and-check strategies and linear
arithmetic approaches to solve exponential equations. Few or no students would use logarithmic
properties to assist them in solving an exponential equation. During this study, a ten-problem
assessment was given to New York students in an Algebra 2/Trigonometry class, an Algebra
2/Trigonometry Honors class, a Pre-Calculus class, and a Pre-Calculus Honors class. The
instrument was generated by using past state tests appropriate for students in Algebra
2/Trigonometry according to the state and national mathematics standards. Immediately
following the assessment, students were asked to complete a nine-question survey in which they
described their reaction to the assessment and their knowledge of exponential equations. The
results of the assessment and surveys were collected and analyzed to determine if any
correlations existed. The data collected showed that high school students primarily used
logarithms to solve exponential equations. Additional results revealed that the Pre-Calculus
Honors students scored the highest, the Algebra 2/Trigonometry students scored the lowest, and

that students made fundamental errors while solving exponential equations.
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Introduction

This research examines the errors and misconceptions exhibited by students when solving
exponential equations. Exponentials are a vital part of the high school mathematics curriculum.
Simplifying exponentials is introduced to students in eighth grade and then seen with exponential
functions in Integrated Algebra. Exponential functions appear again in Algebra 2/Trigonometry
along with exponential equations. Many students find solving exponential equations difficult,
especially when logarithms are included. Research has shown that students may possess the
computation skills necessary to correctly solve problems; however, they often possess a poor
understanding of foundational concepts (Melendy, 2008). An examination of students’ work
could help teachers to teach solving exponential equations more effectively.

| was interested in this topic because | taught Integrated Algebra and Algebra
2/Trigonometry for two years and saw that students struggled with the topic of exponential
equations and logarithms. | first taught at North Tonawanda High School in North Tonawanda,
New York, during the 2010-2011 school year. During the 2011-2012 school year | taught these
courses at St. Joseph’s Collegiate Institute in Buffalo, New York. At both of these teaching
placements | taught 3 sections of Integrated Algebra and 2 sections of Algebra 2/Trigonometry.
| saw firsthand that students made multiple mistakes when it came to solving exponential
equations. In addition, it seemed as though many students were trying to memorize procedures
to solve exponential equations for the test but were not retaining the concept as the year
progressed.

My study focused on finding the common errors and misconceptions students have when
solving exponential equations so that | can become a more effective teacher when teaching this

concept.



It is hypothesized that high school students in Algebra 2/Trigonometry and Pre-Calculus
classrooms will use guess-and-check strategies and linear arithmetic approaches to solve
exponential equations. Few or no students will use logarithmic properties to assist them
in solving an exponential equation.
A ten-problem assessment on solving exponential equations was given to test the hypothesis.
The assessment had a range of difficulty and included problems where students had to use
logarithms to solve the equation unless they used either a guess-and-check strategy or a
calculator method. The assessment was given to New York high school students in an Algebra
2/Trigonometry class, an Algebra 2/Trigonometry Honors class, a Pre-Calculus class, and a Pre-
Calculus Honors class. It is of interest to note that the assessment given in this study was
reviewed and revised by fellow classmates and professors. The assessments were collected and
graded out of a predetermined 4-point scale. Each problem was evaluated to determine the types
of mistakes made and their frequency. In addition, the method students used to solve each
problem was recorded. In furthering my hypothesis, a survey was administered to the students
once the assessments were completed. The survey was used to assess students’ knowledge of
exponential equations as well as their reaction to the assessment. This research is intended to
emphasize the common misconceptions and errors in solving exponential equations by high
school students to further educational understanding. Exponential equations are a large part of
the high school curriculum; therefore, it is of the utmost importance to determine students’
misconceptions and errors. Students’ misconceptions and errors begin when they first learn

mathematics topics and look at different textbooks.



Literature Review
To conduct this literature review, previous empirical research related to the hypothesis
was researched and reviewed. Therefore, the purpose of this literature review was to examine
research pertaining to exponential and logarithmic equations. This research examined different
ways that students struggle with exponents, logarithms, and equations. To clarify the purpose of
this experiment, the literature review examines the standards and assessments and how the
material is taught in high school mathematics classrooms based on information in several

textbooks. To conclude, information gained from empirical studies and articles is reviewed.

Standards/Assessments

The New York State curriculum has changed numerous times over the past 60 years, and
is currently undergoing a change. This statement is supported by an examination of past and
current standards (National Council of Teachers of Mathematics, 1989; National Council of
Teachers of Mathematics, 2000; National Governors Association Center for Best Practices,
2010; New York State Education Department, 1996; 1999; 2005). Additionally, past New York
State Regents examinations were reviewed to see how questions have changed over the past 60

years.

Due to the broadness of the standards created by the National Council of Teachers of
Mathematics (2000), the New York State standards were the main focus when researching
exponential equations. The first New York State standards that stated specific topics were the
Math A/B standards. In 2005, New York State changed its curriculum from the Math A/B
courses to Integrated Algebra, Geometry, and Algebra 2/Trigonometry. This is the current

curriculum New York State is following today. However, the New York State curriculum is



changing once more to the Common Core Standards for Mathematics (2010). Exponential
equations appear in the Math B, Algebra 2/Trigonometry, and the Common Core Standards.
Students need to know the laws of exponents as well as the laws of logarithms, and how to solve

logarithmic and exponential equations.

As this research is focused on solving exponential equations, the most relevant standards
were found in the current Algebra 2/Trigonometry curriculum, which is typically taken by
students in eleventh grade. Standards related to this study read, “Solve an application which
results in an exponential function,” “Evaluate exponential expressions, including those with base
e,” “Evaluate logarithmic expressions in any base,” “Solve exponential equations with and
without common bases,” “Solve a logarithmic equation by rewriting as an exponential equation,”
“Graph exponential functions of the form y = b* for positive values of b , including b = e,” and
“Graph logarithmic functions, using the inverse of the related exponential function” (New York

State Education Department, 2005). Thus, exponentials and logarithms are a main topic in the

Algebra 2/Trigonometry curriculum.

Although this collection of standards is current, they will be changing for the 2013-2014
school year. In 2012 New York State and forty four other states adopted the Common Core
Standards for Mathematics. These standards are an attempt to establish a shared set of clear
educational standards for both English Language Arts and Mathematics. In the 2012-2013
school year, kindergarteners through eighth graders were tested on these standards. Algebra
students will be tested in the 2013-2014 school year. Geometry and Algebra 2 will follow suit
in the 2014-2015 and 2015-2016 school years. Though the curriculum is changing the topic of

what is being taught and required for exponentials has not changed.



In addition to the standards, past New York State Regents examinations were reviewed to
determine how questions have changed over the past 60 years. The Algebra 2/Trigonometry
Regents exams have numerous types of problems ranging from simplifying expressions using
exponent rules to solving logarithmic and exponential equations. Students are asked to recognize
exponential function notation, know the logarithmic rules, solve an exponential equation that can
be solved by finding a common base, graph an exponential function, write an exponential
regression equation, evaluate logarithms, solve logarithmic equations by converting it into
exponential form, solve application problems such as compound interest, and know properties of
exponential and logarithmic functions graphically (June 2010; August 2010; January 2011; June

2011; January 2012; June 2012). Figure 1 shows typical New York State Regent’s problems.



Exam Problem
June 2010 Algebra 2/Trigonometry The solution set of 4*°+4* = 276 js
Question 15 1 {1,3} 3) {-1,-3}

(2) {-1,3} 4 {1,-3}
January 2011 Algebra 2/Trigonometry | The expression logs (i) is equivalent to
Question 24 1 2

M: @2 @) -1 @-2

June 2011 Algebra 2/Trigonometry
Question 6

What is the value of x in the equation logs x = 47?
(1) 1.16 (2) 20 (3) 625 (4) 1,024

June 2012 Algebra 2/Trigonometry
Question 29

The formula for continuously compounded interest is

A = Pe™ where A is the amount of money in the
account, P is the initial investment, r is the interest rate,
and t is the time in years. Using the formula,
determine, to the nearest dollar, the amount in the
account after 8 years if $750 is invested at an annual
rate of 3%.

January 2002 Math B

The accompanving graph represents the value of a bond over time.

Question 3 alue of Bond
Time
Which tvpe of function does this graph best model?
(1) trigonometric (3) quadratic
(2} logarithmic (4) exponential
August 2003 Course 111 Solve for x: 43*+1 = g4x
Question 9

Figure 1. Common New York State Regents Problems.

Math B problems covered the same types of problems that the Algebra 2/Trigonometry exam

covers (Math B, January 2002; Math B, June 2003; Math B, June 2004). Course 11l exams

followed the same topics however, they did not have exponential equation application problems

like the Algebra 2/Trigonometry and Math B exams had (Course 111, June 1998; Course 111, June

1999; Course 111, August 2000; Course 111, August 2001; Course 111, August 2002; Course I,

August 2003; Course 11, January 2004). Figure 2, below, shows question 39 from the January

2004 Course 11l exam. Part b of question 39 was different from those given on the Algebra

2/Trigonometry and Math B Regents exams. In most instances on the Algebra 2/Trigonometry




and Math B Regents exams, students were asked to evaluate a logarithmic expression instead of

expressing one in terms of variables like problem 39 on the Course I11 exam.

39 a Solve for all values of a:
log, (x + 4) + log, (x-2) =3 [6]
b Given: log, 2 = x and log, 3 = ¢

Express in terms of x and y:
(1) log, 18 [2]
(2) log, % [2]

Figure 2. January 2004 Course I11 Exam Problem.

Research reveals that on the Algebra 2/Trigonometry, Math B, and Course 11l Regents exams the
problem pertaining to exponential equations could always be solved by using the common base
method. However, on the Advanced Algebra Regents exams students were asked to solve an
exponential equation where they could not find a common base (Advanced Algebra, June 1943,;
Advanced Algebra, January 1944; Advanced Algebra, June 1946). Part b of problem 23 on the
June 1946 Advanced Algebra Regents examination asks students to solve an exponential
equation that cannot be solved by finding a common base. Problem 23 is displayed in Figure 3

below.

23 a Find, correct to the nearest thousandth, the value of \Jj (.032)3365) 823.8 [6]

b Solve for - correct to the nearest tenth: 2.3+ = 43 [4]

Figure 3. June 1946 Advanced Algebra Regents Examination.

One can find the above standards and New York State Regents exam type problems in

mathematics textbooks.



Textbook Approaches to Teaching Exponential Equations

Textbooks are the foundation for information taught to students and where students go
for help with difficult problems. Exponential equations are found in Course 111, Math B, Algebra
2 and Trigonometry, and Pre-Calculus textbooks. Most textbooks proceed through a fairly
logical progression beginning with solving exponential equations that have the same base
(Carter, Cuevas, Day, Malloy, Holliday, & Casey, 2009; Davidian & Healy, 2009; Gantert, 2009;
Keenan & Gantert, 1991; Larson & Hostetler, 2007; Leff, Bock, & Mariano, 2005; Primiani &
Caroscio, 2012; Sullivan & Sullivan, 2003).

A common textbook used in area high schools is AMSCQO’s Algebra 2 and Trigonometry,
written by Ann Gantert (2009). The book is laid out so that the chapter on logarithmic functions
follows the chapter on exponential functions. Chapter 7 on exponential functions starts with the
laws of exponents, moves into zero and negative exponents, then fractional exponents,
exponential functions and their graphs, solving equations involving exponents, solving
exponential equations, and lastly applications of exponential functions. In the chapter on solving
exponential equations, equations with the same base were introduced. Then the lesson
proceeded with solving exponential equations with different bases. An example was given
where only one side of the equation had to be rewritten to match the other base (22* = 8), and
then examples were given where both sides of the equation had to be rewritten using a common
base, such as 4¢ = 84*1, Solving exponential equations came up again in the logarithmic
functions chapter, chapter 8, after the introduction of logarithmss. Figure 4, on the following
page, shows the textbook recalling how to solve an exponential equation by finding common
bases and the new method which was to take the logarithm of each side of the equation to solve

for the variable.



For example, solve 8 = 32 for x. There are two possible methods.

METHOD | METHOD 2
Write each side of the equation Take the log of each side of the equation
to the base 2. and solve for the variable.
8 =32 8 =32
(2P =22 log 8* = log 32
3x=5 x log 8 = log 32

ENTER: [LOG )32 ) )  + ] [LOG|
§ ENTER) MATH) ENTER
ENTER )

DISPLAY: |

Check: & = (VB =25 =32v

Figure 4. Gantert’s (2009) textbook approach to solving exponential equations.

Solving application problems always followed solving equations which drew more upon a higher
level of thinking. Many times the application problems had to deal with interest. Figure 5,

below, shows how Keenan and Gantert (1991) solved equations where no common base could be

found.

11-11 EXPONENTIAL EQUATIONS

ter 10, we solved equations in which the exponent was a
vaIrri)atgt}al,a suih as 4* = 8, by writing each number as an ir;tegral power of
the same base. At that time we were not able to solve 3* = 5 beca_use 3
and 5 are not integral powers of the same base. Cpmmon logarithms
make it possible to write any number as an approxunatt? power 'to the
base 10, however, thus enabling us to solve any exponential equation.

If log 3 = x, then 10* = 3 or 10'¢> = 3.
Iflog 5 = y,then10® = 5 or 1085 = 5,

Compare the solutions of 4% = 8 and 3* = 5.

4* =8 3*=5
(22):: - 23 (1010:3):: = lologs
22:: = 23 10* log3 = 101055
2x =3 xlog3 =logb
3 _logh _ 0.6990 _
x=9=15 *=1og3 - 04771 48

Figure 5. Keenan and Gantert’s (1991) textbook approach to solving exponential equations.
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The text, Preparing for the Regents Examination: Algebra 2 and Trigonometry, by Davidian and
Healy (2009), taught students how to use their calculators to solve exponential equations. Figure

6, below, shows how to solve exponential equations on a graphing calculator.

MODEL PROBLEMS N

3 Solve 27% = 3**! for x. Round to the nearest hundredth.

SOLUT

We cannot change both sides of the equation to the same base. We can, however, use a graphing calcu-
Lztor to solve the equation.

First, enter both sides of the equation into the editor of the calculator. Be sure to put the —2x and
the x + 1 into parentheses.

( Plotl Plot2 Plot3
\YiE2A (-2X)
\Y2E3A(X+1)

\Y3=
\Yy=
\Ys5=
\YL=
\Y7=

When the two equations are graphed in the window set to —2 = x =2 and —3 =y < 16, we obtain the
graph shown below.

-
(mEm
-

We can see that the two graphs intersect. Enter (TRACE), 5: intersect, and obtain the point of inter-
section.

|

Interséction-
X=--4421141 |Y=1.84577L9 )

~—0.44

Of course, we could also use the calculator to solve exponential equations that can be expressed as inte-
gral powers of the same base.

Figure 6. Solving an exponential equation using a graphing calculator.
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The precalculus textbooks (Larson & Hostetler, 2007; Sullivan & Sullivan, 2003) took
exponential functions a little further by having students solve exponential equations of quadratic

type such as e?* — 3e* +2 = 0.

Textbooks are a good source to look at different methods used to teach the concept.
However, textbooks do not offer common misconceptions and errors on specific topics such as
exponentials, and solving exponential and logarithmic equations. Since textbooks do not offer
common misconceptions and errors, a review of outside sources is necessary. This literature
review examines at academic journals in the following section to gain some additional insight on
techniques, and strategies that are useful to deepen student understanding. In addition, common

misconceptions and errors have been researched to help strengthen teachers’ instruction.

Research and Misconceptions with Exponents

As stated earlier, exponents, and exponential equations are topics addressed in the New
York State Algebra 2/Trigonometry curriculum. It is important for teachers to not only see how
a textbook teaches a topic but to also research different techniques and strategies and common
mistakes students make. In this research, it has been found that students struggle with mastering
the laws of exponents and applying them (Birenbaum & Tatsuoka, 1993; Kothari, 2012; Lay,
2006; Pitta-Pantazi, Christou, & Zachariades, 2007; Tseng, 2012). These articles point out some
tips for best practices to try to increase student understanding.

Research by Birenbaum and Tatsuoka (1993) shows student mastery level of different
laws of exponents. The authors administered a 38-item test to 431 tenth grade students: “Twelve
attributes were specified involving elements of item types, the definitions and basic rules, and the

required prerequisites” (p. 259). The twelve attributes are displayed in Figure 12.



Birenbaum and Tatsuoka found that students mastered the

. . am _
following exponent laws the easiest: a™ - a™ = a™*™, — = ™™™,

’am

n
and (%) — L — g™, The two most difficult laws to master were

an
a® = 1,and (a™)™ = a™™. These results provide feedback for
teachers with respect to instruction. More sufficient instruction
with respect to the two most difficult laws should take place.
Research conducted by Lay (2006) gives helpful techniques

for teachers to use to reduce student errors and lead to greater

12

Attribute

. Bases are parameters

LA e =gt

a/a" =a" """

. (la) = 1/d" =a™"

@ =1

(am)n = g

. Fraction operations (division)

. Signed numbers operations

. Factoring

. /b = (a/b)”

. Basic skill of simple algebra
(e.g,n+n=2n2x—x=x)

. Reverse use of the properties

(g, 2" T=2°.279

e

—
[~

Figure 7. 12 Attributes from
Birenbaum and Tatsuoka's Study.

success in mastering the mechanics of exponents. Lay states that the study of operators is more

efficient for teaching laws of exponents. The standard way of teaching an exponent, such as 3, is

to write 23 = 2- 2+ 2. This method is sometimes called repeated multiplication. Teachers can

explain this in different ways but Lay claims the “better definition is to begin with an initial state

of one (the multiplicative identity) and apply related expansions. Then the exponent counts the

number of these expansions” (p. 131). This method is illustrated in Figure 8 when the base is 2.

Exponential ~ Mumber of Oyperator Computed
Form Expansions Model Value
2 three 1.2-2.2 8
2’ two 1-2-2 4
2! one 1.2 2
2° none | 1

Figure 8. A model for exponents using expansions.

Teachers would teach their students that the exponent counts the number of times that the

number one is multiplied by the base. Although the multiplicative identity, 1, does not change

the computed value and can be omitted it is kept because it helps students remember that any

non-zero number raised to the zero power is equal to 1 and not zero. As stated earlier,
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Birenbaum and Tatsuoka (1993) found that one of most difficult exponent laws to master was
a® = 1. This strategy, provided by Lay, can be taught in the classroom to fix that common
mistake. It is also important to investigate students’ levels of understanding of exponents.

Pitta-Pantazi et al. (2007) analyzed students’ levels of understanding of exponents. Their
study was conducted with 202 secondary school students with the use of a questionnaire and
semi-structured interviews. They analyzed their data using groups of students based on different
levels of students’ abilities to solve exponential tasks. Group 1 consisted of the low achievers,
group 2 was made up of the average achievers, and the high achievers made up group 3. The
low achieving students could successfully compute tasks which involved exponents with natural
number bases and powers. Students belonging to this group understood exponentiation as
repeated multiplication. However, students in group 1 were unsuccessful with tasks that
included fractional bases or powers. In addition, they did not understand the notation and
meaning of negative exponents however, group 2 did. The average achievers, group 2, were able
to “show that a base raised to a negative power is the same multiplicative inverse of the base
raised to the positive value of the same exponent” (p. 307). Students in group 3 outperformed
the other two groups. Not only could they understand exponents with natural number bases and
powers and negative exponents, they understood exponential powers of the form x™ where x and
n are any rational numbers. This research provides insights into students’ level of understanding
of exponential concepts. Teachers can use this research to emphasize negative and rational
exponents in the classroom. This research can also help teachers strengthen students’ conceptual
knowledge of exponents.

It is important for students to have conceptual knowledge and not only procedural

knowledge when it comes to understanding the laws of exponents, according to Tseng (2012).
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His article could help teachers to teach laws of exponents more effectively. Conceptual
knowledge is necessary for students to know the laws of exponents longer and not depend on
their memorization. Tseng states that, in order for students to get the conceptual understanding
they need to see examples before each law of exponents is given to them: “For example, in the
first law of x*? = (x%)(x?), students need to see an example that (x1)(x?) = x3. It means
xxx = x3. Therefore, they will realize that exponents should be added to become 3, instead of
being multiplied to produce 1 x 2 = 2” (p. 7). Such an example will allow for memorization to
be easier and for it to last longer. In addition, if students forget the laws they can set up a simple
problem, like in the example, and figure out what the law is. Building conceptual knowledge
will help students understand the laws of exponents better.

The above researchers have given insight on strategies and techniques to use to help
students have a deeper understanding of exponential laws. In addition, they have given insight
on what specific laws students struggle with. This information can help teachers rearrange their
curriculum to overcome these weaknesses and strengthen their instruction. When researching
exponents and exponential equations, it is also important to research logarithms and logarithmic
equations.

Research and Misconceptions with Logarithms

Many times in the curriculum, a logarithm is defined as an exponent, and a logarithmic
function as the inverse of an exponential function. Not only do students struggle with exponent
laws but research has confirmed that students struggle with the topic of logarithms (Berezovski,
1991; Berezovski, 2006; Berezovski, 2007; Chua, 2006; Gamble, 2005; Wood, 2005). Many
times students memorize procedures to help them with logarithms but they lack the meaning of

concepts. Berezovski (2007) found that not only do students lack conceptual understanding of



15

logarithms but so do pre-service teachers. A teachers’ mathematical knowledge has a strong
impact on students’ understanding So it is important to try and mend this learning gap and find
where students are making mistakes when it comes to logarithms and adapt how they teach the
topic. Gamble (2005), Panagiotou (2011), and Wood (2005) provide different ways teachers can
introduce and teach logarithms to students. In order to strengthen students’ conceptual
understanding of logarithms it is important to examine where the students’ weaknesses lie.

Chua (2006) found that students lack a solid understanding of logarithms. He broke his
data into three separate categories: knowledge or computation, understanding, and application.
The knowledge or computation category contained “routine questions requiring not only direct
recall or application of the definition and laws of logarithms, but simple manipulation or
computation with answers obtained within two to three steps as well” (p. 1). The overall success
rate for this category was 86%. This suggests that students understood the fundamental concepts
of logarithms. One of the highest success rates was for students to convert logarithmic equations
into equivalent exponential equations. One of the lowest success rates was for students to
calculate the value of log 100. The study found that many students gave the response of 10 rather
than the correct response of 2.

Chua’s second category, understanding, had a lower success rate at 66%. Students did
fairly well when they were asked for the value of 2* when x = log,(log; 5), however when
asked to express loge a in terms of m given that a™ = 36, 17 out of 79 students left the question

blank and there were only 27 correct responses. Chua found some misconceptions with the

... logy2 . .
problem “simplify %” (p. 3). “Incorrect responses that were relatively common in this item
2

included log, 3 (about 23%) and 3 (about 14%). ... The first arises probably from participants
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thinking that log, 27 +log, 9 = log, (27 + 9) whereas the second possibly by treating log, as a
variable common to both the numerator and denominator which can be cancelled out” (p. 3).

Chua’s third category, application items, had the lowest overall success rate with 39%.
The application questions required higher level thinking and a deeper conceptual understanding
of logarithms which students did not possess. We can see that students can typically evaluate
terms such as log, 8, but they do not have a deep understanding what that means. Chua
recommends that in the beginning of learning logarithms to have the students put into words the
logarithmic expression and explain its meaning before evaluating it. Teachers can use this
research to strengthen their teaching when teaching logarithms and exponentials. This research
has focused on exponents, exponential equations, logarithms, and logarithmic equations. It is
also important to research exponential and logarithmic functions and modeling.
Exponential Modeling/Functions

Understanding the concept of exponential functions is important for students in
mathematics. The National Council of Teachers of Mathematics’ Principles and Standards
(NCTM, 2000), and the Common Core State Standards for Mathematics (2010) advocate to
include the topic of exponential functions in the curriculum and to emphasize the real world
contexts. Past research supports that students experience difficulty developing deep
understandings of exponential functions (Confrey & Smith, 1995; Kasmer & Kim, 2012;
Melendy, 2008; Strom, 2006; Strom, 2007). In order to improve student understanding it is
important that teachers are well prepared in the topic.

Strom (2006) studied 15 in-service secondary mathematics and science teachers with a
wide range of teaching experience, as well as mathematical ability. She found “that teachers

exhibit difficulty with using (or relying upon) covariation as a tool for building an understanding
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of exponential functions” (p. 4). The teachers struggled with finding midpoint values of half-
lives, and they also failed to connect how these values are proportionally related to previous and
future values. This study revealed that “even high school mathematics and science teachers who
teach this topic, struggle with reasoning through exponential situations” (p. 6). In 2007, Strom
studied a secondary mathematics teacher, Ben, and his way of thinking about linear and
exponential behavior. Ben was able to grasp linear functions, however, he struggled with
exponential functions. Ben was able to “conceptualize the process of repeated addition for linear
function situations... yet he could not apply this notion to the process of exponentiation as
repeated multiplication” (p. 199). Itis interesting to note that Ben was able to make advances in
his understanding of exponential functions. Not only is it important that teachers have a solid
understanding of the material it is also important for teachers to research the topic to find
misconceptions and weaknesses before teaching their students.

Melendy (2008) studied students’ conceptual understanding of the exponential and
logarithmic functions, y = log, x, y = ab*, y = Inx,y = e*. The first part of his study was
aimed at the fundamental properties of these functions. He provided an 18-question survey that
tested participants on properties of the functions. The participants responded with either “true”
or “false.” Three questions of these “properties” are: log,(a™) = m, e*(x - In a) is the same as
a*, and e ™ = 0 if t = 0 (p. 95).

The second part of Melendy’s study “was aimed at investigating a student’s ability to
recognize physical models described by the exponential and logarithmic functions” (p. 95).

Figure 9 shows a sample illustration of these models.
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Figure 9. Can students recognize which of these phenomena are modeled by exponential or
logarithmic functions?

Melendy’s last part of his study focused on students’ ability to work with mathematical
models of physical phenomena: “Performing computations with these models involved
understanding how to correctly carry out orders of operations with exponents, proper utilization
of log and antilog functions on a calculator, and solving for exponential variables such as time”
(p. 96). This last part allowed him to find common mistakes among the participants. Figure 10

shows an example problem used in this part of the study.

The number of N cells remaining in a culture t minutes after an experiment has begun
is modeled by the exponential function:

N(#) = 5.000.000 » g 257787

where the number 5,000,000 represents the number of cells that you initially start
with. How many minutes t must go by for the cell population to drop to 1,000?

Figure 10. Example problem Melendy used in part three of his study.
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Melendy (2008) found that many students were unable to evaluate, or mathematically
solve questions from part 3 of his study: “For instance, when asked to approximate the number
of O-rings expected to fail at T = 31°F for the exponential model O(T) = 13.49(0.967)7 — 1,
students first multiplied the coefficient 13.49 by the base 0.967 and proceeded to raise this
product to the exponent T” (p. 110). Melendy found that many times students used guess-and-

check methods:

t
For the radioactive decay model A = A,2 » and the question: The half life of Strontium-
90 is 28 years. If we have A=1 kg of this substance today, how much was initially present
65 years ago?, these participants “solved” for A, using iteration: in other words, they

t
repeatedly made guesses to the numerical value of A,2 1 until this value was
numerically close to 1 kg (p. 110).

Students used iteration to solve for t in Figure 10. One student used the natural logarithm
but did not solve the question properly. It is interesting to note though that one did think to use
logarithms to solve the exponential equation.

Overall, Melendy (2008) found that the majority of his participants have an algebraic
concept image of the logarithmic and exponential functions. He also found that his participants
struggled with the difference between the concept images of the decaying exponential models
and the linear models with negative slope. In addition to teachers to knowing areas of weakness,
they also need to have resources to use in their daily lessons.

Researchers provide activities teachers can use for exponential modeling (Howard, 2010;
Kennedy and Vasquez, 2003). Howard (2010) presents a ready-to-implement laboratory that
“explores the connection between exponential relationships and the depreciation of cars and
trucks” (p. 1). Kennedy and Vasquez (2003) provide numerous examples teachers could use in

their classroom. For example, they use population modeling for exponential growth and a
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basketball deflating to show exponential decay. This research continues by examining the
experiment conducted to explore the hypothesis.

There is research focused on exponent laws, exponential modeling, and logarithmic
equations. There is not much research specific to exponential equations. Therefore, the
following study is aimed at finding the common misconceptions and errors students have when
solving exponential equations. In addition, methods used to solve exponential equations will be
analyzed as well.

Experimental Design

This experiment was designed to examine the errors and misconceptions exhibited by
high school students when solving exponential equations. During this study, students answered a
ten-problem assessment that contained different types of exponential equations appropriate for
the grade level according to the state and national mathematics standards. The questions were
generated as a result of examining past New York State Regents Examinations. Each question
was evaluated to determine the types of mistakes made and their frequency. After completing
the assessment, students were asked to complete a survey. These surveys were also evaluated to
gather further insight into students’ approaches.

Participants

This study was conducted at an all boys Catholic, independent college-preparatory high
school in New York. The school has a total student population of approximately 750 students.
The student population is approximately 5.3% African American, 2% Asian, 91% Caucasian,
1.9% Hispanic and 0.2% Native American.

One hundred students participated in this study. They were enrolled in an Algebra

2/Trigonometry class, an Algebra 2/Trigonometry Honors class, a Pre-Calculus class, and a Pre-
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Calculus Honors class. Figure 11, shows the demographics of these classes. Three teachers
participated in the study. One teacher taught the Algebra 2/Trigonometry and Algebra
2/Trigonometry Honors students, the second teacher taught the Pre-Calculus students, and the
third teacher taught the Pre-Calculus Honors students.

In order to conduct research using this population of students, special permission was
received. Consent forms (see Appendix D) were given to each student enrolled and their
parents/guardians. Students and their parents/guardians signed the form before the
administration of the experiment. In addition, the principal gave permission to perform the
study. The researcher provided the teachers of the courses the consent forms and after receiving

the signed consent forms the researcher provided the teachers with the assessments and surveys.

Algebra 2/ Algebra 2/ Pre-Calculus Pre-Calculus
Trigonometry Trigonometry Honors
Honors

# of Sophomores | 4 19 0 0

# of Juniors 21 6 7 23

# of Seniors 0 0 18 2

Total # of 25 25 25 25

Students

Figure 11. High School Course Demographics

Instrument Design and Justification

This experiment was designed to test the hypothesis and find students’ common errors
and misconceptions when solving exponential equations. Students received a ten-problem
assessment. The assessment consisted of a variety of exponential equations that students were
asked to solve. Calculators were allowed on the assessment. After completing the assessment
students were given a survey.

The assessment given to the high school students is shown in Figure 12. Students were

asked to solve all ten problems and to show all work. Since students were allowed to use




graphing calculators, teachers were directed to tell students that if they had no algebra work to

show to explain how they solved the equation.

Class: Date:

Solve all 10 questions. Show all work. If there is no algebra work to be
shown, explain how you solved the equation. Graphing calculators are

allowed.
1. 10* =50
2. 2¥ =1024
3.3%=1
9
2
4, x3=9

5. 10-5* =250
6. ‘9% = 275

7. 4%*+4x — 9-6
8. logs 25 =x

9. logsx =4

10. A population of rabbits doubles every 60 days according to the formula

t
P = 10(2)s0, where P is the population of rabbits on day t. What is the
value of t when the population is 320?

Figure 12. Assessment for students.
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The problems on the assessment were appropriate for the grade level according to the
state and national mathematics standards. The problems were generated as a result of examining
past New York State Regents Examinations. Problems came from past Algebra 2/Trigonometry
Regents examinations, Math B Regents examinations, Course 111 Regents examinations, and
Advanced Algebra Regents examinations. The problems ranged in difficulty and they tested
students on numerous concepts. For example, students were tested to determine if they knew to
change from logarithmic form to exponential form in problems 8 and 9. They were also tested to
check if they knew to use logarithms to help solve an exponential equation. Problem 1 required
students to solve using logarithms because it was not possible to find a common base. Problem 6
transformed into a linear equation after students found a common base and problem 7 turned into
a quadratic equation. Below, in Figure 13, is a more detailed justification for why each problem

was posed to the students.

Problem Number Reason for problem choice

1) 10* =50 This type of problem appeared on Course 111 and Advanced
Algebra Regents examinations. The problem was given to
assess the students’ knowledge on using logarithms to solve
an exponential equation. Besides using a calculator and/or
guess and check to solve the equation, the only algebraic
method would be to use logarithms.

It is expected that students use a guess and check or
calculator method to solve this problem instead of using
logarithms.

2) 2* =1024 This type of problem appears on the Algebra 2 and
Trigonometry, Math B, Course 111 and Advanced Algebra
Regents examinations. The problem was given to see if
students would find a common base to solve or if they
would use logarithms.

x _ 1 This problem appeared on an Advanced Algebra Regents
3) 3% = orob .
9 examination. The problem was chosen because it tested
students on their knowledge of negative exponents.
It is expected that students do not recall negative exponents.

This problem appeared on a Course 11l exam. The problem
was chosen to assess whether students knew to raise both
sides of the equation by the reciprocal of the exponent.

It is expected that students multiply the 9 by §

2
4) x3=9
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5) 10-5° =250

This problem was chosen to assess students on if they
knew to first divide both sides by 10 or to see if they
would make the mistake of multiplying 10 and 5
together.

It is expected that students multiply the 10 and 5
together first, even though they should divide both sides
by 10 first.

6) 9x+1 — 27x

This problem came from the August 2001 Course I11
exam. Very similar problems were found on Algebra 2
and Trigonometry, Math B, and Course |1l Regents
examinations.

It is expected that students can find a common base
correctly, however, they may not distribute the exponent
of the base through to the x + 1.

7) 4x2+4x =26

This problem came from the June 2010 Algebra 2 and
Trigonometry Regents examination. The problem was
chosen to be on the assessment because once students
find a common base they end up having to solve a
quadratic equation.

It is expected that students can find a common base,
however, they may not be able to solve the quadratic
equation that results.

8) logs 25 =x

This type of problem appeared on some Algebra 2 and
Trigonometry Regents examinations. The problem was
chosen to assess if students know to switch a logarithmic
equation into an exponential equation to solve. Also, to
see if students will use the change of base formula.

It is expected that students may not remember to switch
this logarithmic equation into exponential form.

9) logsx =4

This problem was found on the June 2011 Algebra 2 and
Trigonometry Regents. Similar questions also appeared
on Course Il Regents examinations. This problem
assesses whether students know how to convert a
logarithmic equation into an exponential equation to
help solve the problem.

It is expected that students may not remember to switch
this logarithmic equation into exponential form.

10) A population of rabbits doubles every 60

t
days according to the formula P = 10(2)so,
where P is the population of rabbits on day t.
What is the value of t when the population is
3207

This problem came from the January 2012 Algebra 2
and Trigonometry. Similar questions also appeared on
Math B Regents examinations. This problem was
chosen because it was a word problem and to see if
students knew to divide by 10 first and then how they
did with the exponent being a fraction.

It is expected that students will make multiple algebra
mistakes. First, students will probably multiply the 10

and 2 and then the fraction % may give them a hard

time. In addition, it will be interesting to see if students
use logarithms to solve this equation.

Figure 13. Instrument Justification
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After students completed the assessment they were given a survey to complete and were

asked to staple it to their assessment. Figure 14, below, shows the survey given to the high

school students.

High School Student Survey

Please answer the questions below truthfully and to the best of your ability. Thank you for
participating in this study!

1. What is your racial or ethnic identification? (Select only one.)
(a) African American (b) Asian (c) Caucasian (d) Hispanic
(e) Native American (f) Other:

2. What year student are you? (Circle one)
(a) Freshman (b) Sophomore (c) Junior (d) Senior

3. What math course are you enrolled in? (Circle one)

(a) Algebra 2/Trigonometry (c) Pre-Calculus
(b) Algebra 2/Trigonometry Honors (d) Pre-Calculus Honors

4. What kind of grades do you get in math? (Circle one)

(a) 95-100 (e) 75 -89
(b) 90 - 94 (f) 70 - 74
(c)85-89 (2) 65 - 69
(d) 80 - 84 (h) below 64

o

Do you feel you did well on this assessment?
(a) Strongly Agree  (b) Agree (c) Neutral ~ (d) Disagree (e) Strongly Disagree
6. Do you feel that you have a good understanding of exponential equations?

(a) Strongly Agree  (b) Agree (c) Neutral ~ (d) Disagree (e) Strongly Disagree

Do you feel you learn the material for a test and then forget the concepts?
(a) Strongly Agree  (b) Agree (c) Neutral (d) Disagree (e) Strongly Disagree

8. What were the two most difficult questions, and why?

9. Any other comments:

Figure 14. High School Student Survey



26

Data Collection

The data for this experiment were gathered about half way through the 2012-2013 high
school year. Participants were administered the assessment and the survey followed.
Participants had 40 minutes to complete the assessment. Data were collected by analyzing the
results of the exponential equation assessment and the student surveys from the high school
students. There were a total of 100 assessments and surveys to examine.

Methods of Data Analysis

This study was both a qualitative and quantitative study. The data for this experiment
were collected through analyzing the ten-problem assessment and the survey described earlier.
Once all data were collected the two parts of this study were reviewed by the researcher in the
following two categories.
Analysis of Assessments

Quantitative item analysis of the ten-problem assessment was conducted using a 4-point
rubric. Students could receive a score of 0, 2, or 4 points on problems 1-4 and problems 8 and 9.

On problems 5-7

and problem 10 Scoring rubric for questions 1-4, 8 and 9:

4 Points — for a correct solution and correct answer

2 Points — for correctly applying an appropriate method with the solution
containing a computational error

0 Points — for no correct work or if the question was blank

students were able
to receive 0, 1, 2,

4 points. Th - : '
3, or 4 points. The Scoring rubric for question 5-7 and 10:

4 Points — for a correct solution

3 Points — a computational error was made but all other work was correct

2 Points — a conceptual error was made but all other work was correct

1 Point — a computational and conceptual error was made

0 Points — for no correct work or 2 or more different major conceptual errors
were made

reason students
could receive 0, 1,
2, 3, or 4 points

was because there

Figure 15. Scoring Rubric.
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were more steps involved in problems 5-7 and 10. The scoring rubrics were created to model
how the New York State Algebra 2/Trigonometry short-answer problems are graded. The results
were then organized in tables to be used for analysis. In addition, the method used for the
solution of each problem was also tallied and recorded in Microsoft Excel and Minitab. For each
problem, there was only one solution method recorded. The different methods that were used
and tallied are: rules of exponents, use of logarithms, use of a guess-and-check approach,
expressing equation in exponential form and finding a common base, using the change-of-base
formula, and using a calculator. Furthermore, as the researcher went through each assessment
common mistakes and errors were recorded. Since this study was mostly quantitative, scores
were averaged and compared based on the specific class the students were taking. Using
statistical software, an analysis of variance (ANOVA) tested the hypothesis on the data collected.
A summary followed generalizing the most common mistakes made by students along with any
anomalies.
Survey Analysis

The survey provided qualitative data for analysis. The data collected from the student
surveys were tallied and charted. The information received from the students was then tallied
under the following categories: ‘strongly agree’, ‘agree’, ‘neutral’, ‘disagree’, and ‘strongly
disagree’. This data was then compiled to determine what answers were used the most
frequently for the problems posed to the students. The class ranking part of the survey allowed
the researcher to examine how students did on the assessment according to whether they were a
freshman, junior, sophomore, or senior. Lastly, the data collected from the surveys were
compared with the results from the data collected from the assessment. This comparison was

completed by comparing the averages on the assessments with the responses on the survey.
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Results

The original hypothesis for this study suggested that students in Algebra 2/Trigonometry

and Pre-Calculus classes would use guess-and-check strategies and linear arithmetic approaches

to solve exponential equations. It further stated that few or no students would use logarithmic

properties to assist them in solving an exponential equation. After analyzing the data collected

four primary results emerged.

Students did use properties of logarithms to solve exponential equations which is
counterintuitive to the hypothesis. Students solved exponential equations using
logarithms 45.1% of the time. This high percentage is likely due to the fact that the
students had finished the chapters on exponential and logarithmic equations within ten
days before they were given the assessment.

Overall students did well on the assessment. The mean score was 32.17 out of 40. The
Pre-Calculus Honors class had the highest average score (38.20) and the Algebra
2/Trigonometry class had the lowest average score (24.56).

Students made fundamental errors while solving exponential equations. Students
struggled with isolating variables, order of operations, and rewriting exponential
equations using a common base.

A significant difference existed in the mean scores of different problems. The mean

t
scores for problems 7 and 10 (problem 7: 4x°+4x = =6 problem 10: P = 10(2)s0) were

significantly lower than the mean scores on the rest of the problems.

In other words, after data examination | found that students do use logarithms to solve

exponential equations. Furthermore, overall students did well on the assessment, however, there
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were fundamental errors made throughout the assessment. Figure 16, below, indicates the mean

score per quiz problem and the most common method that students used.

Problem Mean Most Common
Score Solution Method
(out of 4) | Used
1) 10* =50 3.46 Logarithms
2) 2* =1024 3.74 Logarithms
3) 3% = 1 3.56 Logarithms
9
2
4) x5=09 3.04 Rules of Exponents
5) 10-5* =250 3.510 Rules of Exponents
6) 9*+1 = 27* 3.23 Rules of Exponents
7) 4x*+4x — 9-6 2.17 Rules of Exponents
8) logs 25 =x 3.62 Exponential Form
9) logsx =4 3.62 Exponential Form
10) A population of rabbits doubles every 60 days | 2.22 Logarithms
t
according to the formula P = 10(2)so, where P is
the population of rabbits on day t. What is the
value of t when the population is 320?

Figure 16. Quiz problems scores and most common method used.

Result #1: Students did use properties of logarithms to solve exponential equations which is
counterintuitive to the hypothesis.
Upon analysis of the number of times a specific method was used for problems 1-7, it

was determined that students used logarithms to solve the problems 45.1% of the time. The
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second most common method used was rules of exponents. Students used rules of exponents to
solve the exponential equations 37.6% of the time. The hypothesis suggested that students
would use guess-and-check strategies to solve exponential equations, however students only used
guess-and-check strategies 10.6% of the time. Problems 1-7 were used to gather the above
percentages because problems 8 and 9 tested whether or not students could solve a logarithmic
equation by converting it into an exponential equation, using the change-of-base formula, or

using their calculator. The stacked bar graph below shows the methods students used for

problems 1-9.
Methods Used Per Problem
100 - va = :? method
=] F v o | I [Z Rules of Exponents
] '__/ ,-/ /
c e
80 4 % “__..-“ ,_.x"' [[3] Guess and Check
’.____,- ? ﬁ Exponential Form
Change of Base
4 f"‘ ﬁ Calculator
. 60 e 2
c ] [
8 NN
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Figure 17: Methods used per problem.

In addition to examining the methods used per problem, it is also interesting to consider the
mean scores for the particular methods students used per problem. Figure 18 shows the mean
score for each method used on each problem. The method that had the highest mean score was

when students used their calculator. The next highest mean score was when students used the
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change-of-base formula but that was only applicable to problem 8. The other three main
methods were guess-and-check, logarithms, and rules of exponents. The guess-and-check
method had the next highest mean with 2.994, then logarithms with 2.868, and rules of
exponents with a score of 2.933. Itis interesting to note that even though using logarithms was

the most common method used the mean score was the lowest.

Problem | Calculator | Guess- | Logarithms | Rules of | Exponential | Change-
and- Exponents | Form of-Base
Check

1 4.000 2.250 |3.807 0.000

2 4.000 3.739 ]3.839 3.286

3 4.000 2.857 |3.839 3.677

4 4.000 3.765 | 2.000 3.654

5 4.000 4.000 | 3.450 3.706

6 4.000 4.000 |2.862 3.538

7 3.333 2.333 1.481 2.667

8 4.000 3.677 3.833

9 4.000 4,000 |1.667 3.862

Mean 3.926 2.994 | 2.868 2.933 3.770 3.833

Scores

Figure 18. Mean scores per method per problem.

Result #2: Overall students did well on the assessment.

Exponential and logarithmic equations are a difficult concept for high school students to

grasp. However, after analyzing the data the students in the study overall did well.

. Cas | MeansScore(outof40) | Percent Score |

Algebra 2/Trigonometry 24.56 61.4%
Algebra 2/Trigonometry Honors 34.04 85.1%
Pre-Calculus 31.88 79.7%
Pre-Calculus Honors 38.20 95.5%

Figure 19. Class average scores.

As you can see in figure 19, and as expected, the Pre-Calculus Honors class scored the highest

with a 95.5% score and the Algebra 2/Trigonometry class scored the lowest with a score of
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61.4%. The percentage scores per class are what one would expect because students take
Algebra 2/Trigonometry before Pre-Calculus and one would always expect the honors classes to
score higher than regular classes. However, if we consider the mean scores for each grade level,
displayed in figure 20, it is interesting to note that the sophomores scored the highest. This
statistic does make sense because in order for a sophomore to be in this study they would be a
student in the Algebra 2/Trigonometry Honors course. As you can see in figure 20, 19 of the 23
sophomores are in the Algebra 2/Trigonometry Honors class. There was not a significant

difference in mean scores when comparing juniors and seniors.

Sophomore 23 34.04 85.1%
Junior 57 31.39 78.5%
Senior 20 32.25 80.6%

Figure 20. Student year in high school and mean scores.

One would expect juniors to be the highest scoring group because the Pre-Calculus honors class
is 92% juniors, however the junior class average is brought down from the juniors who are in
Algebra 2/Trigonometry (the lowest ability class). Sophomores in the Algebra 2/Trigonometry
and Algebra 2/Trigonometry honors classes are advanced students, whereas juniors in those
courses are on track. Juniors in the Pre-Calculus and Pre-Calculus honors classes are advanced,

whereas seniors in those courses are on track.
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Algebra 2/Trigonometry 4 21 0
Algebra 2/Trigonometry Honors 19 6 0
Pre-Calculus 0 7 18
Pre-Calculus Honors 0 23 2

Figure 21. Student grade level in each class.

It is important to recall that the assessment problems were based on the Algebra 2/Trigonometry
curriculum. Unfortunately, we do not see the Algebra 2/Trigonometry class doing as well on the
assessment as others. The Algebra 2/Trigonometry class only scored 61.4% on the assessment.
This is disappointing because those students will have to take a New York State Regents
examination at the end of the school year and this assessment is suggesting that the passing rate
on exponential and logarithmic equations is 61.4%. Logarithms are first introduced in the
Algebra 2/Trigonometry course and are brought up again in the Pre-Calculus course. Since the
Pre-Calculus class average is higher than the Algebra 2/Trigonometry average this suggests that
with more practice students gain a deeper understanding of exponential and logarithmic
equations. However, the study did find students making some fundamental errors throughout the

assessment.

Result #3: Students made fundamental errors while solving exponential equations.

It is important to not only examine mean scores and most common methods used, but
also where the students are making mistakes. Students made fundamental errors on this
assessment that ranged from not writing an exponential equation using a common base correctly,
to isolating variables incorrectly. One common mistake students made was not performing the

correct order of operations. For example, on problem 5, 10 - 5x = 250, numerous students’ first



34

steps were to multiply the 10 and the 5 together, instead of dividing by 10 first. Figures 22 and

23 are examples of an incorrect solution and a correct solution.

5. 10 5% =250
SO" = 260
loe SO = loe 28
loa80 = log ASTC
Q 3
loq 26¢
= —
7 log
* 141140809

Figure 22. Example of
incorrect student work on
question 5.

5 10-5% =250

v\ O \ O
= X . ]
S S A5
£ o ] 2.

xloan S+ oy T

NS Veg D
i i

Y

\ X

Figure 23. Example of
correct student work on
question 5.

Students made the same mistake on problem 10, 320 = 10(2)so. Instead of dividing by 10 first

they multiplied the 10 and the 2 together. Below you can see an incorrect solution and a correct

solution.

P = 10(2)s0, where P is the population of rabbits on day ¢. What is the
value of t when the populéition is 3207

) 0= l0( ) Yo

s
0= 2C

20

- A
log320 =5 log

Y, |
1) 1O ) D4 @,

A/

= 5. 5%

10. A population of rabbits doubles every 60 days according to the formula
t

=

Figure 24. Example of incorrect student work on question

10.



10. A population of rabbits doubles every 60 days according to the formula
t

P = 10(2)%0, where P is the population of rabbits on day t. What is the
value of t when the population is 320?

Figure 25. Example of correct student work on question 10.
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A second fundamental mistake that was made was when students tried isolating the

variable. Previously we saw that students wanted to multiply the 10 and the 5 together first in

problem 5. Another mistake numerous students made was instead of
dividing both sides by 10, they subtracted 10. To the right is an example of

a student subtracting 10 when they should be dividing by 10.

A third common mistake was when students tried writing an

exponential equation with a common base. Below are several examples that

5. 10+ 5% =250

“\® —=io

5> =240

; .—-;’_’

"

(x- 3405712427 |

Figure 26. Example of
a student incorrectly
isolating the variable.

demonstrate students incorrectly changing an exponential equation to have common bases.

10* = 50 2. 2% = 1024 J. 3 =2
s-v BE o ."' o

1>

Ty 5

I,_-._
etr |y2¥ )
X

Figure 27. Examples of students incorrectly changing exponential equations to

have common bases.

Result #4: A significant difference existed in the mean scores of different problems.

As can be expected, some problems were more difficult for students to answer correctly.

ANOVA followed by tukey tests showed that significant difference existed between the mean

scores of problems 7 and 10 compared to the rest of the problems. Their means were 2.170, and
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2.220 respectively. These means were significantly lower than the means for the rest of the

problems. Problem 4 had the third lowest mean at 3.040.

Figure 28 shows the problems in order from highest to _

) 2 3.740
lowest mean scores. The easiest
8 3.620
problems on the assessment were problems 1-3, 5, and 8-9. 9 3.620
Problem 4 was challenging to students because it tested 3 3.560
them on whether they could solve for the variable in the 5 3.510
: . . 3.460
base of an exponential equation instead of solving for the .
6 3.230
variable in the exponent. Problem 7 was challenging to
4 3.040
students because not only did students have to use 10 2 29()
logarithms or find a common base but they then had to solve | 7 2.170

. . Figure 28. Problems in order from
a quadratic equation. Many students were able to show

highest to lowest means.
correct work to get to the correct resulting quadratic equation

but then they just stopped and did not know how to solve the quadratic. Below is an example of
a student who transformed the exponential equation into a quadratic equation but then stopped

because he did not know how to solve the quadratic.

=X =]

7. FFMx =6 A

=2\ \-k T i* \

2>°) 2y

2x21+3x=-6
Figure 29. A sample of incomplete student work.

Problem 10 was the only word problem on the assessment. However, the equation was given to
the students in the word problem; they did not have to come up with it on their own. Problem 10
was difficult because students first had to remember to divide by 10. Another challenge was the

variable was in the exponent in fraction form. Below is a correct solution to problem 10.
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10. A population of rabbits doubles every 60 days according to the formula

Pi= 10(2)5, where P is the population of rabbits on day t. What is the
value of t when the population is 3207

Figure 30. Sample of a correct solution to problem 10.

In question 8 on the survey the students were asked what the two most difficult questions were

and why. Figure 31 shows the tally of the 2 most difficult problems students wrote down for
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question 8 on the survey. It is interesting to see that the top 2
that they picked, problems 7 and 10, were the problems they
scored the lowest on. One student wrote, “Numbers 7 and 10
because | had the exponents and I didn’t know how to get rid
of the one x in x* and 10 you had to decide what steps to do in
what order”. Another student

wrote, “7 — adding a binomial to the exponent made the
logarithm difficult to figure out. 10 — making the exponent a

fraction.”

Figure 31. Tally of student-picked most difficult problems.

Qualitative Survey Results

Obtaining qualitative data is just as important as gathering quantitative data. Qualitative

data allows for an understanding of the thought processes and historical information on the
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subjects to be assessed. By understanding the subjects, the quantitative data can become more
meaningful.

Question 1 of the survey (attached in the Appendix) asked the students to identify their
ethnicity. Figure 32 summarizes the results. Ninety percent of the students who completed the
assessment and survey were Caucasian. Seven percent of the students were of African American
descent and they had the lowest overall mean score. One student was of Middle Eastern descent

and he scored the highest with a score of 39 out of 40.

African American 7 23
Asian 1 32
Caucasian 90 32.76
Hispanic 1 37
Middle Eastern 1 39

Figure 32. Student Ethnicity.

Question 4 asked students what kind of grades they got in mathematics classes. Figure 33
summarizes the results. For the most part the students who received higher grades in
mathematics class scored better on the assessment. One exception was the one student who
wrote that he gets an average of 65-69 in math class. He scored higher on the assessment than

those students whose average in class is typically between 70-79.



65-69 1 30.00
70-74 4 21.50
75-79 19 24.16
80-84 7 32.57
85-89 17 31.53
90-94 16 35.44
95-100 36 36.42

Figure 33. Responses to what kind of grades the students typically get in math class and their

corresponding scores on the instrument.
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Question 5 asked students how they felt they did on the assessment. Figure 34 shows the results.

Students answered honestly because those students who chose ‘strongly agree’ with doing well

on the assessment had the highest mean, 37.39, and those who chose ‘strongly disagree’ had the

lowest mean, 15.50.

Strongly Agree 38 37.39
Agree 36 33.25
Neutral 17 24.82
Disagree 7 20.86
Strongly Disagree 2 15.50

Figure 34. Responses to how students felt they did on the assessment and the mean score.

Question 6 asked students if they felt they had a good understanding of exponential equations.
The results are shown in Figure 35. Students answered honestly again, because those students

who strongly agreed they had a good understanding of exponential equations had the highest

mean of 37.88 points.



Strongly Agree 26 37.88
Agree 42 34.45
Neutral 24 26.17
Disagree 7 18.43
Strongly Disagree 1 28.00

Figure 35. Student responses on how well they thought they understood exponential equations.

Question 7 asked students if they felt they learn the material for a test and then forget the

concepts. The student responses are shown in Figure 36.

Strongly Agree 17 29.12
Agree 31 29.42
Neutral 28 33.71
Disagree 20 35.55
Strongly Disagree 4 38.75

Figure 36. Student responses to whether they felt they learned the material for a test and then
forgot the concepts.
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Implications for Teaching

The hypothesis for this study was that high school students in Algebra 2/Trigonometry
and Pre-Calculus classes would use guess-and-check strategies and linear arithmetic approaches
to solve exponential equations. During the course of the study the responses on the ten-problem
assessment and the survey were compared. Clearly students in Algebra 2/Trigonometry and Pre-
Calculus classes are more comfortable solving exponential equations using logarithms than
expected. Implications will be discussed in this section, along with modifications to the design
of this experiment, and suggestions for future research based on this research data.

Classroom Implications
Implication 1: Middle school mathematics matters.

One of the most important implications that result from this study is that middle school
mathematics matters. It was shown in this study that students make fundamental mistakes that
are taught in middle school. Teachers need to make sure their students have the background
knowledge needed to accurately solve upper level mathematics problems. Educators need to be
prepared to spend time ensuring that students know how to correctly isolate a variable, which is a
topic taught at the middle school level. Teachers should emphasize to their students to follow
reverse order of operations when they are solving an equation. In addition, teachers should put
emphasis on knowing what operation is taking place and to use the inverse of that operation to
isolate a variable. For example, if the operation is multiplication students need to know they
need to divide and not subtract. Unfortunately, teachers do not always have time to go back and
reteach prior subject material, but this study shows that it is important to have a solid

mathematics background to continue to thrive in upper level mathematics.
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Implication 2: Educators need to be prepared to spend time on sharing common mistakes
that are made with students.

When teaching a new topic to students, teachers need to show their students the common
mistakes they have seen past students make. In addition, teachers should research a topic before
teaching it. This will allow the teacher to discover common mistakes on the specific lesson they
are about to teach. If students are shown the common mistakes others have made, they are more
likely to not make the same mistakes. Students learn from their mistakes and can learn from past
students’ mistakes. The next time | teach exponential and logarithmic equations | am going to
show my students the common mistakes that were uncovered in this study.

Implication 3: Educators need to spend time demonstrating to students effective uses of
technology.

It was shown in this study that the most accurate method used was when students solved
an exponential equation with their calculator. In addition to teaching students how to solve
exponential equations algebraically teachers need to teach their students how to solve
exponential equations using their calculator. Calculators are a great resource students have that
can assist them in getting questions correct. Multiple methods for solving exponential equations
should be taught to students. Calculators should be used by students to check their work to
confirm they solved the problem correctly.

Suggestions for Future Research

This research offered many insightful implications. However, the research focused on

high school students. One might consider conducting this study with non-mathematics major

college students. It would be interesting to see what methods non-mathematics major college
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students would use to solve exponential equations. In addition, it would be interesting to see if
they make the same fundamental mistakes as the high school students made.

To improve this study there should be more time in between the students finishing a unit
on exponential equations and logarithms and the assessment being given. All four classes took
the assessment within one week of finishing the exponential and logarithmic units. Since the
assessment was given so close to the unit being taught the material was fresh in the students’
heads. Perhaps more students would have used guess-and-check strategies or their calculator
more to solve exponential equations if the assessment was not given right away. It would also be
of interest to see if students retain their knowledge of exponential equations and are as successful
on the assessment.

Concluding Remarks

The motivation behind this study was to uncover common misconceptions students have
when solving exponential equations and thereby determine ways to increase accurateness. Based
on the results of this study, it appears that students have a good understanding of exponential
equations but they make fundamental errors. Foundational concepts need to be taught at all
levels in the mathematics classroom. As a teacher, it is my job to present exponential equations
in a way to achieve true comprehension. Students will only continue to benefit in mathematics if
research is continued throughout the years. It is my hope that this study can be a factor in

improving mathematics education.
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Appendix A

Class: Date:

Solve all 10 questions. Show all work. If there is no algebra work to be
shown, explain how you solved the equation. Graphing calculators are
allowed.

1. 10* =50
2. 2 =1024
3. 3*=1
9
2
4, x3=9

5. 10-5* =250

48



6. 9%t1 =27*
7. 4x2+4x — 2—6
8. logs 25 =x
9. logsx =4

10. A population of rabbits doubles every 60 days according to the formula

t
P = 10(2)so0, where P is the population of rabbits on day t. What is the
value of t when the population is 320?
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Appendix B

Answer Key

Solve all 10 questions. Show all work. If there is no algebra work to be
shown, explain how you solved the equation. Graphing calculators are

allowed.
1. 10* =50
x-log10 =1og50
log10 log10
x = 1.69897
2. 2 =1024
x-log2 =log1024 OR
log2 log?2
x =10
3. 3% =-
? 1
x-log3 =log- OR
log3 log3
X =—
4, x3 =9
5 3
(x§)2 =02
x =27
5. 10-5* =250
10-5* =250
10 10
5% =25
5X — 52

X =2

2x:210
x =10
3x:3—2
X =—2

50



6. 9¥*t1 = 27*
(32)x+1 — (33)x
2(x+1) =3(x)

2x + 2 = 3x
—2x —2x
2=x
7. 4x2+4x — 2—6
(22)x2+4x — 26
2x2 +8x =—-6

2x>+8x+6=0
2(x2+4x+3)=0
2x+3)(x+1)=0
x+3=0 x+1=0

x =-3 x=-—1
x ={-3,—-1}
8. logs 25 =x
5% =25
5% = 52
x =2
9. logsx =4
x = 5%
x =625

10. A population of rabbits doubles every 60 days according to the formula
t

P = 10(2)s0, where P is the population of rabbits on day t. What is the
value of t when the population is 3207?

P = 10(2)%

320 = 10(2)5
10 10

32 = 26_tO

log32 =-—log2
log 2 log 2
5 =21t

60
t =300
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Appendix C

High School Student Survey

Please answer the questions below truthfully and to the best of your ability. Thank you for
participating in this study!

1. What is your racial or ethnic identification? (Select only one.)
(a) African American (b) Asian (c) Caucasian (d) Hispanic

(e) Native American (F) Other:

2. What year student are you? (Circle one)
(a) Freshman (b) Sophomore (c) Junior (d) Senior
3. What math course are you enrolled in? (Circle one)

(a) Algebra 2/Trigonometry (c) Pre-Calculus
(b) Algebra 2/Trigonometry Honors (d) Pre-Calculus Honors

4. What kind of grades do you get in math? (Circle one)

(a) 95 - 100 (€) 75 - 89
(b) 90 - 94 (f) 70 - 74
() 85 - 89 (g) 65 - 69
(d) 80 - 84 (h) below 64

5. Do you feel you did well on this assessment?

(a) Strongly Agree  (b) Agree (c) Neutral ~ (d) Disagree (e) Strongly Disagree
6. Do you feel that you have a good understanding of exponential equations?

(a) Strongly Agree  (b) Agree (c) Neutral ~ (d) Disagree (e) Strongly Disagree
7. Do you feel you learn the material for a test and then forget the concepts?

(a) Strongly Agree  (b) Agree (c) Neutral ~ (d) Disagree (e) Strongly Disagree

8. What were the two most difficult questions, and why?

9. Any other comments:
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Appendix D

TO: Parents/Guardians of Students in Algebra 2/Trigonometry
FROM: Ashley Hewson

DATE: February 28, 2013

RE: Consent Form

Purpose, Procedures, and Benefits

Purpose: The purpose of this study is to find the common errors and misconceptions
students have when solving exponential equations.

Procedures: Students will be given a ten problem assessment that contains different types
of exponential equations appropriate for the grade level according to the state and
national mathematics standards. After completing the assessment, students will be given
a short survey to complete that will be used to assess students’ knowledge on exponential
equations as well as their reaction to the assessment. The assessments will be graded and
evaluated to determine the types of mistakes made and their frequency. In addition, the
method students used to solve each question will be collected.

Benefits: Through this study, I hope to uncover common student errors and
misconceptions. This is an important study because it will help me and other teachers
design lessons that are focused on correcting these common mistakes.

Related Information

You have been asked to be in this study because you are enrolled in Algebra
2/Trigonometry and we are seeking information on students’ methods for solving
exponential equations.

Protecting Confidentiality: your name will not be used in any materials related for this
study.

Participation in this study is voluntary; you are free to withdraw from the study at any
time with no associated penalty.

Data will be collected from the assessment and completed survey.

There are no anticipated risks to the students. This study deals with routine teaching
practices and assessments.

Potential benefit to you will be to receive more effective teaching strategies.
There is no cost to you for participating in this research study.

If you need any additional information, please feel free to contact me by mail at 195
Heritage Road, Tonawanda, NY 14150; by phone at 716-570-1689; or by e-mail at
ahewson1212@gmail.com.
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You may also contact my college advisor, Dr. Keary Howard at SUNY Fredonia by
phone at 716-673-3873; or by e-mail at keary.howard@fredonia.edu.

You may also contact the Human Subject Protection Administrator, Maggie Bryan-
Peterson, at SUNY Fredonia if you have any other questions about the study at: 716-673-
3528; or by e-mail at petersmb@fredonia.edu.



55

| would appreciate your collaboration in this very important project. Please sign below to
indicate your agreement to participate in this study. You may retain a copy of this letter for your
own files. Thank you for giving this request your full consideration.

PARENTAL CONSENT FORM

SUNY Fredonia

Voluntary Consent: | have read this memo. My signature below indicates that | freely agree to
allow my son/daughter to participate in this study. If I withdraw by son/daughter from the study,
I understand there will be no penalty assessed to him/her. I understand that my son’s/daughter’s
confidentiality will be maintained. | understand that if | have any questions about the study, |
may telephone Ashley Hewson at 716-570-1689, or reach her by email at:
ahewson1212@gmail.com.

Please return this consent form by March 4, 2013. Thank you for your cooperation.

Parent/Guardian Name (please print):

Parent/Guardian Signature:

Date:

Parent/Guardian E-mail:



mailto:ahewson1212@gmail.com
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| would appreciate your collaboration in this very important project. Please sign below to
indicate your agreement to participate in this study. You may retain a copy of this letter for your
own files. Thank you for giving this request your full consideration.

STUDENT CONSENT FORM

SUNY Fredonia

Voluntary Consent: | have read this memo. My signature below indicates that | freely agree to
participate in this study. If I withdraw from the study, | understand there will be no penalty
assessed to me. | understand that my confidentiality will be maintained. | understand that if |
have any guestions about the study, | may telephone Ashley Hewson at 716-570-1689, or reach
her by email at: ahewson1212@gmail.com.

Please return this consent form by March 4, 2013. Thank you for your cooperation.

Student Name (please print):

Student Signature:

Date:
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