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R *H; 9789KBKI



Angle DEF

Vertex

97EBS

TH; ;A 3;00;HI 7H; E<;D K- 71 L7H788;1 <EH J>; C;7IKH; E< 7D 7D=p; .788; 1 7 Bl E< MH; ;A 3;J);HI 9ECCEDIO Kl;: JE
H;FH; ;D) 7D=8;1 7D: 7 17CF8; 7D=5; ?1 I>EMD D ’=KH;

*125

0 ¢ or ¢ « I} v
1>;17 F>? TF>7 8;J7 =7CC7

f

97EB5 D=8; J>;J7 I>EMD 71 49

D=8; 9H;7YED?1 7 :OD7C?9 FHE9; Il 1.; LJ7H MY> JME H701 80’D= ED JEF E<ED; 7DEJ>;H 1.; 8;7L; ED; “N;: 'D F879; 7D: HEJ7J;
J>; EI>;H .>; TN;: H70 71 J>; 9>091< C345 7D: J>; HEJ7J; z H70 71 J>; D5B=9>1< C945 D EH: ;H JE ?:;DIX0 J>; 7 ;H;DJ IP:;1 M;
D:797J; J>; HEJ7IED M> 7 IC78 7H9 7D: 7HHEM QBEI; JE J>; L;HI;N 71D I=KH;

Terminal side

Vertex

Initial side
97EB5S

I M; 29KI; - 7))>; 8;=DDD= E<J>; 1;90ED J>;H; 7H; C7DO 7FF97JEDI <EH 7D=3;1 8KJ D EH: ;HJE KI; J>;C 9EH ;930 M;
CKIJ 8; 788; JE C;7IKH; J>;C .>; =51CEB5 ?6 1> 1>7<5 1 J>; 7CEKDJ E< HEJ7)ED HEC J>; D78 1725 JE J>; J;HCID7B I:;
*HEB7880 J>; CENJ <7CH®7H KDY E< 7D=8; C;7IKH;C;DJ J>; :;=H;; DD; 457855l Wlo E< 7 9HOKB7H HEJ7ED IE 7 9ECF8;J;
9MIKB7H HEJ7)’ED 9EDJ7'DI 2;=H;;1 D 7D=b; C;7IKH;: D -;=H;;1 I>EK8: 78M701 DRK:; J>; KDN Yz ;=H;;1Z 730 J1>;
DKCS8:;H EHD9BK:; J>; - ;=H;; IOCBEBT EH ;N7CF}; el | T

-E <EHCT7BP; EKH MEHA M; MM 8;=D 80 :-H7/MD= 7D=3;1 ED 7D 7V8 OEEH:D7J; Fi§7D; D=8;1 97D E99KH D 7DO FEI’ED ED
J>; 9EEH:'D7J; FB7D; 8KJ <EH J>; FKHFEI; E< 9ECF7HIED J>; 9EDL;DJED ?1 JE BKIMH7); J>;C D J>; 17C; FEI'WED M>;D;L;H
FEIN'83; D 7D=8; 71 1D CD1>4184 @?CI0I?> % NI L;H;N 71 BE97J; = 7JJ>; EH=D 7Dz NIDNI78 1725 ;NJ; Dz 1 7BED=J>; FEIWIL; 7 7N
-3 FKH;

D=8;1 R



Standard Position

Terminal s
side

h _‘_.- -X
Initial side

97EBS

#J>; 7D=B; 71 C;71KH; : D 7 9EKDJ;HIBEOAM!I ; =H;9NED HEC J>; D78 172 ; JE J>; J;HCD78 172 ; J>; 7D=B; 71 177: JE 8; 7 @?CIIF5
1>7<6 & J>; 7D=8; N C;71KH; - ID 7 BEOAM?I; -™M;90ED J>; 7D=B; 1 177- JE 8; 7 >57109F5 1>7<5

H7M?D= 7D 7D=; D 1J7D:-7H: FEI'YED 78M701 LJ7HI1 J>; 17C; M70W:H7M J>; D78 172 ; 78ED=J>; FEINWL; 7 7Nl _E F879; J>;
J;HCID7B 172 ; E<J>; 7D=B; M; CKI 9789KB7J; J>; <H79VED E< 7 <KW HEJ7)’ED J>; 7D=b; H;FH; 1;DJ1 1 ; :EJ>7) 80 :1:D=J>; 7D=b;
C;7IKH; D - ;=H;;180 T EH;N7CFB; JE :H7M7 T7D=B; M; 97B9K87]; J>7J% = % -E J>; J;HCD78 N ; MB 8; ED;
<EKH> E< J>; M70 7HEKD: J>; 9H9B; CELD= 9EKDJ;HRBEOAM?I; HEC J>; FEINWL; 7 7Nl _E H/M 7 T7D=8; M; 9789K87J; J>7]
% = 1. -EJ>; J;HkCD 172 ; MB8; 9ECFS;J; HEJ7VED 7HEKD: J>; 9H98; CELD= 9EKDI;HBEIAMII ; HEC J>; FEIWIL; 7 7NI
tD >N 971; J>; DW7B 172 ; 7D: J>; J;HCID78 I7: ; EL;H7F —;; '=KH;

Drawing a 90° angle Drawing a 360° angle
y y
)

Terminal

side

Initial side

90° 360°
Initial side
: X : X
Terminal
side

97EBS

-D9; M; z;°D; 7D 7D=8; D J7D:7H: FEIWIED 80 NI D78 172 ; M; >7L; 7 IF;9778 JOF; E< 7D=8; M>EI; J;HCD78 17z ; B;1 ED 7D
TNl 7 AE14B1>D1< 1>7<5 > JOF; E<7D=B; 97D >7L; 7C;7IKH; E« T T T T EH T =55 =KH;

o " M\ " o
0° \

1l [\ i v i v 1 v

97EBS  +K7:H7DJ78 7D=8;1 7H; 7D=5; 1D N7D:7H: FEI"VED M>EI; J;HCID78 17: ; B7;1 78ED=7D 7N?I  N7CF8; 1 7H; I>EMD

f*H; 97B9KKI



$* %P

= E14B81>D1< 1>7<5C 7H; 7D=;81 1D J7D:7H: FEINED M>EIl; J;HCD7 172 ; ;1 ED 7D 7Nl D9K:=D= T T T T EH

%— *%

9F5> 1> 1>7<5 =51CEB5 > 457855C 481G D85 1>7<5 9> CD1>41B4 @?C097>

NFH; 11J>; 7D=8; C;7IKH; 71 7 H79ED E< T
,5-K9; J>; H79YED JE I"CH; 1] <EHC

H7M 7D 7D=8; J>7J 9EDJ7'DI J>7] 17C; H79)ED E<J>; 9MH98; 8;=IDDID=ED J>; FEIWL; 7 7Nl 7D- CELD=
9EKDJ; HOBEQAM?I ; <EH FEIWIL; 7D=8;1 7D - 9BEQAM?I ; <EH D;=7JIL; 7D=8; I

. H&" C(C—-% $ 3" $)$ ( &%) *%s# )+(
$  C)

7 -A;)9>7D7D=B; E< T'D LJ7D:7H: FEIWED
8 -A;l9>7D7D=}; E<\ T IJ7D:7H: FEI'ED

>CG58

7 IL2-; J>; 7D=B; C;7IKH; 80 T
30 1
360 — 12
-EH;MH; J>; <H79)ED D 7 CEH; <7C®7H <H79)ED M; 97D H;9E=D'P; J>7]

1 _1/1

2 — 3 (4)
DD; IM;5J> ;GK781 ED; J>H: E< 7 GK7HI;H IE 80 =2L7:9D= 7 GK7HI;H HEJ7YED 'DJE J>H=1 M; 97D IA;9>78D; 7 1T
71D 7=KH;

D=;1 R




/ 30°
E x
97EB5
8 L7z ; J>; 7D=b; C;7I1KH; 80 T
—135 _ 3
360 8
#D > 971; M; 97D H;9E=DP; J>7)
3 3 /(1
T8 2 (4)

G=730; > ;7=>3>1 1 ED; 7D: ED; >7Kk C;1 7 GK7HI;H IE M; F879; 7 #D; 80 CELD= BE9AM’I; ED; <K
GK7HI;H 7D: ED; >7& E< 7DEJ>;H GK7HI;H 71D 97EB5

- | X

&

=135

97EB5

->EM 7D 7D=8; E< TED 7 9H98; "D 1J7D-7H: FEI'YED

>CG5B

R *H; 9789KBK 1



71

x

-

1>49>7  ?205B=0>1< >7<5C

(G =70L; 7D=b;1 7Dz 7D=8; 1 =H;7J;H J>7D 7 <K8 H; LEBKI’ED 7H; CEH; 7MAM7H: JE MEKA MW> J>7D J>EI; D J>; H7D=; E< TIJE T
#) MEKS:- 8; 9EDL;D?;DJJE H;F879; J>EI; EKJ E<H7D=; 7D=8; 1 MN> 7 9EHH; IFED :"D= 7D=b; MW>D J>; H7D=; E<7 1'D=}; H; LEBKJED

# 71 FEI1'88; <EH CEH; J>7D ED; 7D=8; JE >7L; J>; 17C; J;HCID78 I ; &EEA 7) 1=KH; .>; 7D=b; E< T 7 FEINIL; 7D=8;
C;7IKH; - 9EKDJ;HBEOAMN; .>; 7D=b; E<V T 7 D;=7JL; 7D=8; C;7IKH;: BESAMI; KJ 8EJ> 7D=b;1 >7L; J>; 17C;
J;HCID78 172 ; & IME 7D=8;1'D HJ7D:7H: FEINED >7L; J>; 17C; J;HCID78 172 ; J>;0 7H; 3?058=9>1< 7D=§;1 L;HO 7D=B; =H;7J;H
>7D TEHB; 11 3>7D T?1 9EJ;HCID78 MU> 7D 7D=8; 8;JM; ;D T7D: T 7Dz W71 E<J;D CEH; 9EDL;D?;DJ JE “D: J>; 9EJ;HC'D78
7D=b; MN>D J>; H7D=; E< TIE TJ>7D JE MEHA M%> 7D 7D=8; J>7] 71 EKII?: ; J>7)H7D=;

y

__ﬂo
T : X
= ZN\_J

97EBS D7D=b; E¢  T7D: 7D7D=b; E<V  TT7H;
9EJ;HCD78 7D=8; 1

%— *%

9F5> 1> 1>7<5 GP8 =51CEBS5 7851058 081> K Q>4 1 37058=0>1< 1>7<5 81F9>7 1 =51CEB5 250G55> K 1>4 K
-K8IH79] T HEC J>; =)L;D 7D=};
>3 H; TKB 21 1M =H;7J;HJ>7D T 1K8JH79) T7=7"D KDJB J>; H; IKB?1 8;IM; ;D T7D: T
->; H; IKBD= 7D=8; 71 9EJ;HCID78 MU> J>; EN=D78 7D=8;

9F5> 1> 1>7<5 GI8 =51CEBS5 <5CC 081> K Q>4 1 3?D5B=0>1< 1>7<5 81F9>7 1 =51CEB5 250G55> K 1>4 K

D=;1 R



i TJE J>; =L;D 7D=8;
> H; IKBI2 LB B; 11 J>7D T 7:: T7=7"D KDJ8J>; H; IKB 1 8;IM; ;D T7D: T
->; H; IKBD= 7D=3; 71 9EJ;HCID78 M> J>; EW=D78 7D=%;

$* %H

?058=0>1< 1>7<5C 7H; JME 7D=8;1 D LJ7D:7H: FEI'YED J>7) >7L; J>; 17C; J;HCD73 1= ;

DO 7D=8; >71 'D~D%;80 C7DO 9EJ;HCD78 7D=B; 1 8;97Kl; ;79> NC; M; 7:: TJE J>7) 7D=8; WEH IK8JH79] THEC NWI>;
H; IKBID= L78K; >71 7 J;HCID78 I7-; D J>; 17C; BEQ7TVED EH ;N7CF8; T7D: T7H; OEJ;HCD7B<EH > H; 71IED 7121\ T
, 3 9E=DPID= J>7) 7D0 7D=b; >71 D"DN;80 C7D0 9EJ;HCID78 7D=5; 1 ;NF87DI J>; H;F;JWL; 1>7F; 1D J>; =H7F>1 E< JW=EDEC;JH9
<KDOJEDI M>29>M; M® 1JK:=0D =H;7] z;J78?D J>; D;NJ 1;9YEDI

-

. HE&" $$ $ " WESI"-F TN
# )+C C (> $ |«

D= J>; B; 710 FEPIL; 7D=3; @ 1>7171 9EJ;HCID7E MI> 7D 7D=8; C;7IKD= T M>;H; 0 < 8 < 360.

>CGSB
D 7D=8; MN> C;7IKH; 771 9EJ;HCD78 MN> 7D 7D=b; MW> C;71KH; \ T 8KJ T 1% =H;7];H I>7D
T 1EM; IK8IH79) T7=7D JE "D: 7DEJ>;H 9EJ;HCD78 7D=b; \ T

.>; 7D=b; 6 = &0 9EJ;HCD78 MJ> T .E FKJ % 7DEJ>;H M70 T ;GK781 T F8KI JME <KB HEJ7J’EDI 71 I>EMD D
1=KH;

L e
\800° \

97EBS

f*H; 97B9KEKI



Dz 7D 7D=3; (x J>7J71 9EJ;HCIDTE MI> 7D 7D=8; C;7IKHD= T M>;H; 0 < ¢ < 360.

>CG58B
a = 150
. #&II $ $ $ $ n %* (# $ n — * $ $ n
# (S " ))* B K
->EM J>; 7D=B; MW> C;7IKH; \ TED 7 9H%; 7D: “D: 7 FEINL; 9EJ;HCID78 7D=B; x IK9>J)>7]) T~ T
>CG5SB

-D9; TAU>TKE< T M; 97D 7H 7] J>; FEIWIL; >EHPEDI78 7N?1 7D: C;71KH; BEQAM ; >7K E<7 T 7D=B;
;97KI; M; 97D "D: 9EJ;HC'D78 7D=B; 1 80 7: D= EH IK8IH79J)'D= 7 <K8 HEJ7J’ED E< T M; 97D "D: 7 FEIWIL; 9EJ;HCD78
7D=8; >;H; 80 7: D= T
—45 + 360 = 315
1;97DJ>;D I>EM J>; 7D=B; ED 7 9H9%; 71D ?=KH;

315°

dh
N

97EBS

Dz 7D 7D=8; (3 >7171 9EJ;HCID73 MN> 7D 7D=8; C;7IKHD=\  TIK9>1>730 < 3 < 360.
>CG5B

B =60
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?>F5BD9>7 5DG55> 57855C 1>4 (1491>C

IL7:1D= 7 9H9%; DIE F7HI1 71 7D 7H8WH7HO 9>E19; T7RI>EK=> 2 9H;7];1 J>; <TCH7H - ;=H;; C;7IKH;C;DJ 1; C70 9>EEl;
EJ>;HM701 JE 2217z ; 7 9H9%; .E “D: 7DEJ>;HKDW J>DA E<J>; FHE9; Il E< :H7MD=7 9H9%; #C7=1D; J>7) OEK LJEF 8;<EH; J>; 9H9%;
NN 9ECHFB;J; - .>; FEHPED J>7JO0EK -H;M I H;<;HH; - JE71 7D 1B3 D 7H9 C70 8; 7 FEHIED E< 7 <K8 9H9B; 7 <K 9H98; EH CEH; J>7D
7 <KBB 9H9B; H;FH;1;DJ;: 80 CEH; J>7D ED; <KBHEJ7MED .>; 8;D=J>E<J>; 7H9 7HEKD: 7D ;DJH; 9H98; 71 978; - J>; 3BIE=6585>35
E<J>7) 9HOB;

> OYHIKC<;H;D9; E< 7 9H9%; C =2mr. « M; :7:; 8E)> I72;1 E< > ;GK7)ED 80 7,M; OH;7]); J>; H7JE E< J>;
9HIKC<;H;D9; JE J>; H7IKI M>19> 71 78M701 27T H;=7Hz8; 11 E< J>; 3;D=J> E< J>; H7:KI —-E J>; 9HOKC<;H;D9; E< 7DO 9HIB; 71
2T &~ 6.28 1C:1 1> 8;D=0> E<I>; H7:KI .>7J C;7DI J>7) X M; JEEA 7 IWD= 71 BED= 71 J>; H7:KI 7D: KI;: W JE C;7IKH;
9EDI ;9KJL; 8;D=J>1 7HEKD: J>; 9HIOKC<;H;D9; J>;H; MEKB: 8; HEEC <EH I'N <K8 IJHD=8;D=J>1 7D: 7 ¥JB; CEH; J>7D 7 GK7HJ;H E<
71;L;D)> 71 I>EMD D 7=KH;

Fractional
piece

97EBS

->1 8HID=1 KI JE EKH D;M 7D=b; C;7IKH; DD; H7:77D 71 J>; C;7IKH; E<7 9;DIH78 7D=8; E< 7 9H%B; J>7J DJ;HI;FII 7D 7H9 ;GK7B
D 8;D=J>JE J>; H7 KNI E<J>7) OH98;  9;DM78 7D=8; 71 7D 7D=B; <EHC;: 7J J>; 9;DI;H E< 7 9H%; 80 IME H7:=?  ;97KI; J>; JEI7S
9HIKC<;H;D9; ;GKT78I 27T NC ;13> H72KI 7 <K8 9HIKB7H HEJ7PED 71 27T H7:77D1 -E

27 radians = 360°

. o
7 radians = 3620 = 180°

1 radian = g ~ H7.3°

-5 =KH; (EJ; >7)M>;D 7D 7D=8; 71 - ;19H8; - MU>EKI 7 IF;9779 KDN N H;<;HI JEH7:77D C;7IKH; EH ;N7CFB; 7D 7D=B;
C;7IKH; E< Dz297);1  H7:z77D1 #D <79) H7:77D C;71KH; 1 ?C;DIEDS; 11 1’D9; W J>; GKEJ;DJ E< 7 B;D=]> 9HIKC<;H;D9;
2252 80 78;D=)> H7:KI 7D: J>; §;D=J> KDAI 97D9;8 EKJ

97EBS .>; 7D=8; t IM; ;FI EK) 7 C;71KH; E<ED; H7:77D
(EJ; >7))>; 8;D=)> E<J>; DI;HI; FI; - 7HO 1 J>; 17C; 71 J>;
§;D=J> E<J>; H7 2K E<J>; 9H9B;

F*H; 97B9KEKI



Relating Arc Lengths to Radius
D 183 5>708 S 71 I>; B;D=I> E< J>; OKHL; 7BED=J>; 7HO $KIJ 71 J>; <KB 9HOKC<;H;D9; E< 7 9H98; 7BM701 >71 7 9EDII7DJ H7JE JE
J>; H7:KI J>; 7H9 B;D=J> FHE:K9; : 80 7D0 =)L;D 7D=3; 7BIE >71 7 9EDNI7DJ H;87J0ED JE I>; H7 K1 H;=7H:8; 11 E<I>; 8;D=0> E<J>;

H7 2Kl

S HTPE 97852 U>; H7:277D C71KH; M 0>; 17C; H;=7H:B; 11 E< J>; H72KI E< J>; 9HO8; WY - ;F;D:1 EDRO ED J>; 7D=b; .>

FHEF;HJO 7BEMI KI JE z;°D; 7 C;7IKH; E<7D0 7D=8; 71 J>; H7JE E<J>; 7HI8;D=J> SJE J>; H7:KI . —;; 7=KH;
s=rb
= £
0= T
ks =r, J>;D0 = % = 1 radian.
2 radians — 1 radian
2r
3 radians
r s r & |
\ \ _____ revolution
2 > 0, 27
tradian/ |\ | N\ SN ST
(s=n
3+w

radians

T2 + 7 radians

1 + g radians

(a) (b) (©

97EBS 7 4D 7D 7D=; E< H7:77D J>; 7HIB;D=J> S ;GK781 J>; H7:)KI 7°. 8 D 7D=8; E< H7:77DI >71 7D 7H9 §;D=)>

s = 2r. 9 <KBH;LESKIED 1 27T EH 78EKJ H7 277Dl

-E ;B878EH7]; ED J>2 ?7:;7 9EDI?: ;H JME 9M98;1 ED; MN> H7:KI 7Dz J>; EJ>;H MIJ> H7 Kl , 3978 J>; 9HIKC<;H;D9; E< 7

oh9s; 1 C' = 2707, M>3H; 7711 >3 H72KI .>; ICTB;H OMO8; J>3D >71 9HIKCH;09; 27 (2) = 47 7D: 1> i7H=;H >71
OHIKC<;H;D9; 277 (3) = 6. (EMM; :H7M7  T7D=3; ED I>; IME 9HO8; 1 71D =KH;

97EB5 T7D=§; 9EDJ7DI ED; ;7=>J> E<J>;
OHIKC<;H;D9; E<7 9HB; H;=7HzB; 11 E<J>; H7 Kl

(E)9; M>7)>7FF ;DI X M; "Dz J>; H7JE E<J>; 7H9B;D=J> 177z ;: 80 J>; H7 K1 E<J>; 9MH9%;

1

~C7H:H 9Ho%; 27 = %w

&7H=;H OMOB; ﬁ = 1x
3 . ’ 3 4

-D9; 8EJ>H7JEI 7H; %7‘(’, J>; 7D=B; C;7IKH; 1 E<8EJ>9H®B; 1 7H; J>; 17C; ;L;DJ>EK=>J>; 7H9b;D=J> 7D: H7 -KI =7 _;H

D=1 f



$* %

)D; B1491> 1 J>; C;7IKH; E<J>; 9;DH78 7D=B; E< 7 9H9%; 1K9> J>7] J>; §;D=J> E< J>; 7H9 8;IM; ;D J>; 1DNI7B I7:; 7D:
>; J;HCID78 1725 21 ;GK78 JE J>; H7 2Kl E<J>; 9HOB;  <KB H; LEBKYED T ;GK78I 277 H7277D1 >7i H; LE3KJED TN
;GKIL78;DJ JE 7T H7:77DI

.>; B1491> =51CEB5 E< 7D 7D=8; 1 J>; H7JE E<J>; B;D=J> E<J>; 7H9 IK8J;D:;: 80 J>; 7D=b; JE J>; H7:KI E<J>; 9HB; #D
EJ>;HMEH:1 XS J>; B;D=J>E<7D 7HO E<7 9H9%; 7Dz 771 J>; H7 K1 E<J>; 9H9B; J>;D J>; 9;DIH78 7D=3; 9EDJ7'DD=J>7) 7H9
C;7IKH; 1 %H?:WDI #D 7 9MO9B; E<H7ZKI  J>; H7:77D C;71KH; OEM; IFED: 1 JE J>; 8;D=]> E<J>; 7HO

=51CEB5 7?6 B1491><??;CD? 2512?ED K CD81D 3?BB53D

182 32"//1.7%,""3&8 L &$428 27T 1% -2 &04™2 B &04"+2% ~ 57.3.

Using Radians

;97K H7:277D C;71KH; 21 J>; H7JE E<IME B;D=)>1 21 7 KDNB; 11 C;7IKH; EH ;N7CF8; IKFFEI; J>; H72KI M;H;  1D9>;1
7Dz J>; 2M7D9; TBED=J>; 7THO M;H; 7BIE  D9>;1 1.>;D M; 9789K87); J>; H7:77D C; 71KH; E<J>; 7D=8; J>; YID9>;1Z297D9;8 7D:
M; >7L; 7 H; TKB MU>EKI KDUI _>;H;<EH; 20?1 DEID;9; 117HO JE MHN; J>; 878 ;8 YH7 277DIZ 7d;H 7 H7:277D C;71KH; 7Dz %*M; I;; 7D
7D=3; J>7J71 DEJB78;8; - MN> Yz ;=H;;1ZEH)>; =;=H;; I0C8EE M; 97D 71IKC; J>7) 0?1 7 H7:77D C; 71KH;

EDI?Z ;HID=J>; CEN 87179 971; J>; KDN 9H9%; 7 9MO8; MU> H7:KI ~ M; ADEM J>7] HEJ7YED ;GK781 ) T1;

97D TRIE JH79A ED; HEJ7JED 7HEKD: 7 9H95; 80 “D:'D=J>; 9HOKC<;H;D9; (' = 27‘(‘7’, 7D: <EHI>; KDU9Ke; O = 27, .>;1;
JME :?_;H;DIM701 JE HEJ7]; 7HEKD: 7 9H9%; =IL; KI 7 M70 JE 9EDL ;HI HEC : ;=H; ;1 JE H7:77DI

1 rotation = 360 =27 radians
% rotation = 180 = radians
i rotation = 90 = g radians

Identifying Special Angles Measured in Radians

#D 7: 22ED JE ADEMMD=J>; C;7IKH;C;DJI D = ;=H; ;1 7Dz H7:77D1 E< 7 GK7HI;H H; LEBKJIED 7 >7K H;LESKIED 7D: 7 <K# H; LEBKI’ED
J>;H; 7H; EJ>;H H;GK;D30 ;DOEKDI;H; = 7D=3;1 D ED; H;LESKIED E< 7 9HO8; MN> M>9> M; I>EKB: 8; <7CH7H #] 71 9ECCED JE
;DOEKDIJ; H CKBIFS; I E< 7D: ;s > L7BKS L 7H; I>EMD D =KH;  2EK I>EKB: 8;9EC; L;HO 9EC<EHT78E;
MN>J>; 15 7D=B;1 71 J>;0 M 8; L;HO KI;<KB 71 M; LK:=01J>; FHEF;H)?; 1 71IEQ7); - MU> 7D=5; 1

R *H; 9789KBKI1



90°

120° 60°
1357 a5°
150° 30°
180° 0°
210° 330°
225° 315°
240° 300°
270°
97EB5 ECCEDIO ;D9EKDI;H; = 7D=8;1 C;7IKH; : D

|

(EM M; 97D Y1) J>; 9EHH; IFED:D=H7:77D L78K; I <EH J>; OECCED C;7IKH; | E< 7 9H9%8; 9EHH; IFED:D=JE J>EI; ®1J;: D ’=KH;
M>9> 7H; I>EMD D ’=KH; 5 IKH; OEK 97D L;HX0 ;79> E<J>;1; C;7IKH; 1

T 180°=

= 0" 27

6 6
I
v 4
A 270° 5
3 . 3
2

97EB5 ECCEDSO ;D9EKDI;H; = 7D=3; 1
C;7IKHK; z D H7:77DI

. H&" $ $ ( $# )+(

Dz J>; H7:77D C;71KH; E<ED; J>M: E< 7 <KB HEJ7JED

>CG5B
EH 7D0 9H98; J>; 7HI B;D=J> 7BED= IK9> 7 HEJ7JED MEKS: 8; ED; J>MH: E<J>; 9HIKC<;H;D9; 1 ; ADEM J>7]

1 rotation = 27r

5= % (277r)
—_ 2nr

3
.>; H7:77D C;71KH; MEKB: 8; J>; 7H98;D=J> zL7:; : 80 J>; H7:KI

D=1 f



%)
3
E

radian measure =

DO DO
B %"ﬁ%‘w\
%

Dz J>; H7:277D C; 71KH; E<I>H; ; <EKHI>1 E< 7 <KB HEJ7JED

>CG58B

3

2

Converting between Radians and Degrees

;97KI1; z;=H;;1 7Dz H7:77D1 8EJ> C;71KH; 7D=8;1 M; D;;: JE8; 78%; JEOQEDL;H 8;IM;;DJ>;C 1; 97D ;71%0 :E IEKID=7
FHEFEHY’ED
0 _ 0"
180 T
.>1 FHEFEHED I>EMI J>7))>; C;71KH; E<7D=; (7ED) T3R5 225280 T ;GK7BI J>; C;71KH; E<7D=8; 6 1D 77701 =L0: 5
80 7. DH F>H71; - 7DEJ>;HM70 z;=H;;1MMJE  T7IH7:77DINJE .
Degrees _ Radians

180 s

%— *%

.EOQEDL;H 8;IM; ;D - ;=H;;1 7Dz H7:?7D1 KI; J>; FHEFEHVED
0 or

180 — &

. H&" w5, 9 ( $) *% C )

EDL;H) ;79> H7:77D C;71KH; JE = ;=H; ;1

T
7 %
8

R *H; 9789KBK 1



>CG5B

;97K ; M; 7H; =IL;DH7:77D1 7D= M; M7DJ =;=H; ;1 M; I>EKB: 1;JKF 7 FHEFEHED 7Dz IEBL; <EH = ;=H; ;1

7 13K >; FHEFEHJ?ED% = %.
0 s
— =5 Substitute the given information.
180 7
180 : :
0= S Multiply both sides by 180.
6 = 30° Simplify.
8 1;KI; J>; FHEFEHPED %3: %.
— = — Substitue the given information.
180 =
3 (180
= (180) Multiply both sides by 180.
s
0~ 172° Simplify.

*(/ *

) 3 . e
EDL;H) — = K7:77D1 JE 2 5=H; 51
>CG5B
\ T

- H&"

EDL;H 15 z;=H; ;1 JEH7:77DI

>CG5B

%S, 9 C )*%( $)

D J> N7CFB; M; N7H MW> = ;=H; ;1 7D M7DIH7:77D1 1EM; 7=7D I ;JKF 7 FHEFEHRYED 7Dz 1ESL; N 8KIM; IK81JKJ;

J>; =IL;DD<EHCT7NED DIE 7 =7 _;

H;DJ F7H] E< J>; FHEFEHYED

D=B;1 R




180 7

15 6"

180

180 — 0 Notice that the degrees cancel.
T _pR
12

Analysis

DEJ>;H M70 JE J>'DA 78EKJ J>71 FHESS; C 1 80 H;C;C8;#D=1>71 30° = % :97K1; 15° =

J>7J% (%) ns.

(30°) ,m; 97D “D:

N[

EDL;H  TJEH7:77DI

>CG5B

T
10

Finding Coterminal Angles Measured in Radians

1; 97D "D: 9EJ;HCID78 7D=8; 1 C; 71KH; : 'DH7:77D1 D CK9>J>; 17C; M70 71 M; >7L; <EKD: J>;C KID= - ;=H; ;| #D 8EJ>971;1
M; “D: 9EJ;HCID78 7D=8; 1 80 7: -'D= EH IK8JH79J1D= ED; EH CEH; <Ki HEJ7JEDI

%— *%

9F5> 1> 1>7<5 7B51D5B 081> 271’, Q>4 1 32058=9>1< 1>7<5 250G55> 1>4 27.

-K8IH79] 27T HEC J>; =L ;D 7D=5;
>3 H; TKB 21 10 =H; 7J;HJ>7D 27‘(’, IK8H79) 27T 7=7'D KDJB I>; H; 1K8) 71 8;0M; ;0 () 7D: 2.
->; H; IKBD= 7D=8; 71 9EJ;HCID78 MU> J>; EW=D78 7D=8;

IF5> 1> 1>7<5 5CC 081> (), Q>4 1 32D5B=4>7EC 1>7<5 250G55>  1>4 27T,
- 29T JEJ>; =)L;D 7D=8;

8> H IKB 21 1B B; 11 J>7D O, 721 27T 7=TID KDIB J>; H; 1KR 21 7 FEIIL; DKC8;H
->; H; IKBD= 7D=4; 71 9EJ;HCID78 MU> J>; EH=D73 7D=5;

R *H; 9789KBKI



. H&" $ 8

197

>CG58

%* (#S "

Dz 7D 7D=h; (3 1>7021 9EJHCIDT MU> = M>3H; 0 < B < 27

$"I)HDS (

1>;D MEHA’D=D = ;=H; ;1 M; <EKD: 9EJ;HC'D78 7D=8;1 80 7: -"D= EH IK8IH79)1D=
D H7:77D1 M; 97D “D: 9EJ;HCID78 7D=3; 1 80 71 22D= EH IK8IK79¥D= <Ki HEJ7VEDI E< 27T #7:77DI

$)

2;=H5 51 7 <KKBHEJ7YED &AM

197 _ 197 8«
1 2T =g 1
_ 1lxw
11 4
->; 7D=8; <5711 9EI;HCIDTS 8K DEJ ;11 157D 277, 1E M; IK8K79] 7DEI>;H HEJTED
11w _ 1lw 8w
) = 1 )
" ar
5 =7
->; 7D=8; 011 9EI;HCDTE M 20T 71 ISEMD 1D =K;
¥
197
a_
/ 4 \\‘ ‘.\':
I‘.l‘ S_ﬂ- ‘I\ X
\ 4 ‘,'
e Ry « b
| Fd
97EB5

D: 7D 7D=h; E< C; 7IKH; 0 1>710 9EJ;HC!D78 MIJ> 7D 7D=8; E< C;7IKH; —”TWMXH; 0 < 0 < 2m.

>CG58B

iEs

6

S058=9>0>7 D85 ""5>708 ?6 1> B3

53978 I>7)J>; H7:77D C; 71KH; 6 E<7D 7D=8; M71 z;°D;: 71J>; H7)E E<J>; 7HO B;D=J> S E< 7 HOKB7H 7HI JE J>; H7 :KI 7" E< J>;

9MH9% ; 0= % HEC J>1 H;B70EDI>F M; 97D “D: 7H9 §;D=J> 7BED= 7 9H9%; =L;D 7D 7D=8;

D=g;1 R



C"$* % ("

#D 7 9M9B; E<H7 K1 1 J>; §;D=J>E<7D 7H9 S 1K8J;D:; - 80 7D 7D=8; MW> C;7IKH; @ 1D k7:77D1 1>EMD D 1=KH;

s=rH

97EBS

|

%— *%

9F5> 1 3%83<5 26 B149EC 77, 31<3E<1D5 D85 <5>708 S 26 085 183 CE205>454 21 1 79F5> 1>7<5 26 =51CEBS 0.

#&D3;9; 117H0 9EDL;H 6 JE k77701
= KBIFR0 J>; K7 :7KI 7 80 J>; H7:77D C;71IKH; E< ) : s = r0.

. H&" $$ * "SF* U $ (

1IKC; J>; EH8Y E< = ;HOKHO 7HEKD: J>; IKD 7l 7 F;H<; 9] 9H9B; = ;HOKHO ?1 7FFHEN’C7J;80  CHWED C%;1 HEC J>; IKD

7 #DED; 7H> :70 " ;HOKHO 9ECFB;J; 1 E<NI JEJ78 H; LESKYED "*EM C7DO C®%;1 E; 1 M H7L;8D ED; =70

8 /I1; OEKH7DIM;HHEC F7Hl 7 JE = ;J;HCID; J>; H7:77D C;71KH; <EH = ;HOKHOII CEL;C;DID ED; 7HI> =70

>CG5B

7 &;J18;=D 80 "D:D=1J>; 9HIKC<;H;D9; E< = ;HOKHOK EH8Y

R *H; 9789KBK 1



C =2nr
= 27 (36 million miles)

~ 226 million miles

-D9; = ;HIKHO 9ECF3;J; I E<WI JEJ78 H; LEBKVED D ED; 7H> :70 M; 97D DEM ~D: J>; :7107D9; JH7L;8; :

(0.0114) 226 million miles = 2.58 million miles
8 (EM M; 9EDL;H) JE #7:77DI

. arclength
radian = ———
radius

2.58 million miles

36 million miles
= 0.0717

Dz J>; 7HO§;D=J> 78ED=7 9HMB; E<H7:KI  KDWI IK8J;D:-;: 807D 7D=p; E< T
>CG58B

25T — 37.525 units

0>49>7 D085 B51 7?61 )5307B761 B35S %@DI?>1<

¢D 7 20VED JE THO 8;D=J> M; 97D 7BIE KI; 7D=3; 1 JE Dz J>; 7H;7 E<7 1;9IEH E<7 OHOB;  1;9JEH 1 7 H;=)ED E< 7 9HOB; 8EKD: ; -
80 IME H7:7 7D J>; 'DI;HO;FI; = 7HO A; 7 1895 E<FIPP7 EHF; , ;978 I>7) 1>; 7H;7 E< 7 9MO8; MJ> H7:KI 7 97D 8; <EKD: KI'D=
1>; EHCK7 A = T2, 1 J>; IME H7:7 EHC 7D 7D=1; E< §,C;71KH; = D K7:77DI J>;D%?I J>; H7YE E<J>; 7D=3; C;7IKH; JE
J>; C37IKH; E< 7 <KBHEJ7VED 7D: 71 TBIE J>;H;<EH; J>; H7DE E<J>; 7H;7 E<I>; 13 OIEHJE J>; 7H;7 E<J>; OHOB; .>KI J>; 1B51 26
1.C5307871 J>; <H79J?ED%CKBJ?FB?;: 80J>; ;DMM; 7H;7  BM701 H;C;C8;HI>7) 111 <EHCKS7 EDIO 7FF¥; 1 % 6 71 1D 17 277D
Area of sector = <i) r?
21

Omr?

27
1
— —0r?
2

D=1 f



C % ) *%( %&*%$ "

L>5 TH; 7 E<7 1;9JEH E< 7 9H98; MN> H7 2K 7° 1K8J;D: ; - 80 7D 7D=8; 9, C;7IKH; - D H7:77D1 71

_1pn.2
A= 350r
31 1=K
)
r /A=%6r2
8 o
'
97EBS _>; TH;7 E<J>; 159JEH ;GK781 >7k J>;
IGK7H; E<J>; H7 K1 MC; 1 J>; 9;DIH78 7D=b;
C;7IKH; : 'DH7:77DI
%— *%

9F5> 1 38B3<5 26 B149EC 77, Q>4 D85 1851 ?6 1 C5307B 45Q>54 21 1 79F5> 1>7<5 0.

#D;9; 11740 9EDL ;K @ JE H7:77DI

= KWIFI0 >7K J>; H7:77D C;7IKH; E< 0 80 J>; IGK7H; E<I>; H7:KI T+ A = %07“2.
. H&" $ $ * C % ) *%(C
D 7KIECT7X9 §7MD IFKDAB;H IFH701 7 220J7D9; E< <3 ;) M>B; HEJ7UD=  ::=H::1 71 ISEMDD '=KH:  1>7)71 J>:

TH;7 E<J>; 1;9JEH E<=H711 J>; IFHIDAB;H M7J;HI

201t

97EBS .>; IFHDAS;H IFH70I JMN>D 7D THOE< T

R *H; 9789KBKI1




>CG5B

HI) M; D;;: JE9QEDL;HIJ>; 7D=8; C;7IKH; "DIEH7:77D1  ;97KI; 2;=H; ;1M ED; E<EKH IF;9778 7D=3;1 M; 78;7:0
ADEM J>; ;GKIL78;DIH7 277D C;71KH; 8KIM; 97D 781E 9EDL ;H]

T
30=30- —
180
_T radians.
6

->; TH;7 E<J>; 1;9JEH1 )>;D

_EJ>; 7H; 771 78EK) 104.72 ft2.

#D 9; DH78 FILE) H=7YED 7 §7H=; MH’=7J1ED FIF; ED M>; ;81 HEJ7J; 1 7THEKD:= 7 9;DJ;HFED)  <7HC;H>717 9;DH78 FILE) I01);C
M2J> 7 H7 2KI E< C; I HL & M7J;HH; IH9PEDI EDSO 7BEM >;H JE M7J;H J>EKI7D: IGK7H; C;J;HlI 7 70 M>7] 7D=8;
I>EKBZ 1>; 1;00>; 101);C JE9EL;H AHN; J>; 7DIM;HID H7:77D C; 71KH; JE IME :;9!C78 F879; I

>CG5B

+C5 "0>51B 1>4 >7E<1B )@554 0? 5C3BI25 #?7007> ?>1 PB3E<1B &108
%@DI?>1<

#D 7::WED JE "D:D=J>; 7H;7 E<7 1;9)EH M; 97D KI; 7D=3;1 JE :;19H8; J>; IF;;: E< 7 CEL'D=E8{;9) D E8{;9) H7L;MD="1D
7 9HOKB7H F7J> >71 JME JOF; 1 E< IF;;: "9>51B C@554 'l IF;;: 7ED= 7 LH7?=>] F7)> 7D: 97D 8; :;J;HCD;: 80 J>; :7J7D9; W
CEL; I 78ED= 21 49C@<135=5>D D 7 =)L;D JIC; DJ;HL78 EHDN7D9; X 7 M>; ;8 MN>H7:KI D9>;1 HEJ7J;1 ED9; 7 I;9ED: 7
FEDIEDJ>; ;:=; E<J>; M>;;BCEL; 17 :71J7D9; ;GK7BJE J>; 9HOKC<;H;D9; EH1()7r D9>;1 ;L;HO1;9ED: -EJ>; BD;7HIF;;:
E<J>; FEDIN 107D 1 .>; ;GKZNED<EH¥D;7H IF;;: 21 71 <EBEMI M>;H; U I BD;7HIF;;: S :MF79;C;DJ 7D: 1 IIC;

'U:z

>7E<1B C@554 H; IKNI HEC 9HIKE7H CENED 7D: 97D 8; :;J;HCID; - 80 J>; 7D=8; J>HEK=> M>9> 7 FE'DJ HEJ7J;1 D 7 =IL;D JIC;

DJ;HL78 4D EJ>;H MEH-1 7D=KB7H IF; ;- 71 7D=K87H HEJ7JED F;H KDN NC; -E <EHDNT7DY9; X 7 =;7H C7A; 1 7 <KBHEJ7JED ;L ;HO
1;9ED:1 M; 97D 9789K87J; NI 7D=KB7H IF;;: 71 % = c;=H; ;1 F;HI;9ED: D=KB7HIF;;:- 97D 8; ='L;DDH7:77DI
F;H1;9ED: HEJ7)EDI F;HCIDKJ; EH :;=H; ;1 F;H>EKH<EH ;N7CF8; .>; ;GK7J)ED <EH 7D=K87H IF;;: 1 71 <EBEMI M>;H; w H;7:

7IHEC;=7 N 7TD=KI7H IF;;: fn J>; 7D=b; WH7L;HI; - 7Dz €71 0C;

D=6;1 R



_ 0
W=7

EC8DID=J>; - ; DWED E< 7D=K87H IF; ;1 MU> J>; 7H9 3;D=0> ;GK7JED § = 1f), M; 97D “D: 7 H;E7JEDI>IF 8;IM; ;D 7D=K37H
7D: ¥D;7H IF;;:1 .>; 7D=K7H IF;;: ;GK7JED 97D 8; IEL;: <EH 6, =ILD= f = wi. -K8IKID= J>)1 DIE I>; 7HO B;D=J>
;GK7JED =1L; 1

s=rd
= rwt

-K81JUKID=J>1 'DIE J>; ¥D;7H IF; ; - ;GK7XED =IL;1

T
3 3 I
E“‘|§_H—|m

$+" (C$ "S ()& %&* %P

I 7 FE'D] CEL; | 78ED= 7 9M98; E<H7 K1 77, 21 1>7E<1B C@554 w, !l J>; 7D=K87H HEJ7))ED 7, F;HKDN NC; T.

oot
.>; §>51BC@554 v, E<J>; FEIDI 97D 8; <EKD: 71J>; :1J7D9; W7L:H; : 7HO3:D=I> s, FHKDUIC; .

_ s

V=3

A>;DJ>; 7D=K87H IF; ;- 21 C;7I1KH; - 'DH7:77DI F;HKDN C; BD;7H IF; ;- 7Dz 7D=K87H IF; ;- 7H; H;87J); - 80 J>; ;GK7)ED

UV =TWw
-> ;GK7YED N73;1 J>7) J>; 7D=KB7H IF; ;- D H7:77D1 ), H;FH; 1;DJD=J>; 7CEKDJ E< HEJ7)’ED E9Q9KHHD= D 7 KDY E< J'C;
97D 8; CKAFY; - 80 J>; H7:2KI 7 JE 9789K87J; J>; JEJ78 7HO 8;D=J> H7L;B;: D 7 KDW E< XC; M>19>71 J>; - ; DWED E<¥D;7H
IF;;:

%— *%

9F5> D85 1="7E>D ?6 1>7<5 B?D1D4?> 1>4 D85 DI=5 5<1@C54 31<3E<1D5 D85 1>7E<1B C@554

& D;9;117H0 9EDL;H) J>; 7D=b; C;7IKH; JEH7:77DI

L2z ; J>; 7D=8; "D H7:77D1 80 J>; DKC8;HE<)!C; KDUI ;B7F1;: W = %
> HIKBD=1F; ;- M® 8; D H7:77DI F;H NC; KDY
A $ $ $+" O

M7];HM>; ;B I>EMD D 7=KH; 9ECFB;J; 1 HEJ7YED ;L;HO 1;9ED:1 D:J>; 7D=K87H IF; ;- D H7:77D1 F;H 1;9ED:

R *H; 9789KBK 1



97EBS

>CG5B
.>: M>;:B9ECFS;J; 1 HEJ7VED EHF711;1 J>HEK=> 7D 7D=3; E< 27T K7:77D1D  1;9ED:1 IE J>; 7D=Ki7H IF;; - MEK}:
8:w = %’r ~~ 1.257 H7:77D1 F;H 1;9ED:

D EB: LIDOB H;9ER: 71 FB70; - ED 7 JKHDJ788; HEJ7)ID= BEOAM!I; 7) 7 H7J; E<  HEJ7JEDI F;H CIDKJ; Dz J>; 7D=KB7H IF;;:
DH7:77D1 F;H 1;9ED:

>CG5B

%— *%

9F5> D85 BL14IEC ?6 1 31B3<5 1> 1>7<5 26 B2DINN?> 1>4 1 <5>7D8 26 5¢<1@C54 DI=5 45058=9>5 D85 ¥>518 C@554

EDL;H) J>; JEJ78HEJ7JED JE H7:77D1 %< D;9; 11 7HO

L7z ; J>; JEJ7BHEJ7)ED D H7:77D1 80 J>; ;87F1;: C; JE "D: J>; 7D=K87H IF;;: 7FFRO W —

" KBPFB0 J>; 7D=KB7H IF;;: 80J>; 8;D=)>E<J>; H72KI JE "Dz J>; BD;7HIF; ;- ;NFH;II;: ?DJ;HCI E<J>; 8;D=J)> KDY
KI;z<EHJ>; H72KI1 7Dz J>; NC; KDWKI; 2 <EHI>; ;87F1; 2 NC; 7TFROV = TWw.

=+

D=6;1 R




R $$ "$ O

879098; >71 M>; ;8 D9>; 1D 277C;I;H J7T9>EC;J;H 2 ;J;HCD; 1 1>; M>; ;81 7H; HEJ7)D= 7] ,*" H;LEKYEDI
F;HCIDKJ; D: J>; IF; ;- J>; 819098; 7l H7L;8D= :EMD J>; HE7:

>CG5B
"":H; M; >7L; 7D 7D=K87H IF;;: 7Dz D;;: JE "Dz J>; 9EH; IFED:D=0D;7HIF; ;- 1'D9; J>; ¥D;7H IF;; : E<J>; EKII?: ;
E<)>; IH; 121 )>; 1F; ;- 70 M>29> )>; 879098; JH7L ;81 -EMD J>; HE7:
1; 8;=D 80 9EDL ;H)'D= <HEC HEJ7)’EDI F;H CDKJ; JE H7:77DI F;H CDKJ; # 97D 8; >;bF<K8 JE KIBP; J>; KDUI JE C7A;
J>?1 9EDL ;HI’ED

rotations 27 radians __ radians
180 minute rotation 3607 minute
/1'D=J>; <EHCKB7 <HEC 78EL; 78ED= MN> J>; H7:KI E<J>; M>; ;81 M; 97D "D: J>; ¥D;7H IF;; :

v = (14 inches) (3607rm)

ch minute
_ inches
= 50407 minute

,3C;C8;HI>7IH7:77DI 7H; 7 KDB; 11 C;71KH; 1E 2?1 DEJD;9; 117H0 JE D9¥K: ; J>;C

D780 M; C70 M?1> JE 9EDL;HI J>1 BID; 7H IF; ; = 'DIE 7 CEH; <7CHI7H C; 7IKH; C;DJ BA; C%B;1 F;H>EKH

inches 1 feet 1 mile 60 minutes
50407 minute 12 inches 5280 feef

hour
~ 14.99 miles per hour Emph]>

*(/ *
17J;8; 21 HEJ7)D= 7HEKD:= 7H> 7] H7:277D1 F;H >EKH 7] 7D 78J0K:; E< AC 78EL; T7H> & J>; H7:KI E< 7H>
ABEC;J;HI "Dz J>; ¥D;7HIF; ;- E<J>; 17);80; 'D ABEC ;J;HI F;H >EKH
>CG5B

ABEC ;J;HI F;H>EKH

99; 11 J>;1; EDYD; H; 1EKHO; I <EH 7: WED78 IDIHKONED 7D FH79379; MN> 7D=8; 1 7HOB;D=J> 7D: 7H;71 E< 1;9JEHI

[ D=8;1 -J7D:7H: *EINED

[ D=b; E<,EJ7JED

[ EJ;HCID78 D=b;1

[ ;J;HCDID= EJ;HCID78 D=B;I

[ *EIL; 7D: (;=7JL; EJ;HCID78 D=b;1
[ ,7:77D = ;7IKH;

[ EJ;HC!D78 D=B;1'D ,7:77DI

[ H9&;D=J>7D: H;7E<7 —;9JEH

R *H; 9789KBKI1




151 AE1DN?>C

7H9 83 D=J> s =rb
. . _ 1.2
7H;7 E<7 1;9)EH )FYEDTS A= 5070
7D=KS7H IF; ;1 )FJEDTS W= %
__ S
BD;7HIF;;: )FJEDT V==
BD;7H IF; ;2 H;879; - JE 7D=Ki7H V= Tw

IF;;: DFJYEDTS

1/ %$ &%)

[ D7D=b; 2 <EHC; : HEC J>; KDED E<JME H701 80 A; ; FID=1U>; D78 172 ; “N; : 7D: HEJ7)ID=J>; J;HCD78 I: ;
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[ "Dz <KD9VED L78K; 1 <EHI>; I'D; 7Dz 9EI'D; E< 30° or (%) , 45° or (%) 70- 60°0r (g) )
[ #:;DIK0J>; :EC7'D 7D: H7D=; E< I'D; 7Dz 9EI'D; <KDOJEDI

[ Z1;H;<;H;D9; 7D=8; 1 JE ;L78K7J); H=EDEC ;H9 <KD9JEDI

97EBS  .>; -'D=7FEH; BO;H?1 J>; MEBIXI J78; 1) ;HII
M>; ;8 OH; =N YO8'D $%Z H9AH

&EEAD= <EH 7 J>HB .>;D 9EDI?z;H 7 Hz; ED J>; -ID=7FEH; BO;H J>; MEMZKI J788; 1] H M>; ;8 &E97]); - 'D -ID=7FEH; J>;

SHEPE M>; B IE7HI JE 7 >;1=>) E< <;;JW7 BIB; CEH; I>7D 7 J;DI> E<7 C%B;  ;19H8;: 71 7D E8I;HL7)ED M>; ;B H?: ;HI ;DIEO
IF;9J79K87H L?7;MI 71 J>;0 JH7L ;8 HEC J>; =HEKD: JE J>; F;7A 7Dz EMD 7=7D D 7 H;F;7)1D= F7JJ;HD #D 3> 1;90ED M; MMB
;N7CD; J>71 JOF; E<H;LEBL’D= CEJYED 7HEKD: 7 9H9%; .E :E IE M; D;;: JE :; D; J>; JOF; E< 9H9%; “HIJ 7D: J>;D FB79; J>7]
9M9%; ED 7 9EEH:z'D7J; 101J;C .>;D M; 97D ?19K11 9HIKI7H CEYED D J;HCI E<J>; 9EEH:D7J; F7HI

1>49>7 E>309?> ,1<ESC 678 D85 )I>5 1>4 ?CI>5

-E z;°D; EKHJH=EDEC;H9 <KDOJEDI M; 8;='D 80 :H7MD= 7 KD 9H98; 7 9H9B; 9;DJ;H; = 7JJ>; EHW=D MNU>H7:KI 71 I>EMD D
1=KH;  .>; 7D=B; DH7:77DI J>7]T DI;H9;FIl <EHCI 7D 7HI E<3;D=J> S. Z1'D=J>; <EHCKI7 § = rt, 7Dz ADEMD=1>711 = 1,
M; 15 J>7J<EH7 KDN 9H98; s = T.

,39780>7]J>; 7 7Dz 8 7N; I Z2L7:; J>; 9EEH:D7J; F87D; IDJE <EKH GK7HI;HI 978; - GK7:H7DII 1; §78;8J>;1; GK7:H7DJI JE C'C?9
J>; “M;9YED 7 FEIIL; 7D=8; MEKB: IM;;F .>; <EKHGK7:H7DJI 7H; 878;8;: ¢ # # 7D: O

EH 7D0 7D=3; ¢, M; 97D §78;3 I>; "DJ;H1;9NED E< I>; J;HC'D7S 725 7D J>; KDY 9H9b; 80 W1 9EEH:D73;1 (X, y).  EDI:;H
7D 7D=b; 1>7371 D J>; “HIJ GK7:H7D) 13 97D :HEF 7 F3HF;D:IOKE7H BD; JE J>; N 71 JE OH; 733 7 W=>) W7D=h; .>; 151 E<J>;
H=>) J07D=3; M 8; N 7Dz 0 & M; KI; EKH 10=>) J0=EDEC;J09 = ; "DWEDI 4EC -;9JED M3 97D I5; >7Icos (t) = % 7D:

. _ y - _ .
sin (t) = ¥. >nc;mi(z, y) = (cos(t), sin(t)).
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sint

cos t

1 v
97EBS /DY 9HO8; M>;H; J>; 9;DI78 7D=8; 2 £ H7 27D

$* %S

E>P 3983<5 >71 7 9;DJ;H 7] (0, O) 7D: H7:KI 1 #D 7 KDW 9M9%; J>; B;D=J> E<J>; DI;HI;FJ; = 7HO 1 ;GK78 JE J>; H7:77D
C;7IKH; E<J)>; 9;DH78 7D=3; ©.

&;J (x, y) 8; J>; ;D:FEJ] ED J>; KDV 9H98; E< 7D 7H9 E< 7H9 8;D=)> . .>; (x, y) 9EEH:D7J;1 E< J>1 FEDJ 97D 8;
;198 ; - 71 <KD9YEDI E< J>; 7D=b; T M>;H;

cos (t) = x 7o:
sin (t) = y.

(EJ; >7) 3> z; DWED 7BEMI KI JE KI; 7D=3;1 M>9> 7H; DEJ 79KJ; EH D EJ>;H MEH:1 7D=b;1 D IJ7D:7H: FEI"JED M>EI;
J;HCID78 172 ; 71 DEJ D J>; “HI) GK7:H7DJ

(EM I>7)M; >7L; EKH KDY 9H98; 878;8; - M; 97D B; 7HD >EM J>; (l’, y) OEEH-D7J; 1 H;87); JE J>; 7HOB;D=J>7D: 7D=8; .>; ID;
<KDOYED H;387J;1 7 H; 78 DKC8;H T JE J>; 8 9EEN:"D7J; E<J>; FEDI M>;H; J>; OEHH; IFED:"D= 7D=}; 'DJ;H9; FII J>; KD 9MHOb; ™ EH;
FH;971;80 J>; 1’D; E<7D 7D=3; T ;GK781 J>; 8 L7K; E<J>; ;D:FEDJED J>; KD 9MO3; E< 7D 7HO E<3;D=J> 1. 4D ’=KH; I>; I'D; I
;GK7BIE 4. &A; 78 <KDOJEDI J>; 1’D; <KDOYED >71 7D 'DFKJ 7Dz 7D EKIFKJ #1 'DFKJ 21 J>; C;71KH; E<J>; 7D=8; NI EKIFKI I J>;
8 9EEH:D7J; E<J>; 9EHH; IFED:?D= FEDJ ED J>; KD 9H9%;

.>; 9EI'D; <KDOJED E< 7D 7D=}; T ;GK78l J>; 7 L78K; E<J>; ;D:FEDI ED J>; KD 9H98; E< 7D 7HO E<B;D=J> 1. D '=KH; I>;
9EI'D; 1 ;GK7TBJE x.

(x,¥) = (cos t, sint)

il t

sint
t
- X

cost

97EBS  #KIH7JED E< 7D 7D=8; J MW> J;HCID78 17 ; B;D=J> ;GK78
JE 7D: 7D 7HO 9H;7J; - 80 7D=8; MN>8;D=]>]
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M; :E DEJ 786M701 D;;: JE MHJ; J>;C MU>

=@7?BD1>D $?205 ;97KI; M 71 KD:;HIEE: J>7) I'D; 7D: 9EI'D; 7H; <KD9JEDI

F7H:DI>;1;1 Sin 1 J>; 17C; 71 sin (¢) 7Dz cos £ 11 1>; 17C; 71 cos () . &A;Mi; cos? () 1 7 9ECCEDO K1 -
; TM7H; J>7) C7DO 9739KE7JERI 7D: 9ECFKI;HI :E DEJ K;9E=DP; J>; I>EH>7D: DEJ7JED

I>Exi>7D: DEJTVED <EH (cos (t))2.
1>;DD :EK8J KI; I>; ;NH7 F7H;DI>; 151 M>;D ;DJ;#D= 979Ki72EDI DIE 7 9740KE7JEH EH OECFKI;H

%— *%
IF5>1 @790 P (:L’, y) ?> D85 E>{ 3983<5 378B5C@?>48>7 D? 1> 1>7<5 ?6 ¢, Q>4 D85 Ci>5 1>4 3?2C9>5

Y.

.>; I'D; E<t71 56K78JE J>; 8 9EEH:D7J; E<FEDI P : sin (t) =
t) = .

.>; 9EI'D; E<T 71 ;GK78JE J>; 7 9EEH:D7J; E¢ FeD) P : cos (

CH#E S S 4B *US, ) W) S %) S
~EDJ P 71 7 FEDJ ED J>; KDY 9%08; 9EHH; IFED='D= JE 7D 7D=8; E<t, 71 I>EMD ™ '=ki;  D: cos () 70: sin () .
y ’ o
5 [% 33] = (cost, sint)
3]
l .
sint
t
+ X
cost 1
2

97EBS TH7F> E< 7 9HO8; MN> 7D=b; J H7:KI E<  7D:
7 J;HCID78 172 5 3>7) DI HI; 901 J>; OH9B; 7)0>; =IL;D

FED]

E<J>; OEHH; IFED D= FE'DJ ED J>; KDY 9%98; —E
x =cos(t) =

ol

y =sin (t) =

>CG5B
1; ADEM 1>7J cOS () 21 J>; 7 9EEH:'D7J; E<J>; 9EHH; IFED /D= FE'DJ ED J>; KDY 9%98; 7D: sin (t) 713>; 8 9EEH:D7J;
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9;HI7'D 7D=h; £ 9EHH; IFED:1 JE 7 FE'D) ED J>; KD 9HO; 7J (_@, 72) 7UI>EMD D ’=Ki;  D: cos () 7p:
sin (t) .
y
-7 %) &2
i | L
N\
i ‘ X
2
97EBS TH7F> E< 7 9H9B; MN> 7D=8; J H7:KI E< 7D: 7
J;HCID78 1725 J>7) DI HE ;901 J>; 9H9B; 7JJ>; =IL;D FED]
>CG5B

cos (t) = —@, sin (t) =

SN

Finding Sines and Cosines of Angles on an Axis

EH AE14B1>DB1< 1>7<5C J>; 9EH; IFED D= FE'DJ ED J>; KD 9MO8; <781 ED J>; 7 EH 8 7Nl #D J>7] 971; M; 97D ;7180 9789K87];
9EID; 7Dz I'D; HEC J>; L7K; 1 E<L 7D: yy.

( A

- H&" " RS ) ) S WS ) WS S L)

D: cos (90°) 70: sin (90°) .

>CG5B

= ELD= 9()° 9EKDI;HBEQAM!I ; 7HEKD = J>; KDY 9MOE; HEC >3 FEIWL; 7 7NI 8HD=1 K1 JE J>; JEF E<J>; OM9b; M>;H;
3>; (, y) 9EEHID7I; 1 7H; 71 I>EMD D 7=KH;
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97EBS TH7F> E<7 9HO8; MN> 7D=b; J H7:KI E< 7D: 7
J;HCID78 172 5 J>7) DI HI ;91 J>; 9M9B; 7] J>; FED]

/D= EK :; DWEDI E<9EI'D; 7D: I'D;
x = cos (t) = cos (90°) =0
y =sin (t) =sin (90°) =1

>3 9EID; B¢ GOSN J>; 1ID; B¢ 6H49MHOS 71

Dz 9EID; 7D: I'D; E<J>; 7D=b; TT.
>CG5B

cos (m) = —1, sin (7)) =0

The Pythagorean Identity

(EM J>7) M; 97D -;°D; I'D; 7D: 9EI'D; M; MM 8;7HD >EM J>;0 H;87); JE ;79> EJ>;H 7Dz J>; KDN 9H9%B; ;978 1>7] J>;
-GK7JED <EH J>; KDW 9M98; 21 2 + 2 = 1. ;97KI; & = cos (t) 7Dz y = sin (£) , M; 97D IK8INKJ; <E4 ¢ 7D: y JE
=:1c082 (t) 4+ sin? (t) = 1. .>n ;6k72ED cos? (t) + sin? (t) = 1,71 ADEMD 71 J>; &108172851> 455001 -3 ;
1=KH;

1=x2+y2
= cos?t + sin?t

x|
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1; 97D KI; J>; *0J>7=EH;7D £: ;DJN0 JE "D: J>; 9EID; E< 7D 7D=3; X M; ADEM J>; I'D; EHL19; L;HI7 ""EM;L;H 8;97Kl; J>;
;GK7JED 07;B:1 JME IEBKVEDI M; D;;:z 7::2ED78 ADEMS; :=; E<J>; 7D=b; JE 9>EEI; J>; IEBKVED MN> J>; 9EHH;9) I'=D & M;
ADEM J>; GK7:H7DJ M>;H; J>; 7D=8; 1 M; 97D ;71%0 9>EEI; J>; 9EH;9) IEBKIED

( A

$* %S

.>; &108172851> 455001 137331 J>7) <E# 7D0H;73 DKC8;H L,
cos? (t) +sin? (¢) = 1.

%— *%

§F5> D85 Ci>5 26 C?=5 1>76 1 1>4 IC AE14B1>D <?31057> Q>4 D85 3?2CH>5 26 7.

~K8IIKJ; J>; ADEMD L7IK; E<Sin () 1DIE I>; *0I>7=EH; 7D ¢ ; DIN0
-BiL; <€ cos (1) .
>EEN; J>; 1EIKPED MJ> J>; 7FFHEFH7); 19=D <EH 1>; 7 L78K; 17D J>; GK7:H7D) M>;H; # 71 IE97J; 2

- H&" $ & WS (#F IS NC DS (#
%) $

«sin (t) = 270z £211D3>; 1;98D: GK7:H7D) "D €OS (£) .

>CG5SB

K M; “HEF 7 L;HN978 D ; HEC J>; FE'DJ ED J>; KD 9H98; 9EHH; IFED-D=JE ¢, M; OH;7); 7 H=>] H'7D=8; HEC M>9> M;
97D I;; 1>7)J>; *00>7=EH; 7D #: ;DJN0 1 NCF0 ED; 971; E<J>; *0>7=EH;7D .>;EH;C —;; '=KH;
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(X’ g] 3
|
3 1
+ X
X
97EBS VH7F> E< 7 KD 9H98; MN> 7D 7D=8; J>7)
DI HI ;91 J>; 9H9B; 7) 7 FEIDI MU> J>; 0 9EEH:D7J;
;GK78JE
~K8IKID= J>; ADEMD L78K; <EH I'D; IDIE J>; *0J>7=EH; 7D 2 ;D10
cos® (t) +sin? (t) = 1
9 9
cos” (t)+-—-=1
40
cos? (t) = —
49
) 40 40  24/10
cos (t) =/ — = =
49 7 7
-97K1; J>; 7D=3; 71 D J>; 1;9ED: GK7:#7DJ M; ADEM J>; N L78K; 21 7 D;=7JL; #;73 DKC8;H IE I>; 9EID; 71 THIE
p;=7nL; -Ecos (t) = —240,

«cos (t) = 2270 £ 11D 1>; EKW> GK7:#7D) "Dz sin (1) .
>CG58
sin (t) = — o

1>49>7 )9>5C 1>4 ?CI>5C 26 )@5391< >7<5C

A; >7L; 7H;7:08;7HD; - IEC; FHEF;H?; 1 E<J>; IF;9778 7D=8;1 1K9> 71 J>; 9EDL;HI?ED HEC H7:77D1 JE - ;=H; ;1 #D I ;97ED
M; 781E 9789K87J; = 1’'D; 1 7D- QEID; | E<J>; 1F;9778 7D=8; | KI?D=1J>; *0J>7=EH;7D #: ;D)0 7D: EKH ADEMS; -=; E<H7D=3; 1

Finding Sines and Cosines of 45° Angles and 30° and 60° Angles

d; >7L; 7H;7:0<EKD: J>; 9EI'D; 7D: I'D; L78K; I <EH 78 E< J>; CEIJ 9ECCEDSO ;D9EKDJ;H; = 7D=3;1D J>; “HI GK7 -H7DJ E< J>;
KDN 9H9B; =KH; IKCCT7HP;1J>;1; L7K;1
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e 2
J7EBS  VH7F> E< 7 GK7HI;H 9H9%8; MYJ> 7D=b; I E<
7D: 2;=H; ;1 DIOH8;: GKIL78;D9; E<7D=3;1 D

H7:77D1 I>EMD

Using a Calculator to Find Sine and Cosine

.E "Dz J>; 9EI'D; 7D: I'D; E< 7D=B;1 EJ>;H J>7D J>; 1F;9778 7D=b;1 M; JKHD JE 7 9ECFKIJ;H EH 9789KB7JEH 5 1G1B5 <“EN
9789K87JEHI 97D 8; 1;JDIE Yz ;=H; ;ZEHYH7:77DZ CE:; M>79> J; 81 J>; 97B9KB7JEH J>; KDWI <EH J>; DFKIL7K; 1>;DM; ;L7K7];

cos (30) ED EKH 97I9KI7IER 1 M ;L78K7J; 0 71 >; 9EID; E¢

D3R 1k J>5 9789KB7IER 1 1D 1 ;=H;; CE:; EHJ>; 9EID; E<

H7:277D1 % J>; 9789KB7JEH 71 D H7:77D CE:;
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9F5> 1> 1>7<5 9> B1491>C EC5 1 781@89>7 31<3E<1D?B D? Q>4 D85 3?CI1>5

g J>; 9789KB7JEH >71 - ;=H;; CE:z; 7D H7:77D CE:; 1;JWIJEH7:77D CE:;
*H;11J)>; )-A;0
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%) $

L78K73; €OS (5. 1) KI'D= 7 =H7F>1D= 97i9Ki7JEH EH OECFKI;H

>CG5B

= 7A; IKH; OEKH 9789KB7JEH ?1 D H7:77D CE:; DJ;HJ>; <EBEMD= A;OIJHEA; I
COS (5.1) ENTER

cos (5.1) ~ 0.37798

L7sK7J; sin (2.3) .

>CG5B

TFFHEN!C7J;80

(565B5>35 >7<5C

EH 7D0 =)L ;D 7D=3; D J>; “HIJ GK7:H7DJ J>;H; 71 7D 7D=3; "D J>; 1;9ED: GK7:H7DI MA>J>; 17C; 8 L78K; 7Dz J>;H;<EH; J>; 17C;
I'D; L78K;  ;97KI; J>; 1'D; L7BK; 71 J>; 8 OEEH:D7]; ED J>; KDN 9H®B; J>; EJ>;H 7D=b; MU>J>; 17C; 1I'D; MB I>7H; >; 17C;
8 L78K; 8KI>7L; J>; EFFEIN; 7 L78K; .>;H;<EH; NI 9EID; L78K; MM 8; J>; EFFEIY; E<J>; “HIJ 7D=5;X1 9EI'D; L78K;

&AM ; J>;H; MB8; 7D 7D=8; D J>; <EKHI> GK7-H7DI MN>J>; 17C; 7 L73K; 7Dz J>;H;<EH; J>; I7C; 9EI'D; 71 J>; EN=D78 7D=5;
D J>; "HI GK7:zH7DJ .>; 7D=B; MW>J>; 17C; 9EI'D; MB I>7H; 1>; 17C; 7 L78K; 8KI MM >7L; J>; EFFEIN; 8 L7K; .>;H;<EH;
Nl 1D; L78K; MB 8; J>; EFFEIY; E<J>; EH=ID78 7D=5;XI 1’'D; L78K;

I I>EMDD ’=KH;  7D=f; «x >71 J>; 17C; I'D; L78K; 71 7D=3; ¢; J>; 9EID; L78K; 1 7H; EFFEIYJ;1  D=b; 6 >71 )>; 17C;

OEID; L7IK; 71 7D=3; £ J>; I'D; L7IK; | 74; EFFEIN; 1
sin (f) = sin (o) and cos(t) = —cos ()
sin (t) = —sin (8) and cos(t) = cos (fB)

/D) H%; -1D; 7D: EID; R



1l v 1l v

1=KH;
Finding Reference Angles

D 7D=3; 1 B565B5>35 1>7<5 71 J>; C;71KH; E<J>; IC78; 1) FEIIL; 79KJ; 7D=3; T <EHC; : 80J>; J;HCID78 122 ; E<J>; 7D=b; ¢ 7D:
J>; >EHPEDI78 7N!1 . >KI FEIWIL; H;<;H;D9; 7D=8;1 >7L; J;HCD78 172 ;1 J>7)8; "D J>; "HIJ GK7:H7DJ 7Dz 97D 8; Kl ;- 71 CE: ;I
<EH 7D=B; 1 'D EJ>;H GK7 -H7DII

g )\

$* %S

D 7D=B; I B56585>35 1>7<5 71 J>; I'P; E<J>; IC78; 1] 79KJ; 7D=8; t/, <EHC;: 80 J>; J;HCID78 17z ; E<J>; 7D=3; £ 7Dz J>;
>EHIPEDJ78 7N?1

1; 97D 15 I>7J K;<;#;D9; 7D=5; 21 7M701 7D 7D=3; 85M; ;D 0° 7D: 90°, B4 () 7D= S H7:07D1 1 M; 97D 155 4EC =KH;
<EH 7DO 7D=h; D GK7:H7DJI # # EHO J>;H; 21 7 H;<;H;D9; 7D=3; 2D GK7:H7DI

Quadrant | Quadrant Il Quadrant 1l Quadrant IV
y y y y

P PN I PN I PN
+ , , ,
X TN / A\t / A\t

+ v x & X + x #

X
At \ .
1l [\ 11 v 1 v 1 [\

=t t=mw—t f'=t—m =2 —1t
=180° -t =t—180° =360°—t

97EBS ,3<GH;D9;  D=Bsd

%— *%

F5> 1> 1>7<6 250G55> () 1>4 277, 28 250655> ()° 14 360°, Q>4 1C B5E585>35 1>7<5

D 7D=b; D J>; “HIJ GK7:zH7DJ 71 %1 EMD H;<;H;D9; 7D=3;
EH 7D 7D=8; 1D J>; 1;9ED: GK7:H7DJ J>; H;<;H:D9; 7D=p; 1 ™ — L EH 180° — ¢.

R *H; 9789KBK 1




EH 7D 7D=8; D J>; J>M: GK7:H7DJ J>: H:<:H:D9: 7D=3: N & — T Ent — 180°.
EH 7D 7D=3; 1D J> <EKHI> GK7:H7D) J>; H;<;H;D9; 7D=3; 1 27 — T gy 360° — t.

IF5> 1> 1>7<6 <5CC 081> () 28 7851058 081> 271, 28 <5CC 081> ()° 28 7851058 081> 360°, Q>4 9C B565B5>35 1>745

9EJ;HCD78 7D=3; 8;M; ;D 0° 7D: 360°.
)D9; 0EK >7L; 7D 7D=t; 8;0M; ;0 () 7D: 277, E#8;0M; ;0 0° 7Dz 360°, <EHEM 1J;FI vV 78EL;

_ #&II $ $ ( ( $ $ n
Dz I>; H3<;H;D9; 7D=3; E< 225° 71 I>EMD D =K ;
y
Il |
227’"\
: | x
\ r
1l v
97EB5 TH7F> E< 9H9B; M> =H;; 7D=}
DIO8; :
>CGS5B
-97K1; 225° 911D I>; I>M: GK7:H7DI J>; Hi<zH;D9; 7D=8; 11 225° — 180° = 45°.

Dz 1> H3<H;D0; 7D=5; E¢ X
>CG58

m

3

/D) 'M9; -D; 7D:

EID; #




Using Reference Angles to Find Exact Values for Cosine and Sine

1; 97D "D: J>; 9EID; 7D: I'D; E<7DO0 7D=}; D 7D0 GK7:H7DJ % M; ADEM J>; 9EI'D; EH I'D; E< NI H;<;H;D9; 7D=b; .>; 78IELKI;
L78K; 1 E<J>; 9EI'D; 7D: I'D; E< 7D 7D=8; 7H; J>; 17C; 71 J>El; E<J>; H;<;H;D9; 7D=8; .>; 1'=D - ;F;D:I1 ED J>; GK7:H7DJ E
J>; EH='D78 7D=B; .>; 9EI'D; MM 8; FEIWIL; EHD;=7JL; -;F;D:D=ED J>; I’=D E<J>; 7 L78K; 1 D J>7) GK7-H7DJ .>; 1I'D; M®
8; FEIJIL; EHD;=7J)L; - ;F;D:"D=ED J>; I’=D E<J>; 8 L78K; 1 D J>7) GK7:H7DJ

EH 7D 7D=b; M>19>>71 7 IF ;9778 7D=}; 71 J>; H;<;H;D9; 7D=b; %, %, EH%, M; 97D FHE:-K9; ;N79] L78K; EKIFKII <EH I'D; 7D:
9EID;

%— *%

9F5> 1> 1>7<5 > CD1>4184 @?CIN?> Q>4 D85 B56585>35 1>7<5 1>4 D85 3?CI>5 1>4 CI1>5 26 D85 ?BI79>1< 1>7<5

" ;7IKH; J>; 7D=8; 8;IM; ;D J>; J;HCD78 I7: ; E<J>; =IL;D 7D=B; 7D: J>; >EHPEDI78 7N’ .>7J 71 J>; H;<;H;D9; 7D=b;
;U;HCID; J>; L78K; 1 E<J>; 9EID; 7D: I'D; E<J>; H;<;H;D9; 7D=b;

UL; J>; 9EID; J>; 17C; I’=D 71 J>; 7 L78K; 1 D J>; GK7:H7DJ E<J>; EW=1D78 7D=3;

UL; J>; ID; J>; 17C; 1'=D 71 J>; 8 L78K; 1 'D J>; GK7:H7DJ E<J>; EH=D78 7D=8;

- H&" S ( (S $")% $ ) $ NS

/VD=7H;<;#;D9; 7D=3; “D: I>; ;N79L7EK; 1 E<cos (150°) 7p: sin (150°) .
1Dz 7D=3;1 8;3M; ;0 0° 7D: 360° M>9> >7L; I>; 17C; ;N79I L7K; 1 71 cos (150°) 7p: sin (150°) .

>CG5B

T BE97); 2 D J>; 1;9ED: GK7:H7D) .>; 7D=8; WCT7A; I MN>J>; N7NIII T\ T T IEJ)>;
H;<;H;D9; 7D=8; 21 T
SHGBLKE>7) T>710>;5 17C; 1D; 7D 9EID; L78K; 171 T ;N9;FI<EHJ>; =D 1; ADEM J>7)

cos (30°) :@, 70: 8in (30°) = $.-1D9; 171D I>; 1;9ED: GK7:HTDI 1>; N OEEH:1D7J; Ex
1>; FEIDJ ED J>; OH9B; 71 D;=70L; 1E J>; 9EN'D; L7IK; 21 D;=7JL; .>; O 9EEH:'D7J; 21 FERL; IE J>;
I'D; L7IK; 71 FEIL;

cos (150°) = —@
sin (150°) = 3
HEC F7H M; ADEMJ>7)  T21DGK7:H7D] 7Dz >71 7H;<;H;D9; 7D=b; E< T 13 TBIE =2M9KII; : I>7)
J3>: 9EID; L78K: D GK7:H7D) 2 D:=7IL; .>: EJ>:HGK7:H7D) M>:H; 9EID; 71 D;=7JL; 21 GK7 :H7D)
1'D9; J>; N 9EEK:?D7J; E< 7DO FEDJ D GK7:H7DJ 71 D;=7JL; .>;H;<EH; M; D;;: 7D 7D=3; D GK7:H7D
J>7)>71 TH;<;H;D9; 7D=b; E< T —)D9; M; ADEM J>7J J>; H;<:H;D9; 7D=b; 1D GK7:H7DJ 21t — 180°
M>;H; J?1 7D 7D=h; D 17Dz 7H: FEIWED J>; 7D=3; M; M7DJ 97D 8; <EKD: 80 IESLID=J>; ;GK7JED

f*H; 97B9KEKI



30° =t — 180°
t = 180° + 30°
t = 210°.

->;H;<H; cos (150°) = cos (210°) .

15 29K D F7H) 15730>5 1D; L7K; D GK7:H7DI 71 FEPL; .>; EJ>3HGK7:H7D) M>;H; 1'D; 1
FEIWL; 21 GK7:H7DJ  1'D9; J>; O 9EEH:D7J; )l FENUL; 1D GK7:H7DJ

.>;H;<e; sin (150°) = sin (30°) .

/15 3>; B3<:H;09; 7D=8; B¢ 315° IE “D: J>; ;N791 L7iK; 1 <B4 cos (315°) 7p: sin (315°) .
Dz 7D=3;18;M; ;0 0° 7D: 360° M>19> >7L; I1>; 17C; ;N79I L7K;1 71 cos (315°) 7p: sin (315°) .

>CG5B

7 >3 H;<H;D9; 7D=3; 91 T7D: J>; 7D=h; 21D I>; <EKHI> GK7:H7D) cos (315°) = 72, sin (315°

cos (315°) = cos (45°)
8 sin (315°) = sin (225°)

. H& DS (S $")% $ ) $ %)

/VD=T7H;;#509; 7D=5; "D: I>; ;N79) L7IK; 1 E<cos (2F) 70: sin (2F) .
5

D: 7D=3; 1 8;JM;;D0 and 27T M>9> >7L; J>; 17C; ;N79)L7K; 1 71 cOS (%) 7D: sin (T) .

>CG5B

. ->; 9EID; 7D: I'D; E<%7H; 8EJ> g #D

NN

%?I D J>; J>H: GK7:H7D] #1 H;<;H;D9; 7D=b; ?I%7r —T=
J>; I>M: GK7:H7D) 8EJ> 2 7D: y 7H; D;=7JL; IE
Sm V2
cos () = =5

c 5w\ V2
sin () = =5

. om lH-<-HD9: 7D N2E — = T q-

1; ADEM HEC F7H  1>7) 7~ 1 D J>; J>H: GK7:H7DJ 7D WIH;¢;H;D9; 7D=8; 1l = — 7 = 7. 1; THIE ADEM
J>7) 8EJ> 9EI'D; 7D: I’D; 7H; D;=7JL; D GK7:H7DJ  EI'D; 71 7BIE D;=7JL; D GK7zH7DJ 1'D9; J>;

OEEH:D7J; M D;=7JIL; D GK7:H7DJ 1EM; 97D Kl ; J>; <79]J>7) D GK7:H7DJ  J>; H;<;H;D9; 7D=8; 71

/D) 'H9%; -1D; 7D: EID; #



7T . . ..
1= t t is an angle in standard position.
. s
= 7 — —
4
; 3T
4
15 3>3H;<EH; ADEM 71 cos (2F) = cos (2X) . -D; 2 TIED;=7IL; 1D GK7:H7DI  1'D9; J>;  9EEH:ID7);
1 D;=70L; DGK7:H7D) 1 ADEM J>7)'D GK7:H7D] > H;<:H;D9; 7D=5; 71
m
1= 2 —t Now solve for t.
T
t=2r — —
4
; T
4
15 1>34:<EH; ADEM 570 sin (2F) = sin (IF) .

- J>- H-¢-H-D9- 7D=A- F<« — E IE“D- J>- - - _m -qin (=X
7 /1;1>; H;<;H;D9; 7D=8; E< 6JE Dz J>; ;N79J L7BK; I E< COS( 6)7D-sm( 6)

8 D:7D=3;18;M;;00 and 27 M>19>>7L; I>; 17C; ;N79IL7K; 1 71 cOS (—%) 7D: sin (—%) .

>CG58
7 >3 H;HDO: 7D=i; 2 G 7Dz J>; 7D=i; 1D > K> GK7:H7D) cos (— 2 ) =2, sin (—%) = —3
8 cos (—%) = cos (%) = CO0S (HT”) sin (—%) = sin (%T) = Cos (HTW

Using Reference Angles to Find Coordinates

(EM 1>7JM; >7L; 8;7HD; - >EM JE "D: J>; 9EI'D; 7D: I'D; L78K; I <EX 7D=3; 1 M>EI; H;<;H;D9; 7D=8; 1 7H; 79KJ; IF;9778 7D=3; 1
J>; H; W E<CI>; 1F;9778 7D=8; 1 ED J>; KDWJ 9H9%8; 97D 8; :;J;HCD; .>;0 7H; I>EMD D =KH; TA; NC; JEB; 7HD J>; (:c,y)
9EEH:D7J; 1 E< 7B E<J>; C7(EH 7D=3;1 D J>; “HL) GK7:-H7DJ

R *H; 9789KBKI




90°, % 01

.53 3)

w5 (F

)

o (V3 1
o & 53)

[\°|r1:\

180°, , (1, 0)

0°. 0, (1, 0)
360°, 2, (1, 0)

2755

2 w22 (2.
o529 s (23
(33 . % (5-)

270°, 37, (0, -1)
2
97EB5

-F;973 7D=3;1 7D 9EEH:'D7J; I E< 9EHH; IFED:?D= FEDJI ED J>; KD 9H%;
#D 7z ED JE §; 7THDD=J>; L78K; I <EH IF; 9778 7D=8;1 M; 97D KI; H;<;H;D9; 7D=8;1JE "D: (:L’, y) 9EEH:-'D7J; 1 E<7D0 FEDJ ED J>;
KDY 9M98; KI1D= M>7]) M; ADEM E<H;<;H;D9; 7D=3; 1 78ED= MW> J>; 72 ;DI; |

x = cos (t)
y = sin (t) .

MU M; "Dz J>; H;<;H;D9; 7D=8; 9EH; IFED:D= JE J>; =L;D 7D=8;

.>;DM; J7A; J>; I'D; 7D: 9EID; L78K; 1 E<J>; H;<;H;D9;
7D=8; 7D: =)L; J>;C J)>; I’=DI 9EH; IFED:D=JE J>; 8V 7D: 7 L78K; | E<J>; GK7:H7DJ

%— *%

9F5> D85 1>7<5 726 1 @?9>D ?> 1 E>W 31835 Q>4 185 (.CL‘, y) 3?7B49>1D5C 26 D85 @?9>D

Dz J>; H;<;H;D9; 7D=B; 80 C;7IKHD=J>; IC78; 1) 7D=8; JE J>; 7 7Nl
D: J>; 9EID; 7D: I'D; E<J>; H;<;H;D9; 7D=8;

;3:HCID; J>5 7FFHEFH7); =Dl <EH 2 7D y D J>; =)L;D GK7:H7DJ

- HE&" +)$ * +* (" % $ WN(C $ *)

1Dz J>; 9EER:D7J; 1 E<J>; FEDJ ED J>; KDY 9H9%; 7J) 7D 7D=8; E<%r.
>CG5B

1: ADEM J57] 1> 7D=b: &

3 D J>; I>H: GK7:H7D]

/D) H9%; -D; 7D: EID; #



HIJ B3I "Dz J>; H;<;H;D9; 7D=B; 80 C;7IKHD=J>; 7D=b; JEJ>; 7 7N?I .E "D: J>; H;<;H;D9; 7D=8; E< 7D 7D=3; M>EI;
J;HCID78 172 ; 71 D GK7:H7DJ # M; "Dz J>; :? ;H;D9; E<J>; 7D=3; 7D: 7.

7 _ T
6 " T= %6
(NI M; MB "Dz J>; 9EI'D; 7D: I'D; E<J>; H;<;H;D9; 7D=8;
Ty — V3 (r) — 1
COS(G)_ 2 sm(ﬁ)_z
1; CKN :;J;HCD; J>; 7TFFHEFH7); 1'=DI <EH 7 7Dz 8 D J>; =)L;D GK7:H7DJ ;97KI; EKH EW=D78 7D=3; 7l D J>; J>M:

GK7:H7D] M>;H; 8EJ> X 7D: y 7H; D;=7JL; 8EJ>9EI'D; 7D: I’D; 7H; D;=7JL;

. [T 1
sin | — | =—=
6 2
(EM M; 97D 9769Ki7J; J>; (2, i) 9EEH=D7J;1 KID=J>; 72 ;0031 & = cos (6) 70: y = sin () .

->; 9EEHz'D7J; 1 E<J>; FED] 7H; (—@7 —%) ED J>; KD 9H9%;

Dz J>; 9EEH:D7]; 1 E<J>; FEDJ ED J>; KD 9M9%8; 7] 7D 7D=b; E<5T7T.

>CG5B
(%)

B3<5C GP8 (149EC IP5B5>D *81>

Y

N[

-KFFEI; M; >7L; 7 9H9%; 9;DJ;H; : 7JJ>; EW="D EJ>;HJ>7D J>; KDW 9H9%B; ""EM 97D M; ~D: J>; 9EEH:'D7J; 1 E<7 FEDI M>;H; J>;
J;HCID7B 172 ; E<J>; 7D=8; D 1J7D:7H: FEI'YED DJ;HI ;91 J>; 9H9; 1; ADEMHEC -;9%ED  J>7)J>; I'D; 7D: 9EID; L78K; I E<
7D 79KJ; 7D=b; E DEJ 9>7D=; H;=7Hz§; 11 E<J>; I'P; E<J>; H7D=B; .>1 C;7DI J>7) COS (t) MB 8; J>; 17C; M>;)>;HT 1D
7 H7D=B; MN> ICT7B EHB7H=; 17251 ""EM;L;H 0?1 98;7HJ)>7) J>; 9EEH:D7J; 1 E<J>; FEIDJ E<DJ;HI; 9NED E< J>; J;HCID7 172 ; MIJ>
J>; OHOB; E<H72KI HMBDEI 8; J>; 17C; 71 J>; 9EEH:-D7]; 1 E<J>; FEDJ ED J>; KD 9H9%;

1; 97D 7FFI0 I'CE7H #;7IEDID= JE 9EDI’: ;HD= L78K;1 E< I'D; 7Dz 9END; L7IK;1 ED 7 9H9B; 1>7) 71 DEJ 7 KDY 9%QE; 71 M
297 37THOSH D I 19ED O HZMID= 7D 7D=h; D J7D:74: FEIWED ' GK7:#7DJ M; 97D :HEF 7 F3HF;D:19KETH ¢EC J>;
FE'D) E< 'DJ;HI;OVED E< >3 J;HCID78 102 M2> J>; 998; M>EI; 93DI3H 71 7) J>; EW=D JE J>; N 7M1 & J>; FE'D) ED J>;
OHOB; M N O I>;D I>; 1131 E< J>; W=>) H7D=3; EHC;: 80 :HEFFID= J>; F;HF;D:/9Ki7H M 73IE 8; x and y. (EM
DI;7: Ec>; K72KI 8;D= M3 MEKS: >7L; 7 H7:KI E<T. .>3H;EH; cos (1) = £ and sin (1) = £. > ;701 57
x =rcos (t) and y = rsin ().

R *H; 9789KBK 1



$* %P

FED) (2, ) EDJ>; OMO8; 9;DI3H; = 70 1>; EH=ID MU> #7:KI 7 OEHH; IFED: 1 JE
x = rcos (t) and

y = rsin (t)

M>;H; 71 J>; 7D=8; D 1J7D-7H: FEIED

L HR” $ S UN( $*IUS (" —* ( )

Dz J>; 9EER:D7J; 1 E<J>; FEDJ ED J>; 9H98; MN>H7:KI 7] 7D 7D=8; E<%r.

>CG58B
1; 7H;7:0 ADEM HEC N7CF§; J>7]

. T 1
sin | — | = —=
6 2
(EM M; 97D 9789Ki7J; J>; (T, ) 9EEH='D7J; 1 KID=J>; 7: ;D005 1
x = rcos (0) p: y = rsin (0) .

->; 9EEHz'D7J); 1 E<J>; FED] 7H; (—57\/3, —%) ED J>; 9H98; M2> H7 2 K1

*(/ *
Dz J>; 9EEH:D7J; 1 E<J>; FEDJ ED J>; 9H9%; MN>H7:KI 7] 7D 7D=8; E<5§.
>CG5B
7 _7V3
27 2

F5> 1>4 %44 E>3097>C

-E 8; 788; JE KI; EKH I’'D; 7D: 9EI'D; <KDOJEDI <; ;80 MW> 8EJ> FEIWIL; 7D: D;=7JL; 7D=8; DFKIl M; I>EKB: ;N7CID; >EM
;79> <KDONIED JH; 701 7 D;=7JL; 'DFKJ 1 JKHDI EKJ J>;H; 1 7D "CFEHI7D] =?7_;H;D9; 7CED=1J>; <KDOJEDI 1D J>71 H;=7H:

, 5978 1>7]

/D) H9%; -D; 7D: EID; #



[ D;L;D<KDIVED ED; DM>9> f (—x) = f ().
[ DE:: <DOMED’I ED; DM>9> f (—x) = —f (z).

1; 97D J; I M>;J)>;H7 JW=EDEC;JH9 <KDOJED ?l ;L;D EHE:: 80 :H7MID= 7 KDNJ 9H9%B; MWN>7 FEINIL; 7D: 7 D;=7JL; 7D=3; 71D

1=KH; ->; I'D; E<J>; FEIIL; 7D=8; "l yy. .>; I'D; E<J>; D;=7JL; 7D=8; 1l —y..>; I'D; <KDOJED J>;D 71 7D E: : <KDOJED
.>; 9EID; E<J>; FEIWIL; 7D=B; N 7171 J>; O9EID; E<J>; D;=7JL; 7D=b; .>;H;<EH; J>; 9EI'D; <KDOJYED I 7D ;L ;D <KDOJED

(*.y)

(x. =y

=KH;

1; 97D IKCCTH#P; 111 80 170D=
sin (—x) = —sin ()
cos (—x) = cos ()
99511 1>; 15 ED¥D; H; IEKHD; | <EH 7: :2WED7E 'DIHKONED 7D: FH79J9; M1I> 1D 7D: 9EID; KDOJEDI
[ .H=EDEC;}9 KDIVEDI /I'D=1I>; /DN Mok
[ -ID; 7D: END; HEC J>; /DU HO3;
[ -ID; 7D: END; GEC IJ>; /DU 'HOB; 7D “K&FB; 1 E<*) 1723z 80 N

[ -D; 7D: EID; HECJ>; /DN H9%; 7D: “KBIFS; 1 E<*? 7:;: 80 EKH
[ -W=EDEC;J9 KDJEDI Z1'D=,;<;H;D9; D=B;1

151 AE1DN?>C

EID; cos(t) ==

-D; sin (t) =y
2

R *H; 9789KBKI1



1/ %$ &%)

[ 'D:zD=J>; <KDONED L78K; I <EHJ>; 1’'D; 7D: 9EID; 8;=1DI MU> -H7MD= 7 KD 9H9%; M>19>11 9;DJ;H;: 7JJ)>;
EH=D 7D: >71 7 H7 K1 E< KDY
[ /1D=1>; KDW 9H98; J>; 1'D; E< 7D 7D=b; ¥ ;GK78l J>; 8 L73K; E<J>; ;D-FEDI ED J>; KDN 9H9%; E< 7D 7H9 E<
B;D=J> 1 M>:H;71J>; 9EI'D; E< 7D 7D=b; T ;GK78l J>; 7 L78K; E<J>; ;D:FEDJ
[ 1>;DJ>; I'D; EHOEID; 7l ADEMD M; 97D Kl ; J>; *0J>7=EH;7D #: ;DINO JE “D: J>; EJ>;H .>; *0J>7=EH;7D
#2;DJN0 71 78IE K1 ;<KB<EH - ;J;HCDD=1J>; 1’'D;1 7D: 9EI'D; I E< 1F;9778 7D=5; 1
[ 789KB7JEHI 7D: =H7F>D= IE<JM7H; 7H; >;BF<KB<EH “D:?D= 1'D; 1 7Dz 9EI'D; 1 X J>; FHEF ;H FHE9; :KH; <EH ;DJ;HD=
ID<EHC7JED ?I ADEMD
->; tEC7ID E<J>; I'D; 7D: 9EI'D; <KD9JEDI 71 78 H; 78 DKC8;HI
->; H7D=; E<8EJ>J>; I'D; 7D: 9EI'D; <KD9JEDI 1 [—1, 1] o
.>; I'D; 7D: 9EI'D; E<7D 7D=B; >7L; J>; 17C; 78IEBK]; L78K; 71 J>; I'D; 7D: 9EI'D; E<WI H;<;H;D9; 7D=b;
->; I=DI E<J>; I'D; 7Dz 9EID; 7H; :;J;HCID; = HEC J>; 7V 7D: 8 L78K; 1 D J>; GK7:H7DJ E< J>; EH='D78 7D=b;
D 7D=8;XI H;<;H;D9; 7D=8; ?1 J>; I'P; 7D=b; ¢, <EHC;: 80 J>; J;HCD7B I7- ; E<J>; 7D=8; t 7D: J>; >EHPEDJ78
NI
[ ,;<;H;D9; 7D=B;197D 8; KI;: JE "Dz J>; I'D; 7D: 9EI'D; E<J>; EN=ID7b 7D=8;
[ ,;<;H;D9; 7D=8;1 97D 7BIE 8; KI;: JE “D: J>; OEEH:D7J; 1 E< 7 FEDJ ED 7 KD 9H8;
[ 1>;DJ>; H7:KI E<7 9H9%; 9;DJ;H;z 7JJ>; EW='D I DEJ M; 97D “D: 9EEH:D7J; 1 E<7 FEDJ ED J>; 9H9%; 80
CKBFB0’D=J>; I'D; 7D: 9EI'D; E<J>; 7D=8; 80 7.

— ———

%) 4

32C3>5 6E>3M7>
J>; 7 L7K; E<J>; FE'DJ ED 7 KDY 9H98; 9EHH; IFED D= JE 7 =L ;D 7D=3;

&108172851> 45001
7 OEHERTHO E< J>; *0I>7=EH; 7D .>;EH; C 1J701D= J>7) J>; IGK7H; E<J>; 9END; E< 7 =0L;D 7D=h; F3KI I>; 1GK7H; E<J>;
I'D; E<J>7) 7D=3; ;GKT7iI

C9>5 6E>3D9?7>
J>; 8 L7K; E<J>; FEIDJ ED 7 KDY 9H98; 9EHH; IFED='D= JE 7 =)L ;D 7D=4;

E>1) 3836
7 9Mab; Mu> 7 9;003k 73 (0, 0) 7Dz K7 2K

/DN H9%; -D; 7D: EID; *#




TH/F>1 E<J>; -D; 7D: ENI'D; KD9JEDI

"(EE % *, )

#D J>1 1;90ED OEK M8

[ w7rs f () =sin (¢) 70: f () = cos (t)
[ /1; OEKH ADEMS; :=; E< 1)1 JE H7DICEHC I'D; 7D 9EID; 9KHL; I

97EBS  .>; 07z W51 7Dz <781 7J H;=K87H FH; 2793788; "DJ;HL781
OH;:W D:zH;7-9>7_;H N9AH

&K; 1 z;DI; MU> F>;DEC;D7 J>7JH;F;7] 1D H; =KB7H DI;HL781 79> 70 <EH ;N7CF8; J>; 0z 1 W1; 7D <78 D H; IFEDI; JE J>;
=H7LN7)ED78 FK& E<J>; CEED -!CH87H0 J>; FHE=H; II’ED HEC :70 JE D?=>] EQ9KHI 71 7 H; IKB E< 7H>XI HEJ7)XED 7D: J>; F7JI;HD
E<J>; 1;71EDIH;F; 7)1 'DH; IFEDI; JE  7HI>II H; LESKYED 7HEKD: J>; IKD )KII:; E<D7JKH; C7D0 JE9AI J>7) CHHEH 7 9ECF7DOXI
FHE™JI 7H; 'DaK;D9; : 80 9>7D=;1 D J>; ;9EDEC9 8KI'D; 11 909%;

D C7)>;C7)091 7 <KDOYED J>7] H;F;7J1 Wl L78K; 1 D H;=KB7H ?DJ;HL781 71 ADEMD 71 7 @5B9?493 6E>309?> .>; =H7F>1 E< IK9>
<KKDOJEDI I>EM 7 =;D;H78 I>7F; H;a;9)L; E<7 F7J;HD I>7JA; ;FIH;F;7)D= _.> C; 7Dl J>; =H7F> E<J>; <KDOJED >71 J>; 17C;
EKJFKJ 7J ;N7980 J>; 17C; F879; D ;L;HO 9098; D: J>M H7DI87J; 1 JE 78 J>; 9098; 1 E< J>; <KDOJED >7LD= ;N79}%0 J>; 17C;
8;D=J> -E X M; ADEM 78 J>; - ;J7%1 ECED; <KB 9098; E< 7 JHK; F;HE:?9 <KDIJVED J>;D M; ADEM J>; 1J7); E<J>; <KDOJEDII EKIFKJI
TITBIC; 1 <KIKH; 7Dz F71) 4D J>1 9>7FJ;H M; MB DL ; 1%=7]; L7HEKI ;N7CF3; 1 E< F;HE 9 <KD9JEDI

B1@89>7 )¥>5 1>4 ?C>5 E>309?7>C

,>978J>7))>; OEID; 7D: I’D; <KDONEDI H;87); H; 78 DKC8;HL7K; 1 JEJ>; XV 7D: ¢y 9EEH:D7); 1 E< 7 FE'DJ ED J>; KDY 9H9%; -E
M>7) E J>;0BEEARA; ED 7 =H7F> ED 7 9EEH:'D7J); F37D; &; Il LJ7H M2A>J>; I'D; <KDOJED 1; 97D 9H;7J; 7 J788; E<L7K; 1 7D:
KI; J>;CIJE1A;J9> 7 =H7F> _788; BN IEC; E<J>; L78K; 1 <EHJ>; 1'D; <KD9JED ED 7 KDY 9H9%;

*1255

T m T T 27 37 5w
t 0 12 3 235 5T % 7
- 1 v2 V3 V3 V2 1
sin(t) |03 | % |2 1 L %5 0

F*H; 97B9KEKI



*EJND=J>; FEIDII HEC J>; J788; 7D: 9EDJIDK'D= 78ED=J>; >EHPEDJ78 7N’ =L;1J>; I>7F; E<J>; I'D; <KDOJED -;; ’=KHK;

[TRERN
=

97EBS =H7F>E<ID]

(EN9; >EM J>; I'D; L78K; 1 7H; FEINL; 8;IM; ;D  7D: 71, M>29> OEHH; IFED: JE J>; L78K; 1 E<J>; 1I'D; <KDSQJED D GK7:-H7DII
#7D: # ED J>; KDY 9H9%; 7D: J>; I'D; L7K;1 7H; D;=7JL; 8;IM;;D 7 7D: 27‘[‘7 M>19> OEHH; IFED: JE J>; L78K; 1 E<J>; 1D;
<KDOJED D GK7 :H7DJI # 7D: #0 ED J>; KDW 9H%B; —-;; '=KH;

1] Fg—
e - - -
PROTTYY R ——

f(t)=sin(t)

97EBS  *EJD= L78K; 1 E<J>; 1'D; <KDQJED 7D: H;87D=J>; C JE J>; KD 9H98;

(EMB; 1 J7A; 7 NCBTHIEEA 71 J>; 9EI'D; <KDOED =7D M; 97D 9H;7); 7J788; E<L78K;1 7Dz KI; J>;CJE 1A;J9> 7 =H7F> .788;
U IEC; E<J>; L78K; 1 <EHJ>; 9EI'D; <KDOJ'ED ED 7 KD 998 ;

*12<5
T m T wm 2r 3m 5w
t 0% 17352 % 7T % 7
V3 V2 1 1 2 3 _
cos(t) 1 2 2 5 0 —5 2 2 1

I MJ>J>; 1'D; <KD9JED M; 97D FBEJI FEIDJI JE 9H;7]; 7 =H7F> E<J>; 9EID; <KDOYED 71 D ’=KH;

IH7F>1 E<J>; -D; 7D: EI'D; KD9JEDI #



97EBS =H7F> E<9EI )

Domain and Range

A; >7L; H;7); 2 J>; =H7F>1 E<J>; 1'D; 7D: 9EI'D; <KD9YEDI 80 <EBEMD= 7 FEDJ HEC J>; FEIL; N 7N?l ED; 9ECF8;J; HEJ7JED
OEKDI;HOBEQAMII ; 7HEKD: J>; KDY 9M9B; >l HEJ7PED =;D;H7J;1 DFK) L78K;1 8;IM;;D 7Dz 27T. 1; ADEM J>7] M; 97D
9EDJDK; JE JH7L ;B OEKDJ;HEQAM?I ; 7HEKD: J>; KD 9M98; EL;H 7Dz EL;H 7=7D 7D: =;D;H7]; §7H=;H 7D §7H=;H FEIJL; DFKJ
L7K; 1 .>7)C;7D1 J>7)M; 97D 9EDJIDK; JE =;D;H7J; 1’'D; 7D: 9EID; L73K; 1 <EH 7D0 FEINL; DFKJ L78K; &A; M5 M; 97D L7H
71J>; FEIIL; N7NI 7D JH7L ;8 OBEQAM?I ; 7HEKD: J>; 9H9B; ) D; H;LEBKYED D J>; BEOAMI; -™H;9JED =;D;H7J; 1 'IDFKII N7HID=
70 7Dz 1;9H;71D=JE —27. =7D 1'D9; M; 97D 9EDIDK; JE H7L;8 7HEKD: J>; 9HO8; EL;H 7Dz EL;H 7=7/D D J>; BEQAMII;
“H;97ED M; 97D =;D;H7J; 1'D; 7Dz 9EI'D; L78K; 1 <EH 7D0 D;=7JL; DFKJ L7K;  ;97KI; M; 97D ;L78K7J; J>; 1'D; 7Dz 9EID;
E<7DO H; 7§ DKC8;H 8EJ> E<J>; 1 ; <KDOJEDI >7L; 7 :ECT7D E< 78 H; 78 DKC8; 1l

A>7) 7H; J>; H7D=;1 E<J>; I'D; 7D: 9EID; <KDOYEDI 0 J>IDAID= E<J>; 1I'D; 7D: 9EI'D; L78K; 1 71 9EEH:D7J; 1 E< FEIDII ED 7
KD 9H9B; N 8;9EC; 1 98;7H)>7] I’D9; J>; N 7D: O 9EEH:D7J); 1 E< FEDII ED J>; 9M9%; CKIJ ;79> 8; D J>; 'DJ;HL7B [—1, 1] >3
H7D=; E< 8EJ><KDOJEDI CKILJ 8; J>; 1DJ;HL78 [—1, 1] .

Period

D 8EJ> =H7F>1 I>; I>7F; E< I>; =H7F> H;F;701 7030 27T, M>19> C;7D1 J>; <KDOREDI 7H; F;HE:’9 MU> 7 F3WE: E< 27.

F;WE:79 <KDOVED 71 7 <KDOVED <EH M>9> 7 IF;97°9 >EHPEDIZS I>X]  H;IKI D 7 <KDOVED ;GK78 JE J>; EW=)D78 <KDOJED
f(t+P)=f(t) LK1 E<tDI>; :ECTD E< f. 1>;D J>)I E9OKHI M; 978 I>; 1C78; 1) 1K9> >EHPEDI7S 1>%) M2)>
P > 01>; 5874 E<1>; KDOYED ’=KH; 77D: 8 I>EM I;L;H78 F3HE: 1 E<J>; I'D; 7D: 9EID; <KDOJEDI

fit]

1 period

9=KH; 7 -D; =H7F> :; CEDNH7)ID=7 F;HE:

R *H; 9789KBKI1



1 period

f(t)=cos(t)

1=KH; 8 EI'D; =H7F> : ; CEDIH7ID=7 F;HE:

Symmetries

§EEAID= 7=71D 7) I>; I'D; 7D: 9EI'D; <KDOPEDI ED 7 :EC7D 9;DI;H; = 71 J>; L;KPO78 7N21 >8F1 H;L;78 IOCC; 4051 1 M; 97D
135D =KH; J>; I'D; <KDOJED I I0CC ;9 78EKIJ>; EW=D ,;978I>7ID -;9ED  Mj; :;I;HCID; 1 HEC I>; KD OH93; J>7]
J>; 1'D; <KDQVED 71 7D E: = <KDIED 8;97KI; Sin (—t) = —sin () . (EMM; 97D 9%;7HO0 1 ; 1> FHEF ;K0 4EC J>; =H7F>

97EB5 ) :: I0CC;H0 E<J>; 1'D; <KD9JED

'=KH; 1>EMI1>7)J>; 9EI'D; <KDOVED 21 10CC ;9 78EKIJ>; 8 TNII  =70D M; :;J;HCID; : HEC J>; KDN 9HGE; 1>7) J>; 9EID;
<KD9PED 71 7D ;L ;D <KDOVED (EM M; 97D I;; 4EC J>; =H#7F>J>7) cos (—t) = cos (t) .

/NS

97EBS L;D 10CC;HO0 E<J>; 9EID; <KD9JED

C*O* D% )IS $ WS +$ *%$)

.>; 1'D; 7Dz 9EI'D; <KDONEDI >7L; 1;L;H78 -213D9J 9>7H79J ;#1391

[ .>;07H; F3HE:79 KDOYEDI MYJ> 7 F3HE: E< 27T
[ .>; :ECTIDE< ;79> KDOPED 'l (—00, 00) 7D: 3>; k7D=;11 [—1,1] .

IH7F>1 E<J>; -D; 7D:= EI'D; KD9JEDI #




[ .>; =7F>E f (t) = sin (¢) 21 10CC; 9 78EKI J>; EW=1D 8;97K1; 171 7D E: = <KDIVED
[ .>; =7F>E< f (t) = cos (1) 21 10CC;19 78K J>; L;HI978 7N 8;97K1; 271 7D ;L ;D <KDINED

>F5C097109>7 )I>EC?941< E>309?7>C

, 3978 M>;D M; “HIJ ;D5 = I'D; 7Dz 9EI'D; M; H;<;H;D9;: 7D 79KJ; 7D=8; £ D 1J7D:=7H: FEIPED 71 J>; 'DFKJ 7D: 71IE97J; -
; 79> <KDOYED MN> ;%>;HJ>; x EH 4 OEEH-D7]; E<7 FEDJED J>; KDW OH9B; #D J>; C7I;H78J>7) <EBEMI M; IMA9> 879A JE JOF978
<KD9YED DEJ7)ED D J>; 9EEH:D7]; F87D; M>;H; Y — f (.T) 7D: x MBH; FH; 1;D)J>; 7D=8; 7D: DEJ J>; 9EEH:'D7J;

I M; 97D I35 1'D; 7Dz 9EI'D; KDINEDI >7L; 7 #;=KE7H F3HE: 7D: H7D=; & M; M7J9> E9;7D M7L; 1 EH ¥FF3;1 ED 7 FED: M;
M 155 3570 3>50 13 15C88; 1>; 1'D; EH 9ENIID; <KDAVEDI *"EM;L;H J>30 7H; DE) D;9; 117HA0 2 ;DY97 ~EC; 7H; J78;H EX 3ED=;H
I>7D El>;HI KDQVED 1>7) 571 I>; 17C; =;D;H78 I>7F; 717 I'D; EH 9END; <KDVED 71 ADEMD 71 7 CI>EC41¢ 6E>302> .>;
=D;H73 EHC E< I'DKIE: 73 <KDOVEDI 7H;

y = Asin (B (z —h)) + kmw:y = Acos (B (z — h)) + k.

5D5B=0>9>7 D85 &5BI?4 ?6 )I>EC?941< E>3D9?7>C

&EEAD= 7] J>; <EHCI E< I'DKIE?- 78 <KDOJXEDI M; 97D I;; J>7)3>;0 7H; H7DIKERCT7IEDI E<J>; 1'D; 7D: 9EID; <KDOJEDI 1; 97D
Kl; M>7)M; ADEM 78EKJ H7DIKEHC7JEDI JE :;J;HCD; J>; F;HE:

iD J>; =;D;H78 EHCKE7 B 71 H3870;: JE I>; FiwE: 80 P = %. « |B| > 1, 1>:D J>; F3HE: 1 5311 157D 270 7D: I>;

<KDIVED KD: ;H=E;1 7 >EHPEDJ78 9ECFH; IVED M>;H;71 % |B| < 1, 1>;D J>; F3WE: 21 =H;7J;H J>7D 27T 7Dz J>; <KDOJED
KD:;H=E;1 7 >EWPEDIZ IH;19> EH ;N7CR;  f () =sin(x), B = 1, 1IE 3>; F;WE: 11 27, M>9> M; AD;M K
f(x) =sin(2x),1>;0 B = 2, 1E I>; F;HE: 1 T 1'D9; J>; =H7F> 11 9ECFH; 11;: >EWPEDI7HO 80 7 <7JEH E¢ K
f (x) =sin (%) ,>;0 B = %, IE J>; F3HE: 71 47T 1'D9; J>; =H7F> 1 1H;19>; : >EHPEDJ780 80 7 <79JEH E<  (EN9; D
I=KH;  >EMI>; F3HE: 21 'D2%; 950 ;8735 - JE | BY.

f(x) = sin(2x) fx) = sin(3 )

f(x) = sin (x)
J7EBS  .>H;; 1’D; <KD9VEDI MN> -7 ;H;DIF;HE:1

«M;8;0h = 07D: k = 0D 1>; =;D;H7 EHC ;GK7JEDI E<J>; I'D; 7D 9EI'D; KDONEDI M; E8I7D I>; <EHCI
y = Asin (Bx)
y = Acos (Bx)

.>: F:HE: ?||%”|.

F*H; 97B9KEKI



. H&" $* /% * & (% % )P W( %P
+$ * %PH

J93HCID; 33 F3HE: E<i>; KDOVED f () = sin (Zx) .

>CG58
&; 1l 8;=1D 80 9ECF7#D= I>; ;GK7JED IE I>; =;D;#7i EHC y = Asin (Bx) .

D J>; =)L;D ;GK7VED B = %, IEJ>; F;HE: M® 8;
2T
pP=""
| B|
2m
-
6
6
=2m - —
T
= 12.

J3HCID; 1> F3HE: E<l>; KDIVED g () = cos (£).

>CG5B

(8%

5058=9>0>7 =@<PE45

, ;JKHD'D= JE J>; =;D;H73 <EHCKH7 <EH 7 I'DKIEI: 78 KDOJED M; >7L; 7D7I0P; : >EM J>; L7H783; B ;17351 JE I>; F3HE: (EM
33301 JKHD JE J>; L7H788; A 1E M; 97D 7D780P; >EM W71 H3§70; = JE I>; 1=QWEA5 EH =H;7J51) )1J7D9; HEC ;1) A #;F; 15Dl
1>; L;HI975 1H;J9> EX OECFH; 1D <79JEH 7D W1 78IEIKI; L7IK; | A| 21 I>; 7CFIIK=; .>; BE978 CTNICT M 85 7 271J7D9; |A|
78EL; J>; >EHPEDI7E =449>5 E< J>; =HTF> M>19>1J>; ¥D; iy = k3 8;97KI; k = 0D 1> 9715 J>; Cl:d; 113>; 77N .>;
IEQ78 CIDICT M 8; J>; 17C; 21J7D9; 8;IEM J>; C2:8D; & | A| > 1, 1>; KDIVED 21 1H;19>; - L;KN9780 80 7 <7OIEHE< | A|  EH
NTCFE; J>; 7CRK:; B« f () = 4 sin () naw9; 3>; 7Crok:; B« f (z) = 2 sin (x) .« |A] < 1,1>; «D9VED
W OECFH; 115 1 L;HI9780 80 7 <7OJEH E< |A| 7=KH; 9ECF7H;1 I3L;H78 I'D; <KDOVEDI MJ> :7_;H;DJ 7CFIK: ; 1

TH7F>1 E<J>; -D; 7D: EI'D; KDOJEDI ¢



Y f(x) = 4sin(x)
/ f(x) = 3sin(x)
f(x) = 2sin(x)

f(x) = 1sin(x)

+ + t + t X
‘3“735"37""975117
2 2

«M;3;30h = 07D: k = (D J>; =;D;H78 EHC ;GK7IEDI E<J>; I'D; 7D= 9EID; KDAVEDI M; E8J7D J>; EHCI
y = Asin (Bx) 0: y = Acos (Bx) .

=N W A

INEES

o 1w N 97 M Tz ;N 5z A 3w
2 2 2

97EBS EKH 1D =H7F>1 M3> z7_;H;DJ 7CFBIK: ;1

> 7CFRK: ;I A, 7Dz J>; L;HN978 >;7=>] HEC J>; CI:BD; 1 ’Al #D 72 :2ED DEX9; D J>; ;N7CF8; J>7)

|A| = amplitude = |maximum — minimum|.
_
- H&" $* /$ * #E&"*+ % )P BW( N
+$ * %S
157071 I>; TCFRIK: ; E<I>; IDKIE?:78 DOPED f () = —4sin ()7 #1 J>; KDIVED 1H;19>; : EH 9ECFH; I1; -
L;HP9780
>CG5B

&; 3 8;=D 80 9ECF7HD= J>; <KDIVED JE J>; NCF™;: €HC Yy = Asin (Bx) .

iD>; =IL;D KDAWED A = —4, 1EJ>; 7CFiK=; 11 |A| = | — 4] = 4. .>; KDOYED I 1H;19>; - L;HI9780 80 7
<T9IEH E

->; D;=70L; L7BK; E<AH;IKBJI D 7H;a;90ED 79HEI T J>; ¢ 7Nl E<J>; I'D; <KD9JED 71 I>EMD D 7=KH;
f(x)

4
1 A

X
_O 2@

1

97EBS =H7F>E< IDN

R *H; 9789KBK 1



1>7)71 J>; TCF¥IK: ; E<I>; IDKIE: T3KDAVED f (x) = %sin ()7 41 3>; KDAVED 1};19>; : EHOECFH; 115 : L;KN97EO

>CG5B

.>; 7CRBRK: 3 % 1E >;H; 1 7 L;H)978 OECFH; 11I’ED

>1<1J9>7 )8U60C 26 YI>EC2M41< E>30?7>C

(EM I>7) M; KD: ;HI7D: >EM A 7D: B #;873; JE I>; =;D;#73 <EHC ;GK7JED <E§ J>; I'D; 7D: 9EID; <KDOJEDI M; M ;NFSEH;
1>; L7H783;1 W 7D: k. , ;978 1>; =;D;H78<EHC

y=Asin(B(z—h))+kwm:y = Acos (B (x — h)) + k
>3 L78K; K 711> L3HI978 15K) E<J>; <KDOVED 7D: <EH I'DKIE?: 78 <KDOVEDI K 1>XJ1 J>; C:8D; KF EH zEMD K KDI .>; <KD9VED
y = Asin () + k>n17cmm; ey = k -3 =Kii;

Midline

»
N
I i \

=i =wesey = Asin (z) + k.

D 1>; ;okED y = Asin(B(z —h)) + Kk, 700 L7K; E< k EsH 17D P3HE ISKI J>; SHTF> K¢
y = Asin (B (¢ — h)) krenzewn =: secrmwst f (2) = sin (2) we f () = sin (2) + 2, we> 1
I>K);:  KDUI KF ED 7 =H7F>

SHANIA

=KH; O;H9780 1>%J; = 1'D; <KDIJED

.>; L78K; P <EH 7 I'DKIE?: 78 <KDOVED 71 978; = J>; J>; >EHPEDI7S :2IFi79;C ;DI E< J>; 8719 I'D; EH 9EID; KDVED & f > ()
155 =HTF> 15K JE 3>5 b=>) & b < 0, 1>5 =H7F> 1M1 JE 3>5 554 .>; =H; 7330 1> L7IK; E<  =HTF> 91 15045 -
=Ki;  I>EMI 700> =H7F> E<g () = sin (z — ) 1> f () = sin (x) JE I>; #=>180 7T KDUI M>9> I CEH;

BTDM; 135 D5 H7F>Ecp (z) = sin (z — F) , m9> 141 f () = sin (@) 5 1>; w=>)80 7 koul
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