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7 <KBB 9?H9B;� H;FH;I;DJ;: 8O CEH; J>7D ED; <KBB HEJ7J?ED� .>; B;D=J> E< J>; 7H9 7HEKD: 7D ;DJ?H; 9?H9B; ?I 97BB;: J>; 39B3E=65B5>35
E<�J>7J�9?H9B;�

.>; 9?H9KC<;H;D9; E< 7 9?H9B; ?I #< M; :?L?:; 8EJ> I?:;I E< J>?I ;GK7J?ED 8O M; 9H;7J; J>; H7J?E E< J>;
9?H9KC<;H;D9; JE J>; H7:?KI� M>?9> ?I 7BM7OI H;=7H:B;II E< J>; B;D=J> E< J>; H7:?KI� -E J>; 9?H9KC<;H;D9; E< 7DO 9?H9B; ?I

J?C;I J>; B;D=J> E< J>; H7:?KI� .>7J C;7DI J>7J ?< M; JEEA 7 IJH?D= 7I BED= 7I J>; H7:?KI 7D: KI;: ?J JE C;7IKH;
9EDI;9KJ?L; B;D=J>I 7HEKD: J>; 9?H9KC<;H;D9;� J>;H; MEKB: 8; HEEC <EH I?N <KBB IJH?D=�B;D=J>I 7D: 7 B?JJB; CEH; J>7D 7 GK7HJ;H E<
7�I;L;DJ>��7I�I>EMD�?D  ?=KH;��
�

�97EB5��
�

.>?I 8H?D=I KI JE EKH D;M 7D=B; C;7IKH;� )D; H7:?7D ?I J>; C;7IKH; E< 7 9;DJH7B 7D=B; E< 7 9?H9B; J>7J ?DJ;H9;FJI 7D 7H9 ;GK7B
?D B;D=J> JE J>; H7:?KI E< J>7J 9?H9B;� � 9;DJH7B 7D=B; ?I 7D 7D=B; <EHC;: 7J J>; 9;DJ;H E< 7 9?H9B; 8O JME H7:??� �;97KI; J>; JEJ7B
9?H9KC<;H;D9;�;GK7BI J?C;I�J>;�H7:?KI��7�<KBB�9?H9KB7H�HEJ7J?ED�?I H7:?7DI��-E

-;;  ?=KH; ��� (EJ; J>7J M>;D 7D 7D=B; ?I :;I9H?8;: M?J>EKJ 7 IF;9?`9 KD?J� ?J H;<;HI JE H7:?7D C;7IKH;�  EH ;N7CFB;� 7D 7D=B;
C;7IKH; E< 
 ?D:?97J;I 
 H7:?7DI� #D <79J� H7:?7D C;7IKH; ?I :?C;DI?EDB;II� I?D9; ?J ?I J>; GKEJ?;DJ E< 7 B;D=J> �9?H9KC<;H;D9;�
:?L?:;:�8O�7�B;D=J>��H7:?KI��7D:�J>;�B;D=J>�KD?JI�97D9;B�EKJ�

�97EB5���� .>;�7D=B; IM;;FI�EKJ�7�C;7IKH;�E<�ED;�H7:?7D�
(EJ;�J>7J�J>;�B;D=J>�E<�J>;�?DJ;H9;FJ;:�7H9�?I�J>;�I7C;�7I�J>;
B;D=J>�E<�J>;�H7:?KI�E<�J>;�9?H9B;�
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Relating Arc Lengths to Radius

�D 1B3 <5>7D8 ?I J>; B;D=J> E< J>; 9KHL; 7BED= J>; 7H9� $KIJ 7I J>; <KBB 9?H9KC<;H;D9; E< 7 9?H9B; 7BM7OI >7I 7 9EDIJ7DJ H7J?E JE
J>; H7:?KI� J>; 7H9 B;D=J> FHE:K9;: 8O 7DO =?L;D 7D=B; 7BIE >7I 7 9EDIJ7DJ H;B7J?ED JE J>; H7:?KI� H;=7H:B;II E< J>; B;D=J> E< J>;
H7:?KI�

.>?I H7J?E� 97BB;: J>; H7:?7D C;7IKH;� ?I J>; I7C; H;=7H:B;II E< J>; H7:?KI E< J>; 9?H9B;W?J :;F;D:I EDBO ED J>; 7D=B;� .>?I
FHEF;HJO�7BBEMI�KI�JE�:;`D;�7�C;7IKH;�E<�7DO�7D=B;�7I�J>;�H7J?E�E<�J>;�7H9�B;D=J> JE�J>;�H7:?KI -;;  ?=KH;����

#< J>;D

�97EB5���� �7��#D�7D�7D=B;�E<���H7:?7D��J>;�7H9�B;D=J> ;GK7BI�J>;�H7:?KI �8���D�7D=B;�E<���H7:?7DI�>7I�7D�7H9�B;D=J>
�9����<KBB�H;LEBKJ?ED�?I EH�78EKJ������H7:?7DI�

.E ;B78EH7J; ED J>?I ?:;7� 9EDI?:;H JME 9?H9B;I� ED; M?J> H7:?KI � 7D: J>; EJ>;H M?J> H7:?KI 
� ,;97BB J>; 9?H9KC<;H;D9; E< 7

9?H9B; ?I M>;H; ?I J>; H7:?KI� .>; IC7BB;H 9?H9B; J>;D >7I 9?H9KC<;H;D9; 7D: J>; B7H=;H >7I

9?H9KC<;H;D9; (EM�M;�:H7M�7���T�7D=B;�ED�J>;�JME�9?H9B;I��7I�?D  ?=KH;����

�97EB5���� ����T�7D=B;�9EDJ7?DI�ED;�;?=>J>�E<�J>;
9?H9KC<;H;D9;�E<�7�9?H9B;��H;=7H:B;II�E<�J>;�H7:?KI�

(EJ?9;�M>7J�>7FF;DI�?<�M;�`D:�J>;�H7J?E�E<�J>;�7H9�B;D=J>�:?L?:;:�8O�J>;�H7:?KI�E<�J>;�9?H9B;�

-C7BB;H�9?H9B;�

&7H=;H�9?H9B;�

-?D9;�8EJ>�H7J?EI�7H; J>;�7D=B;�C;7IKH;I�E<�8EJ>�9?H9B;I�7H;�J>;�I7C;��;L;D�J>EK=>�J>;�7H9�B;D=J>�7D:�H7:?KI�:?_;H�
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����$�*�%$

)D; B1491> ?I J>; C;7IKH; E< J>; 9;DJH7B 7D=B; E< 7 9?H9B; IK9> J>7J J>; B;D=J> E< J>; 7H9 8;JM;;D J>; ?D?J?7B I?:; 7D:
J>; J;HC?D7B I?:; ?I ;GK7B JE J>; H7:?KI E< J>; 9?H9B;� � <KBB H;LEBKJ?ED �
�
T� ;GK7BI H7:?7DI� � >7B< H;LEBKJ?ED ���
T� ?I
;GK?L7B;DJ�JE H7:?7DI�

.>; B1491> =51CEB5 E< 7D 7D=B; ?I J>; H7J?E E< J>; B;D=J> E< J>; 7H9 IK8J;D:;: 8O J>; 7D=B; JE J>; H7:?KI E< J>; 9?H9B;� #D
EJ>;H MEH:I� ?< ?I J>; B;D=J> E< 7D 7H9 E< 7 9?H9B;� 7D: ?I J>; H7:?KI E< J>; 9?H9B;� J>;D J>; 9;DJH7B 7D=B; 9EDJ7?D?D= J>7J 7H9

C;7IKH;I H7:?7DI��#D�7�9?H9B;�E<�H7:?KI����J>;�H7:?7D�C;7IKH;�9EHH;IFED:I�JE�J>;�B;D=J>�E<�J>;�7H9�

'��

��=51CEB5�?6���B1491>�<??;C�D?�25�12?ED��
K���C�D81D�3?BB53D�

!&2���3�*2�"//1.7*,"3&+8��
�	:���&$"42& 1"%*"-2�&04"+2�	��:� 1"%*"-�&04"+2

Using Radians

�;97KI; H7:?7D C;7IKH; ?I J>; H7J?E E< JME B;D=J>I� ?J ?I 7 KD?J�B;II C;7IKH;�  EH ;N7CFB;� IKFFEI; J>; H7:?KI M;H; � ?D9>;I
7D: J>; :?IJ7D9; 7BED= J>; 7H9 M;H; 7BIE � ?D9>;I� 1>;D M; 97B9KB7J; J>; H7:?7D C;7IKH; E< J>; 7D=B;� J>; Y?D9>;IZ 97D9;B� 7D:
M; >7L; 7 H;IKBJ M?J>EKJ KD?JI� .>;H;<EH;� ?J ?I DEJ D;9;II7HO JE MH?J; J>; B78;B YH7:?7DIZ 7<J;H 7 H7:?7D C;7IKH;� 7D: ?< M; I;; 7D
7D=B;�J>7J�?I�DEJ�B78;B;:�M?J>�Y:;=H;;IZ�EH�J>;�:;=H;;�IOC8EB��M;�97D�7IIKC;�J>7J�?J�?I�7�H7:?7D�C;7IKH;�

�EDI?:;H?D= J>; CEIJ 87I?9 97I;� J>; KD?J 9?H9B; �7 9?H9B; M?J> H7:?KI ��� M; ADEM J>7J � HEJ7J?ED ;GK7BI 
�
 :;=H;;I� 
�
T� 1;
97D 7BIE JH79A ED; HEJ7J?ED 7HEKD: 7 9?H9B; 8O `D:?D= J>; 9?H9KC<;H;D9;� 7D: <EH J>; KD?J 9?H9B; .>;I;
JME�:?_;H;DJ�M7OI�JE�HEJ7J;�7HEKD:�7�9?H9B;�=?L;�KI�7�M7O�JE�9EDL;HJ�<HEC�:;=H;;I�JE�H7:?7DI�

Identifying Special Angles Measured in Radians

#D 7::?J?ED JE ADEM?D= J>; C;7IKH;C;DJI ?D :;=H;;I 7D: H7:?7DI E< 7 GK7HJ;H H;LEBKJ?ED� 7 >7B< H;LEBKJ?ED� 7D: 7 <KBB H;LEBKJ?ED�
J>;H; 7H; EJ>;H <H;GK;DJBO ;D9EKDJ;H;: 7D=B;I ?D ED; H;LEBKJ?ED E< 7 9?H9B; M?J> M>?9> M; I>EKB: 8; <7C?B?7H� #J ?I 9ECCED JE
;D9EKDJ;H CKBJ?FB;I E< 

� ��� �
� 7D: �
 :;=H;;I� .>;I; L7BK;I 7H; I>EMD ?D  ?=KH; ��� 2EK I>EKB: 8;9EC; L;HO 9EC<EHJ78B;
M?J>�J>;I;�7D=B;I�7I�J>;O�M?BB�8;�L;HO�KI;<KB�7I�M;�IJK:O�J>;�FHEF;HJ?;I�7IIE9?7J;:�M?J>�7D=B;I�
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�97EB5���� �ECCEDBO�;D9EKDJ;H;:�7D=B;I�C;7IKH;:�?D
:;=H;;I

(EM� M; 97D B?IJ J>; 9EHH;IFED:?D= H7:?7D L7BK;I <EH J>; 9ECCED C;7IKH;I E< 7 9?H9B; 9EHH;IFED:?D= JE J>EI; B?IJ;: ?D  ?=KH;
����M>?9>�7H;�I>EMD�?D  ?=KH;������;�IKH;�OEK�97D�L;H?<O�;79>�E<�J>;I;�C;7IKH;I�

�97EB5���� �ECCEDBO�;D9EKDJ;H;:�7D=B;I
C;7IKH;:�?D�H7:?7DI

�.�#&"���� ��$��$����(����$�#��)+(�

 ?D:�J>;�H7:?7D�C;7IKH;�E<�ED;�J>?H:�E<�7�<KBB�HEJ7J?ED�

�>CG5B

 EH�7DO�9?H9B;��J>;�7H9�B;D=J>�7BED=�IK9>�7�HEJ7J?ED�MEKB:�8;�ED;�J>?H:�E<�J>;�9?H9KC<;H;D9;��1;�ADEM�J>7J

-E�

.>;�H7:?7D�C;7IKH;�MEKB:�8;�J>;�7H9�B;D=J>�:?L?:;:�8O�J>;�H7:?KI�
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*(/��*���

 ?D:�J>;�H7:?7D�C;7IKH;�E<�J>H;;�<EKHJ>I�E<�7�<KBB�HEJ7J?ED�

�>CG5B

Converting between Radians and Degrees

�;97KI; :;=H;;I 7D: H7:?7DI 8EJ> C;7IKH; 7D=B;I� M; D;;: JE 8; 78B; JE 9EDL;HJ 8;JM;;D J>;C� 1; 97D ;7I?BO :E IE KI?D= 7
FHEFEHJ?ED�

.>?I FHEFEHJ?ED I>EMI J>7J J>; C;7IKH; E< 7D=B; ?D :;=H;;I :?L?:;: 8O ��
T ;GK7BI J>; C;7IKH; E< 7D=B; ?D H7:?7DI :?L?:;:
8O )H��F>H7I;:�7DEJ>;H�M7O��:;=H;;I�?I�JE���
T�7I�H7:?7DI�?I�JE

�%-�*%

.E�9EDL;HJ�8;JM;;D�:;=H;;I�7D:�H7:?7DI��KI;�J>;�FHEFEHJ?ED

�.�#&"���� �%$,�(*�$��(����$)�*%����(��)

�EDL;HJ�;79>�H7:?7D�C;7IKH;�JE�:;=H;;I�

7�
8� 
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�>CG5B

�;97KI;�M;�7H;�=?L;D�H7:?7DI�7D:�M;�M7DJ�:;=H;;I��M;�I>EKB:�I;J�KF�7�FHEFEHJ?ED�7D:�IEBL;�<EH�:;=H;;I�

7� 1;�KI;�J>;�FHEFEHJ?ED

8� 1;�KI;�J>;�FHEFEHJ?ED

*(/��*���

�EDL;HJ H7:?7DI�JE�:;=H;;I�

�>CG5B

\�
�T

�.�#&"���� �%$,�(*�$�����(��)�*%�(����$)

�EDL;HJ :;=H;;I�JE�H7:?7DI�

�>CG5B

#D J>?I ;N7CFB;� M; IJ7HJ M?J> :;=H;;I 7D: M7DJ H7:?7DI� IE M; 7=7?D I;J KF 7 FHEFEHJ?ED 7D: IEBL; ?J� 8KJ M; IK8IJ?JKJ;
J>;�=?L;D�?D<EHC7J?ED�?DJE�7�:?_;H;DJ�F7HJ�E<�J>;�FHEFEHJ?ED�
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Analysis

�DEJ>;H M7O JE J>?DA 78EKJ J>?I FHE8B;C ?I 8O H;C;C8;H?D= J>7J �;97KI; M; 97D `D:
J>7J ?I

*(/��*���

�EDL;HJ����T�JE�H7:?7DI�

�>CG5B

Finding Coterminal Angles Measured in Radians

1; 97D `D: 9EJ;HC?D7B 7D=B;I C;7IKH;: ?D H7:?7DI ?D CK9> J>; I7C; M7O 7I M; >7L; <EKD: J>;C KI?D= :;=H;;I� #D 8EJ> 97I;I�
M;�`D:�9EJ;HC?D7B�7D=B;I�8O�7::?D=�EH�IK8JH79J?D=�ED;�EH�CEH;�<KBB�HEJ7J?EDI�

�%-�*%�

�9F5>�1>�1>7<5�7B51D5B�D81> Q>4�1�3?D5B=9>1<�1>7<5�25DG55>�
�1>4

�� -K8JH79J <HEC�J>;�=?L;D�7D=B;�
�� #<�J>;�H;IKBJ�?I�IJ?BB�=H;7J;H�J>7D IK8JH79J 7=7?D�KDJ?B�J>;�H;IKBJ�?I�8;JM;;D 7D:

� .>;�H;IKBJ?D=�7D=B;�?I�9EJ;HC?D7B�M?J>�J>;�EH?=?D7B�7D=B;�

�9F5>�1>�1>7<5�<5CC�D81> Q>4�1�3?D5B=9>?EC�1>7<5�25DG55> 
�1>4

�� �:: JE�J>;�=?L;D�7D=B;�
�� #<�J>;�H;IKBJ�?I�IJ?BB�B;II�J>7D 7:: 7=7?D�KDJ?B�J>;�H;IKBJ�?I�7�FEI?J?L;�DKC8;H�

� .>;�H;IKBJ?D=�7D=B;�?I�9EJ;HC?D7B�M?J>�J>;�EH?=?D7B�7D=B;�
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�.�#&"���� ��$��$���%*�(#�$�"��$�"�)�+)�$��(����$)

 ?D:�7D�7D=B; J>7J�?I�9EJ;HC?D7B�M?J> M>;H;

�>CG5B

1>;D MEHA?D= ?D :;=H;;I� M; <EKD: 9EJ;HC?D7B 7D=B;I 8O 7::?D= EH IK8JH79J?D= 
�
 :;=H;;I� 7 <KBB HEJ7J?ED� &?A;M?I;�
?D�H7:?7DI��M;�97D�`D:�9EJ;HC?D7B�7D=B;I�8O�7::?D=�EH�IK8JH79J?D=�<KBB�HEJ7J?EDI�E< H7:?7DI�

.>;�7D=B; ?I�9EJ;HC?D7B��8KJ�DEJ�B;II�J>7D IE�M;�IK8JH79J�7DEJ>;H�HEJ7J?ED�

.>;�7D=B; ?I�9EJ;HC?D7B�M?J> 7I�I>EMD�?D  ?=KH;����

�97EB5����

*(/��*���

 ?D:�7D�7D=B;�E<�C;7IKH; J>7J�?I�9EJ;HC?D7B�M?J>�7D�7D=B;�E<�C;7IKH; M>;H;

�>CG5B

�5D5B=9>9>7�D85�"5>7D8�?6�1>��B3

,;97BB J>7J J>; H7:?7D C;7IKH; E< 7D 7D=B; M7I :;`D;: 7I J>; H7J?E E< J>; 7H9 B;D=J> E< 7 9?H9KB7H 7H9 JE J>; H7:?KI E< J>;
9?H9B;�  HEC�J>?I�H;B7J?EDI>?F��M;�97D�`D:�7H9�B;D=J>�7BED=�7�9?H9B;��=?L;D�7D�7D=B;�
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#D�7�9?H9B;�E<�H7:?KI 1��J>;�B;D=J>�E<�7D�7H9 IK8J;D:;:�8O�7D�7D=B;�M?J>�C;7IKH; ?D�H7:?7DI��I>EMD�?D  ?=KH;��
��?I

�97EB5��
�

�%-�*%�

�9F5>�1�39B3<5�?6�B149EC 31<3E<1D5�D85�<5>7D8 ?6�D85�1B3�CE2D5>454�2I�1�79F5>�1>7<5�?6�=51CEB5

�� #<�D;9;II7HO��9EDL;HJ JE�H7:?7DI�
�� 'KBJ?FBO�J>;�H7:?KI 8O�J>;�H7:?7D�C;7IKH;�E<

�.�#&"���� ��$��$��*���"�$�*��%���$��(�

�IIKC;�J>;�EH8?J�E<�';H9KHO�7HEKD:�J>;�IKD�?I�7�F;H<;9J�9?H9B;��';H9KHO�?I�7FFHEN?C7J;BO�
��C?BB?ED�C?B;I�<HEC�J>;�IKD�

7� #D�ED;��7HJ>�:7O��';H9KHO�9ECFB;J;I�
�
����E<�?JI�JEJ7B�H;LEBKJ?ED��"EM�C7DO�C?B;I�:E;I�?J�JH7L;B�?D�ED;�:7O�
8� /I;�OEKH�7DIM;H�<HEC�F7HJ��7��JE�:;J;HC?D;�J>;�H7:?7D�C;7IKH;�<EH�';H9KHOXI�CEL;C;DJ�?D�ED;��7HJ>�:7O�

�>CG5B

7� &;JXI�8;=?D�8O�`D:?D=�J>;�9?H9KC<;H;D9;�E<�';H9KHOXI�EH8?J�
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-?D9;�';H9KHO�9ECFB;J;I�
�
����E<�?JI�JEJ7B�H;LEBKJ?ED�?D�ED;��7HJ>�:7O��M;�97D�DEM�`D:�J>;�:?IJ7D9;�JH7L;B;:�

8� (EM��M;�9EDL;HJ�JE�H7:?7DI�

*(/��*���

 ?D:�J>;�7H9�B;D=J>�7BED=�7�9?H9B;�E<�H7:?KI��
�KD?JI�IK8J;D:;:�8O�7D�7D=B;�E<����T�

�>CG5B

�9>49>7�D85��B51�?6�1�)53D?B�?6�1��9B3<5��%@D9?>1<�

#D 7::?J?ED JE 7H9 B;D=J>� M; 97D 7BIE KI; 7D=B;I JE `D: J>; 7H;7 E< 7 I;9JEH E< 7 9?H9B;� � I;9JEH ?I 7 H;=?ED E< 7 9?H9B; 8EKD:;:
8O JME H7:?? 7D: J>; ?DJ;H9;FJ;: 7H9� B?A; 7 IB?9; E< F?PP7 EH F?;� ,;97BB J>7J J>; 7H;7 E< 7 9?H9B; M?J> H7:?KI 97D 8; <EKD: KI?D=

J>; <EHCKB7 #< J>; JME H7:?? <EHC 7D 7D=B; E< C;7IKH;: ?D H7:?7DI� J>;D ?I J>; H7J?E E< J>; 7D=B; C;7IKH; JE
J>; C;7IKH; E< 7 <KBB HEJ7J?ED 7D: ?I 7BIE� J>;H;<EH;� J>; H7J?E E< J>; 7H;7 E< J>; I;9JEH JE J>; 7H;7 E< J>; 9?H9B;� .>KI� J>; 1B51 ?6

1�C53D?B ?I�J>;�<H79J?ED CKBJ?FB?;:�8O�J>;�;DJ?H;�7H;7����BM7OI�H;C;C8;H�J>7J�J>?I�<EHCKB7�EDBO�7FFB?;I�?< ?I�?D�H7:?7DI��
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The Pythagorean Identity
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Using a Calculator to Find Sine and Cosine
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Finding Reference Angles
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Using Reference Angles to Find Exact Values for Cosine and Sine
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Using Reference Angles to Find Coordinates
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[ -?D;�7D:��EI?D;�<HEC�J>;�/D?J��?H9B;�7D:�'KBJ?FB;I�E<�*?��?L?:;:�8O� EKH
[ .H?=EDEC;JH?9� KD9J?EDI�/I?D=�,;<;H;D9;��D=B;I

!5I��AE1D9?>C

�EI?D;

-?D;

*OJ>7=EH;7D�#:;DJ?JO
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!�/��%$��&*)

[  ?D:?D=�J>;�<KD9J?ED�L7BK;I�<EH�J>;�I?D;�7D:�9EI?D;�8;=?DI�M?J>�:H7M?D=�7�KD?J�9?H9B;��M>?9>�?I�9;DJ;H;:�7J�J>;
EH?=?D�7D:�>7I�7�H7:?KI�E<���KD?J�

[ /I?D=�J>;�KD?J�9?H9B;��J>;�I?D;�E<�7D�7D=B; ;GK7BI�J>; 8�L7BK;�E<�J>;�;D:FE?DJ�ED�J>;�KD?J�9?H9B;�E<�7D�7H9�E<
B;D=J> M>;H;7I�J>;�9EI?D;�E<�7D�7D=B; ;GK7BI�J>; 7�L7BK;�E<�J>;�;D:FE?DJ�

[ 1>;D�J>;�I?D;�EH�9EI?D;�?I�ADEMD��M;�97D�KI;�J>;�*OJ>7=EH;7D�#:;DJ?JO�JE�`D:�J>;�EJ>;H��.>;�*OJ>7=EH;7D
#:;DJ?JO�?I�7BIE�KI;<KB�<EH�:;J;HC?D?D=�J>;�I?D;I�7D:�9EI?D;I�E<�IF;9?7B�7D=B;I�

[ �7B9KB7JEHI�7D:�=H7F>?D=�IE<JM7H;�7H;�>;BF<KB�<EH�`D:?D=�I?D;I�7D:�9EI?D;I�?<�J>;�FHEF;H�FHE9;:KH;�<EH�;DJ;H?D=
?D<EHC7J?ED�?I�ADEMD�

[ .>;�:EC7?D�E<�J>;�I?D;�7D:�9EI?D;�<KD9J?EDI�?I�7BB�H;7B�DKC8;HI�
[ .>;�H7D=;�E<�8EJ>�J>;�I?D;�7D:�9EI?D;�<KD9J?EDI�?I
[ .>;�I?D;�7D:�9EI?D;�E<�7D�7D=B;�>7L;�J>;�I7C;�78IEBKJ;�L7BK;�7I�J>;�I?D;�7D:�9EI?D;�E<�?JI�H;<;H;D9;�7D=B;�
[ .>;�I?=DI�E<�J>;�I?D;�7D:�9EI?D;�7H;�:;J;HC?D;:�<HEC�J>; 7V�7D: 8�L7BK;I�?D�J>;�GK7:H7DJ�E<�J>;�EH?=?D7B�7D=B;�
[ �D�7D=B;XI�H;<;H;D9;�7D=B;�?I�J>;�I?P;�7D=B;� <EHC;:�8O�J>;�J;HC?D7B�I?:;�E<�J>;�7D=B; 7D:�J>;�>EH?PEDJ7B

7N?I�
[ ,;<;H;D9;�7D=B;I�97D�8;�KI;:�JE�`D:�J>;�I?D;�7D:�9EI?D;�E<�J>;�EH?=?D7B�7D=B;�
[ ,;<;H;D9;�7D=B;I�97D�7BIE�8;�KI;:�JE�`D:�J>;�9EEH:?D7J;I�E<�7�FE?DJ�ED�7�KD?J�9?H9B;�
[ 1>;D�J>;�H7:?KI�E<�7�9?H9B;�9;DJ;H;:�7J�J>;�EH?=?D�?I�DEJ����M;�97D�`D:�9EEH:?D7J;I�E<�7�FE?DJ�ED�J>;�9?H9B;�8O

CKBJ?FBO?D=�J>;�I?D;�7D:�9EI?D;�E<�J>;�7D=B;�8O

�"%))�(/

3?C9>5�6E>3D9?>
J>; 7�L7BK;�E<�J>;�FE?DJ�ED�7�KD?J�9?H9B;�9EHH;IFED:?D=�JE�7�=?L;D�7D=B;

&ID817?B51>��45>D9DI
7�9EHEBB7HO�E<�J>;�*OJ>7=EH;7D�.>;EH;C�IJ7J?D=�J>7J�J>;�IGK7H;�E<�J>;�9EI?D;�E<�7�=?L;D�7D=B;�FBKI�J>;�IGK7H;�E<�J>;
I?D;�E<�J>7J�7D=B;�;GK7BI��

C9>5�6E>3D9?>
J>; 8�L7BK;�E<�J>;�FE?DJ�ED�7�KD?J�9?H9B;�9EHH;IFED:?D=�JE�7�=?L;D�7D=B;

E>9D�39B3<5
7�9?H9B;�M?J>�7�9;DJ;H�7J 7D:�H7:?KI���


�
�/D?J��?H9B;��-?D;�7D:��EI?D; R 

�




���!H7F>I�E<�J>;�-?D;�7D:��EI?D;� KD9J?EDI

"��($�$��%� ��*�,�)

#D�J>?I�I;9J?ED��OEK�M?BB�

[ !H7F> 7D: �
[ /I;�OEKH�ADEMB;:=;�E<�I>?<JI�JE�JH7DI<EHC�I?D;�7D:�9EI?D;�9KHL;I�

�97EB5��� .>;�J?:;�H?I;I�7D:�<7BBI�7J�H;=KB7H��FH;:?9J78B;�?DJ;HL7BI�
�9H;:?J���D:H;7�-9>7_;H�� B?9AH�

&?<; ?I :;DI; M?J> F>;DEC;D7 J>7J H;F;7J ?D H;=KB7H ?DJ;HL7BI� �79> :7O� <EH ;N7CFB;� J>; J?:;I H?I; 7D: <7BB ?D H;IFEDI; JE J>;
=H7L?J7J?ED7B FKBB E< J>; CEED� -?C?B7HBO� J>; FHE=H;II?ED <HEC :7O JE D?=>J E99KHI 7I 7 H;IKBJ E< �7HJ>XI HEJ7J?ED� 7D: J>; F7JJ;HD
E< J>; I;7IEDI H;F;7JI ?D H;IFEDI; JE �7HJ>XI H;LEBKJ?ED 7HEKD: J>; IKD� )KJI?:; E< D7JKH;� C7DO IJE9AI J>7J C?HHEH 7 9ECF7DOXI
FHE`JI�7H;�?DaK;D9;:�8O�9>7D=;I�?D�J>;�;9EDEC?9�8KI?D;II�9O9B;�

#D C7J>;C7J?9I� 7 <KD9J?ED J>7J H;F;7JI ?JI L7BK;I ?D H;=KB7H ?DJ;HL7BI ?I ADEMD 7I 7 @5B9?493 6E>3D9?>� .>; =H7F>I E< IK9>
<KD9J?EDI I>EM 7 =;D;H7B I>7F; H;a;9J?L; E< 7 F7JJ;HD J>7J A;;FI H;F;7J?D=� .>?I C;7DI J>; =H7F> E< J>; <KD9J?ED >7I J>; I7C;
EKJFKJ 7J ;N79JBO J>; I7C; FB79; ?D ;L;HO 9O9B;� �D: J>?I JH7DIB7J;I JE 7BB J>; 9O9B;I E< J>; <KD9J?ED >7L?D= ;N79JBO J>; I7C;
B;D=J>� -E� ?< M; ADEM 7BB J>; :;J7?BI E< ED; <KBB 9O9B; E< 7 JHK; F;H?E:?9 <KD9J?ED� J>;D M; ADEM J>; IJ7J; E< J>; <KD9J?EDXI EKJFKJI
7J�7BB�J?C;I��<KJKH;�7D:�F7IJ��#D�J>?I�9>7FJ;H��M;�M?BB�?DL;IJ?=7J;�L7H?EKI�;N7CFB;I�E<�F;H?E:?9�<KD9J?EDI�

�B1@89>7�)9>5�1>4��?C9>5��E>3D9?>C

,;97BB J>7J J>; 9EI?D; 7D: I?D; <KD9J?EDI H;B7J; H;7B DKC8;H L7BK;I JE J>; V 7D: �9EEH:?D7J;I E< 7 FE?DJ ED J>; KD?J 9?H9B;� -E
M>7J :E J>;O BEEA B?A; ED 7 =H7F> ED 7 9EEH:?D7J; FB7D;� &;JXI IJ7HJ M?J> J>; I?D; <KD9J?ED� 1; 97D 9H;7J; 7 J78B; E< L7BK;I 7D:
KI;�J>;C�JE�IA;J9>�7�=H7F>� .78B;�� B?IJI�IEC;�E<�J>;�L7BK;I�<EH�J>;�I?D;�<KD9J?ED�ED�7�KD?J�9?H9B;�

*12<5��
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*BEJJ?D=�J>;�FE?DJI�<HEC�J>;�J78B;�7D:�9EDJ?DK?D=�7BED=�J>;�>EH?PEDJ7B�7N?I�=?L;I�J>;�I>7F;�E<�J>;�I?D;�<KD9J?ED��-;;  ?=KH;���

�97EB5��� ��=H7F>�E<�I?D�J��

(EJ?9; >EM J>; I?D; L7BK;I 7H; FEI?J?L; 8;JM;;D 
 7D: M>?9> 9EHH;IFED: JE J>; L7BK;I E< J>; I?D; <KD9J?ED ?D GK7:H7DJI
# 7D: ## ED J>; KD?J 9?H9B;� 7D: J>; I?D; L7BK;I 7H; D;=7J?L; 8;JM;;D 7D: M>?9> 9EHH;IFED: JE J>; L7BK;I E< J>; I?D;
<KD9J?ED�?D�GK7:H7DJI�###�7D:�#0�ED�J>;�KD?J�9?H9B;��-;;  ?=KH;�
�

�97EB5�
� *BEJJ?D=�L7BK;I�E<�J>;�I?D;�<KD9J?ED�7D:�H;B7J?D=�J>;C�JE�J>;�KD?J�9?H9B;�

(EM B;JXI J7A; 7 I?C?B7H BEEA 7J J>; 9EI?D; <KD9J?ED� �=7?D� M; 97D 9H;7J; 7 J78B; E< L7BK;I 7D: KI; J>;C JE IA;J9> 7 =H7F>� .78B;
� B?IJI�IEC;�E<�J>;�L7BK;I�<EH�J>;�9EI?D;�<KD9J?ED�ED�7�KD?J�9?H9B;�

*12<5��

�I�M?J>�J>;�I?D;�<KD9J?ED��M;�97D�FBEJI�FE?DJI�JE�9H;7J;�7�=H7F>�E<�J>;�9EI?D;�<KD9J?ED�7I�?D  ?=KH;���
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�97EB5��� ��=H7F>�E<�9EI�J��

Domain and Range

1; >7L; 9H;7J;: J>; =H7F>I E< J>; I?D; 7D: 9EI?D; <KD9J?EDI 8O <EBBEM?D= 7 FE?DJ <HEC J>; FEI?J?L; N 7N?I ED; 9ECFB;J; HEJ7J?ED
9EKDJ;H9BE9AM?I; 7HEKD: J>; KD?J 9?H9B;� .>?I HEJ7J?ED =;D;H7J;I ?DFKJ L7BK;I 8;JM;;D 
 7D: 1; ADEM J>7J M; 97D
9EDJ?DK; JE JH7L;B 9EKDJ;H9BE9AM?I; 7HEKD: J>; KD?J 9?H9B; EL;H 7D: EL;H 7=7?D� 7D: =;D;H7J; B7H=;H 7D: B7H=;H FEI?J?L; ?DFKJ
L7BK;I� .>7J C;7DI J>7J M; 97D 9EDJ?DK; JE =;D;H7J; I?D; 7D: 9EI?D; L7BK;I <EH 7DO FEI?J?L; ?DFKJ L7BK;� &?A;M?I;� M; 97D IJ7HJ
7J J>; FEI?J?L; N 7N?I� 7D: JH7L;B 9BE9AM?I; 7HEKD: J>; 9?H9B;� )D; H;LEBKJ?ED ?D J>; 9BE9AM?I; :?H;9J?ED =;D;H7J;I ?DFKJI IJ7HJ?D=
7J 
 7D: :;9H;7I?D= JE �=7?D� I?D9; M; 97D 9EDJ?DK; JE JH7L;B 7HEKD: J>; 9?H9B; EL;H 7D: EL;H 7=7?D ?D J>; 9BE9AM?I;
:?H;9J?ED� M; 97D =;D;H7J; I?D; 7D: 9EI?D; L7BK;I <EH 7DO D;=7J?L; ?DFKJ L7BK;� �;97KI; M; 97D ;L7BK7J; J>; I?D; 7D: 9EI?D;
E<�7DO�H;7B�DKC8;H��8EJ>�E<�J>;I;�<KD9J?EDI�>7L;�7�:EC7?D�E<�7BB�H;7B�DKC8;HI�

1>7J 7H; J>; H7D=;I E< J>; I?D; 7D: 9EI?D; <KD9J?EDI� �O J>?DA?D= E< J>; I?D; 7D: 9EI?D; L7BK;I 7I 9EEH:?D7J;I E< FE?DJI ED 7
KD?J 9?H9B;� ?J 8;9EC;I 9B;7H J>7J I?D9; J>; N 7D: O 9EEH:?D7J;I E< FE?DJI ED J>; 9?H9B; CKIJ ;79> 8; ?D J>; ?DJ;HL7B � J>;
H7D=;�E<�8EJ>�<KD9J?EDI�CKIJ�8;�J>;�?DJ;HL7B

Period

#D 8EJ> =H7F>I� J>; I>7F; E< J>; =H7F> H;F;7JI 7<J;H M>?9> C;7DI J>; <KD9J?EDI 7H; F;H?E:?9 M?J> 7 F;H?E: E<
� F;H?E:?9 <KD9J?ED ?I 7 <KD9J?ED <EH M>?9> 7 IF;9?`9 >EH?PEDJ7B I>?<J� �� H;IKBJI ?D 7 <KD9J?ED ;GK7B JE J>; EH?=?D7B <KD9J?ED�

<EH 7BB L7BK;I E< ?D J>; :EC7?D E< 1>;D J>?I E99KHI� M; 97BB J>; IC7BB;IJ IK9> >EH?PEDJ7B I>?<J M?J>
J>; @5B9?4 E<�J>;�<KD9J?ED�  ?=KH;��7�7D:��8 I>EM�I;L;H7B�F;H?E:I�E<�J>;�I?D;�7D:�9EI?D;�<KD9J?EDI�

 ?=KH;��7��-?D;�=H7F>�:;CEDIJH7J?D=�7�F;H?E:�
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 ?=KH;��8���EI?D;�=H7F>�:;CEDIJH7J?D=�7�F;H?E:�

Symmetries

&EEA?D= 7=7?D 7J J>; I?D; 7D: 9EI?D; <KD9J?EDI ED 7 :EC7?D 9;DJ;H;: 7J J>; L;HJ?97B 7N?I >;BFI H;L;7B IOCC;JH?;I� �I M; 97D
I;; ?D  ?=KH; �� J>; I?D; <KD9J?ED ?I IOCC;JH?9 78EKJ J>; EH?=?D� ,;97BB J>7J ?D -;9J?ED 
�
� M; :;J;HC?D;: <HEC J>; KD?J 9?H9B; J>7J

J>;�I?D;�<KD9J?ED�?I�7D�E::�<KD9J?ED�8;97KI; (EM�M;�97D�9B;7HBO�I;;�J>?I�FHEF;HJO�<HEC�J>;�=H7F>�

�97EB5��� )::�IOCC;JHO�E<�J>;�I?D;�<KD9J?ED�

 ?=KH; � I>EMI J>7J J>; 9EI?D; <KD9J?ED ?I IOCC;JH?9 78EKJ J>; 8�7N?I� �=7?D� M; :;J;HC?D;: <HEC J>; KD?J 9?H9B; J>7J J>; 9EI?D;

<KD9J?ED�?I�7D�;L;D�<KD9J?ED��(EM�M;�97D�I;;�<HEC�J>;�=H7F>�J>7J

�97EB5��� �L;D�IOCC;JHO�E<�J>;�9EI?D;�<KD9J?ED�

���(��*�(�)*��)�%��)�$���$���%)�$���+$�*�%$)

.>;�I?D;�7D:�9EI?D;�<KD9J?EDI�>7L;�I;L;H7B�:?IJ?D9J�9>7H79J;H?IJ?9I�

[ .>;O�7H;�F;H?E:?9�<KD9J?EDI�M?J>�7�F;H?E:�E<
[ .>;�:EC7?D�E<�;79>�<KD9J?ED�?I 7D:�J>;�H7D=;�?I
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[ .>;�=H7F>�E< ?I�IOCC;JH?9�78EKJ�J>;�EH?=?D��8;97KI;�?J�?I�7D�E::�<KD9J?ED�

[ .>;�=H7F>�E< ?I�IOCC;JH?9�78EKJ�J>;�L;HJ?97B�7N?I��8;97KI;�?J�?I�7D�;L;D�<KD9J?ED�

�>F5CD971D9>7�)9>EC?941<��E>3D9?>C

,;97BB M>;D M; `HIJ :;`D;: I?D; 7D: 9EI?D;� M; H;<;H;D9;: 7D 79KJ; 7D=B; ?D IJ7D:7H: FEI?J?ED 7I J>; ?DFKJ 7D: 7IIE9?7J;:
;79> <KD9J?ED M?J> ;?J>;H J>; EH 9EEH:?D7J; E< 7 FE?DJ ED J>; KD?J 9?H9B;� #D J>; C7J;H?7B J>7J <EBBEMI� M; IM?J9> 879A JE JOF?97B
<KD9J?ED�DEJ7J?ED�?D�J>;�9EEH:?D7J;�FB7D;�M>;H; 7D: M?BB�H;FH;I;DJ�J>;�7D=B;�7D:�DEJ�J>;�9EEH:?D7J;�

�I M; 97D I;;� I?D; 7D: 9EI?D; <KD9J?EDI >7L; 7 H;=KB7H F;H?E: 7D: H7D=;� #< M; M7J9> E9;7D M7L;I EH H?FFB;I ED 7 FED:� M;
M?BB I;; J>7J J>;O H;I;C8B; J>; I?D; EH 9EI?D; <KD9J?EDI� "EM;L;H� J>;O 7H; DEJ D;9;II7H?BO ?:;DJ?97B� -EC; 7H; J7BB;H EH BED=;H
J>7D EJ>;HI� � <KD9J?ED J>7J >7I J>; I7C; =;D;H7B I>7F; 7I 7 I?D; EH 9EI?D; <KD9J?ED ?I ADEMD 7I 7 C9>EC?941< 6E>3D9?>� .>;
=;D;H7B�<EHCI�E<�I?DKIE?:7B�<KD9J?EDI�7H;�

7D:

�5D5B=9>9>7�D85�&5B9?4�?6�)9>EC?941<��E>3D9?>C

&EEA?D= 7J J>; <EHCI E< I?DKIE?:7B <KD9J?EDI� M; 97D I;; J>7J J>;O 7H; JH7DI<EHC7J?EDI E< J>; I?D; 7D: 9EI?D; <KD9J?EDI� 1; 97D
KI;�M>7J�M;�ADEM�78EKJ�JH7DI<EHC7J?EDI�JE�:;J;HC?D;�J>;�F;H?E:�

#D J>; =;D;H7B <EHCKB7� ?I H;B7J;: JE J>; F;H?E: 8O #< J>;D J>; F;H?E: ?I B;II J>7D 7D: J>;

<KD9J?ED KD:;H=E;I 7 >EH?PEDJ7B 9ECFH;II?ED� M>;H;7I ?< J>;D J>; F;H?E: ?I =H;7J;H J>7D 7D: J>; <KD9J?ED

KD:;H=E;I 7 >EH?PEDJ7B IJH;J9>�  EH ;N7CFB;� IE J>; F;H?E: ?I M>?9> M; AD;M� #<

J>;D IE J>; F;H?E: ?I I?D9; J>; =H7F> ?I 9ECFH;II;: >EH?PEDJ7BBO 8O 7 <79JEH E< �	�� #<

J>;D IE J>; F;H?E: ?I I?D9; J>; =H7F> ?I IJH;J9>;: >EH?PEDJ7BBO 8O 7 <79JEH E< �� (EJ?9; ?D

 ?=KH;�� >EM�J>;�F;H?E:�?I�?D:?H;9JBO�H;B7J;:�JE

�97EB5��� .>H;;�I?D;�<KD9J?EDI�M?J>�:?_;H;DJ�F;H?E:I�

#<�M;�B;J 7D: ?D�J>;�=;D;H7B�<EHC�;GK7J?EDI�E<�J>;�I?D;�7D:�9EI?D;�<KD9J?EDI��M;�E8J7?D�J>;�<EHCI

.>;�F;H?E:�?I
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�.�#&"���� ���$*��/�$��*���&�(�%��%����)�$��%(��%)�$�
�+$�*�%$

�;J;HC?D;�J>;�F;H?E:�E<�J>;�<KD9J?ED

�>CG5B

&;JXI�8;=?D�8O�9ECF7H?D=�J>;�;GK7J?ED�JE�J>;�=;D;H7B�<EHC

#D�J>;�=?L;D�;GK7J?ED� IE�J>;�F;H?E:�M?BB�8;

*(/��*���

�;J;HC?D;�J>;�F;H?E:�E<�J>;�<KD9J?ED

�>CG5B

�5D5B=9>9>7��=@<9DE45

,;JKHD?D= JE J>; =;D;H7B <EHCKB7 <EH 7 I?DKIE?:7B <KD9J?ED� M; >7L; 7D7BOP;: >EM J>; L7H?78B; H;B7J;I JE J>; F;H?E:� (EM
B;JXI JKHD JE J>; L7H?78B; IE M; 97D 7D7BOP; >EM ?J ?I H;B7J;: JE J>; 1=@<9DE45� EH =H;7J;IJ :?IJ7D9; <HEC H;IJ� H;FH;I;DJI
J>; L;HJ?97B IJH;J9> EH 9ECFH;II?ED <79JEH� 7D: ?JI 78IEBKJ; L7BK; ?I J>; 7CFB?JK:;� .>; BE97B C7N?C7 M?BB 8; 7 :?IJ7D9;
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