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Abstract
This research examines students’ understanding and ability to work with composition functions
in different representations. Its underlying purpose is to analyze students’ level of procedural
knowledge and conceptual understanding of composite functions and to identify common errors
and misconceptions associated with these functions. It was hypothesized that college students
would incorrectly substitute one function into another when evaluating at a variable.
Furthermore, it was hypothesized that evaluating a function value at a constant would produce
better results as well as working with visual representations, such as tables and graphs. The
results of this study indicate that non-mathematics major college students have neither strong
conceptual understanding nor adequate procedural fluency in terms of composition functions.
However, there was no significant difference between evaluating constants versus variables in
the functions. Additional results revealed that while visual and algebraic representations
produced no significant differences in their means (p-value = 0.545), algebraic notation

negatively influenced students’ solving capabilities (p-value = 0.000).
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Misconceptions with Composition Functions 1

Introduction

This research examines students’ understanding and ability to work with composition
functions in different representations. Specifically, it explores whether they are better able to
evaluate composition functions through the use of tables or graphs compared to algebraic
functions. The study also examines the differences between evaluating composition functions
given a specific value compared to evaluating the functions using a variable. There may be
various reasons behind student difficulty in this area of algebra, whether the difficulties stem
from a lack of student understanding of variables or the students’ inability to work abstractly
with various functions at once.

My interest in this topic developed while working at my undergraduate institution’s
Learning Center as a mathematics tutor. Students often came up for help with compositie
functions. They struggled with the idea of finding the output from one function and using that
value as the input for another function. They specifically struggled when there was not an actual
value to substitute, but rather a variable, leaving an entire function as an input for another
function. There was a general lack of understanding behind what a function and a variable
actually represented, leaving students more confused when they were required to apply this
understanding to a more abstract topic.

Instead of working towards a higher understanding of these concepts, rote memorization
is a technique often used to teach students to work with composite functions. The same two
function names, f and g, are consistently used in textbooks and assessments, and in the same
order for that matter. The intent of this study was to break these established conventions and test

whether students really do have an understanding of composite functions in different forms, or to
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discover where it is, specifically, that they struggle with these functions. The study focuses on

finding the areas of difficulty in order to develop better strategies for teaching these functions.

It is hypothesized that non-major college mathematics students will not be able to
correctly manipulate composition functions. Specifically, when asked to evaluate
composite functions using a variable, students will incorrectly substitute one function into
another. However, students will perform better when given specific values and concrete

representations, such as tables and graphs.

This hypothesis was tested through a formal evaluation and survey that were
administered to a sample of college students from the population. The test was graded and
assessed based upon a scoring rubric. In addition, students responded to a survey that indicated
certain demographics as well as specific struggles they had with the assessment. The data from
these evaluations and surveys was compiled to develop further implications for teaching these
functions in high school class settings.

Before the data was collected, extensive research was done to develop an understanding
of the instructional methods, textbook approaches, and common misconceptions associated with

variables and composition functions.

Literature Review

The purpose of this literature review is to examine students’ abilities in working with
basic functions, as well as composition functions. The review discusses the history of functions
and provides textbook and Regents approaches to teaching composition functions. Examples of

New York State Regents test problems focusing on composition functions have also been



Misconceptions with Composition Functions 3

collected and compared. The review concludes with a discussion of studies and findings of

function and variable misconceptions in the classroom.

History of Algebra and Functions

Although functions appear new to students in middle and high school mathematics
classes, they have been used for hundreds of years and have a long history of exploration, uses,
and geometric approaches behind them. The history and development behind algebra itself has
been studied for many years and provides helpful insight into teaching the various topics within
the subject (Derbyshire, 2006; Karjala, 2012; Katz, 2003).

Basic algebraic concepts can be traced back to the ancient Babylonians, and throughout
history thereafter. The Hellenistic mathematician Diophantus, often considered to be the “father
of algebra”, wrote his famous Arithmetica near the end of the first century AD. It was in this
book that the first forms of algebraic equations and theories of numbers were recorded. Working
its way to the 7" century, Brahmagupta took algebra a step further by listing several methods for
solving linear and quadratic equations in his book, Brahmasphuta-siddhanta (Katz, 2003).

In 820 AD, algebra was listed as its own discipline in the world of mathematics. The
whole basis for modern algebra involves using letters or other symbols to represent numbers or
quantities in formulae and equations. Derived from the word al-Jabr, meaning “restoration”,
Persian mathematician, Muhammad ibn Miisa al-Khwarizmi introduced this new discipline and
identified methods for “reducing” and “balancing” such equations. Though there were many
advances in this subject throughout the years, it was not until the 16™ century that the work of
Francois Viéte gave way to today’s modern algebraic expressions. Viete improved the symbolic
notation for various powers of unknowns and introduced a lot of the formal notation that we still

use today. The tradition of using the variable x to represent unknowns however, was started by
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Rene Descartes in his book, La Geometrie (Karjala, 2012). Descartes is also credited with
coining the term “function” as well as the Cartesian coordinate system, a system we use today to
represent such equations in a geometric point of view.

At the time of such an important development, Descartes and other mathematicians like
Gottfried Leibniz and Peter Dirichlet, developed the ideas of functions to understand their
surroundings. The concept of functions has been altered slightly for today’s mathematical
community. By definition, a function is a correspondence, or rule, that pairs each element of a set

with exactly one element of another set (Karjala, 2012).

Brief History of Algebra and Functions

e 1% Century AD — Diophantus, also known as the “father of algebra”, wrote
Arithmetica, which introduced the first forms of algebraic equations

e 820 AD — Algebra was listed as its own discipline in the world of mathematics

e 16" Century - Mathematicians such as Descartes, Leibniz, and Dirichlet
developed the ideas of functions to understand their surroundings

Figure 1. History of Algebra and Functions.

Although the uses for functions at the high school level are not as involved as Descartes
and Dirichlet applied them, there is a great need to study them. Mathematical vocabulary and
terms are developed and evolved throughout the lessons in algebra that prepare students for
higher level mathematics courses. In algebra, students are specifically exposed to the concept of
composition functions. In composition functions, the output of the first function becomes the
input of the second function. Although composition functions have various representations,

textbook chapters dedicated to teaching this specific concept have the same approaches.
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Textbook Approaches to Teaching Composition Functions

While composite functions have an entire history behind their creation and
representations, most textbooks simply state algorithms for working with or solving the
equations before providing a plethora of sample problems with solutions (Foerster, 2007;
Hornsby, Lial, & Rockswold, 2007; Sullivan & Sullivan, 2011). The same technique applies to
Regents review approaches (Roberts, 2012). There is often little connection between the history,
the algorithms, and the uses for composite functions in mathematics.

Figures 2, 3, and 4 show a collection of common textbook approaches to teaching

composition functions.

Figure 2. A Graphical Approach to Precalculus with Limits by Hornsby, Lial, & Rockswold.
Hornsby, Lial, and Rockswold’s precalculus textbook describes composition functions as
a specific input x going through a ‘machine-like’ figure labeled as function f before moving

through the second function g (2007). After this pictorial representation, the textbook explicitly
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lists the definition in mathematical notations. Comparing this to another textbook, we see similar

representations.

Do of {

Figure 3. Precalculus: Functions and Graphs by Swokowski & Cole.

Similar to the previous textbook, Swokowski and Cole (1994) define composition
functions in formal mathematical notation before providing a diagram to show this process.
Notice how both textbooks describe the functions using f and g. These are the most common

variables textbooks and tests use to describe a specific set of composition functions.

NRPUT 2 — |

Figure 4. Precalculus: Concepts through Functions, a Unit Circle Approach to Trigonometry by
Sullivan & Sullivan.

Following suit with the first two textbooks, Sullivan and Sullivan (2011) list the

definition for composition functions before describing the process in a ‘machine-like’
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representation. Common textbook strategies do not provide an in-depth background and
development of composition functions that would be beneficial for students who are new to this
concept.

While textbooks are better used as a reference for teachers, Regents review documents
show very little difference in methods and strategies for teaching students these concepts. The
methods and ideology for taking the output of one function and inputting it into another function
are laid out in similar models. Figure 5 shows Regents review approaches to teaching these

concepts to students.

f(x)=x+1 g(x) = 2x
Together they create (f o g)(x).

"I'm function g(x). I'll pick up

N R the values from the bl \
1,2, 3, 4 (FE 2 mialy therm il by 2, amd o

Domain of if 0 g)(x) '
= pick up the values from

Range of g(x) - 3 the yellow area, add 1 to

(the y's used) J B each value, and
2 4 6 8 =) o drop them off in

> H E =" the green area."
. Domain of f(x) taxi

Just remember that (I o g)(x) is

really f{g(x)), so start with the :
innermost parentheses. 3 ? 59 7: 9
_ Range of f(x)

Range of (f 0 g)(x)}

. "T'm function f(x). Tl

Figure 5. Regents Review, Composition Functions, Roberts (2012).
Students are abundantly exposed to composition function examples, particularly ones that
come in the generic form of f(x) and g(x). There is often no real-life context taught behind
composition functions, and if students already struggle with the idea of a simple function, they

are going to have an even harder time composing these functions with each other. No matter the
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struggle though, students will find themselves attempting to solve composition functions

throughout state standardized tests.

Standards and Assessments

Although New York’s curriculum has undergone numerous changes through the 20™"
century and into the 21%, not much has changed when it comes to assessing students’
understanding of topics related to composition functions. A comparison of the new Common
Core Standards to past standards and recent Regents examinations shows little change in the
structure and content students are required to know (National Council of Teachers of
Mathematics, 2000; New York State Education Department, 2011). Though the newer standards
provide better structure and a more in-depth description of material to be covered, students are
still required to work with composite functions in various different forms, including functions
and graphs.

While the standards developed by the National Council of Teachers of Mathematics
(2000) are rather vague and broad in their descriptions, New York improved its standards in
2005 when the curriculum changed from the Math A/B courses to Integrated Algebra, Geometry,
and Algebra 2/Trigonometry. Although these standards provided a slightly more in-depth
description for teachers and educators to follow along with, they too appear rather generalized
when compared to the new Common Core Standards outline. New York is following this
Common Core curriculum today and though implementation was rather slow and uncertain,
problems found in the first administered test show that little has changed when it comes to the

concepts and requirement for each course.
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In terms of composition functions, the Math B Performance Indicators listed Indicator 7A
as using function vocabulary and notation, which included notation for “absolute value,
composite functions” (Math B citation NYSED). In indicator 7J, the standards also listed
evaluating composite functions as well as using composite functions in problem-solving
situations. Common Core states that students should be able to “build a function that models a
relationship between two quantities” (CC citation). Namely, in standard F-BF.1.C, students
should be able to “compose functions”, as well as “verify by composition that one function is the
inverse of another” as stated in standard F-BF.3.B (CC citation). While these standards do not
explicitly state the same principles, state assessments show that there was no change in learning
requirements between the curricula.

Considering the important applications composition functions have in everyday life,
especially in the field of computer science, their presence has been plentiful in past standards and
assessments. Even with the constantly changing standards and curricula stated above, problems
involving composite functions have appeared in almost every Algebra 2/ Trigonometry New
York State Regents assessment. Figure 6 shows some recent New York State Regents

Assessment problems involving composite functions.
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Exam Problem
June 2008 Math B If f(x) = x% + 4 and g(x) = V1 — x, what is
Problem 6

the value of f(g(—3))?
(1) 2iV3 (3)8
(2) 2 (4) 13

June 2009 Math B
Problem 21

If f(x) =x%+4and g(x) = 2x + 3, find
flg(=1)).

January 2011 Algebra 2/ Trigonometry
Problem 9

If f(x) =x%—5and g(x) = 6x, then
g(f(x)) is equal to
(1) 6x3 — 30x

(2) 6x2 — 30

(3) 36x2 -5
(4)x% + 6x —5

June 2011 Algebra 2/ Trigonometry
Problem 35

If f(x) =x%—6and g(x) = 2* — 1,
determine the value of (g o f)(—3).

January 2012 Algebra 2/ Trigonometry
Problem 4

If £(x) = 4x — x% and g(x) = % then
(fog) G)is equal to
W @-2 @I @4

June 2014 Algebra 2/ Trigonometry
Problem 19

If f(x) =2x?—-3x+1and g(x) =x + 5,
what is f(g(x))?

(1) 2x2+17x+36 (3)2x*—3x+6
(2)2x2+17x+ 66  (4)2x* —3x + 36

June 2015 Algebra 2/ Trigonometry
Problem 3

If f(x) =2x? + 1and g(x) = 3x — 2, what
is the value of f(g(—2))?

(1) =127 (3) 25

(2) —23 (4) 129

August 2015 Algebra 2/ Trigonometry
Problem 30

If f(x) =x?—xand g(x) = x + 1,
determine f(g(x)) in simplest form.

Figure 6. NYS Regents Problems Regarding Composition Functions.

While the problems in Figure 6 all look slightly different, they are each asking the

students to evaluate or express a composite function. Sometimes the questions are asked in a

multiple choice format, while other times, students must show their work as well as their answer.

Although there are various notations used in the above assessments, each problem asks test
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takers to find the composition of £(g(x)), the most commonly used letters and order for
composite functions. A student can almost immediately recognize a composition function just
from the general observation of these two function names. The question begs, if it is so easy to

recognize a composition function, why is it that students struggle so much with these concepts?

Misconceptions about Composition Functions

Functions provide a constant struggle between students and teachers, especially in the
beginning years of algebra. Letters, representing variables, have no place in the lessons and when
they are introduced, students lack understanding and are unable to grasp the ideas of
generalization. Studies show distinct misconceptions, misapplications, and a general lack of
understanding behind formulas and variables in common mathematics classes (Baroudi, 2006;
Booth, 1988; Carlson, Oehrtman, & Thompson, 2005; Lucariello, Tine, & Ganley, 2014;
McNeil, Weinberg, Hattikudur, Stephens, Asquith, Knuth, & Alibali, 2010). If students cannot
work with and manipulate basic functions and variables, they struggle even more when faced
with composition functions.

There is often an initial conceptual struggle during the transition from basic arithmetic to
the beginnings of algebra. Baroudi (2006) describes the initial difficulties with the notion of
equivalence and working with the four operations in equations. To most young students, the
equal sign means “carry out the operation”. They have been constantly subjected to arithmetic
problems in which this symbol always appears at the end of an equation and only one number
comes after it. There is no connection between the equal sign and the relationship of the values
on each side of it. When this initial struggle is coupled with the introduction of letters into
equations, and teachers often find themselves faced with at least a few misconceptions from their

students in algebra classes.
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The majority of misconceptions in algebra come from the lack of understanding behind a
variable. Students hold many different ideas about what a variable actually is, if they even
consider it at all. Lucariello et al. (2014) describe the first fallacy as consistently ignoring the
variables. In their study, when participants were asked to “Add 4 onto n + 57, 20% of their
students gave an answer of 9, suggesting that they simply ignored the variable n altogether.
While this misconception is rather easy to address, others prove harder.

The second, and most common, misunderstanding behind variables is the notion that a
variable is a label for an object. Often referred to as the “fruit salad algebra” approach, teachers
try to foster connections between abstract symbols and the real world. When introducing
algebraic expressions, teachers describe scenarios such as a number of apples and bananas, and
relate these quantities to the variables a and b. While this is an understandable attempt to
showcase what a variable actually is, students fall into the idea that literal symbols stand for
labels instead of quantities (McNeil et al., 2010). An erroneous notion that S was a label for an
object (students), as opposed to a variable (number of students), led 37% of participants in
Lucariello’s study to incorrectly write “... six times as many students as professors as 6S = P,
instead of the correct S = 6P” (p. 31; 2014). Lucariello, Tine, and Ganley (2014) also asked
participants what t represented in the expression t + 4. A common answer was “time” instead of
“any number”.

Teachers are not completely to blame though when it comes to this most common
misunderstanding. McNeil and his colleagues also performed a textbook analysis of variable
representations in their 2010 study and observed that mnemonic letters were abundant in
algebraic examples relating to word problems. However, although these mnemonic letters

showed up periodically, there was never an instance in which the symbols were presented in a
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misleading way as abbreviated words, such as “c could stand for ‘cat’, so 5¢ could mean ‘five
cats’” (p. 631).

While the above misconception is the most common, teachers also tend to see students
fall into the belief that a variable is a specific unknown, never changing. In this case, students
believe that a variable can only represent one fixed value, i.e. a constant. They do not fully
understand that it can represent multiple values, in cases such as functions (Lucariello, Tine, &
Ganley, 2014). This common misconception is not new to the world of algebra. Booth (1988)
describes this same notion in her analysis of children’s difficulties in beginning algebra. She
notes the strong tendency for letters to be regarded as standing for specific unique values, as in
x + 3 = 8, rather than general variables, as in x + y = y + x. This misleading idea can also lead
children to assume that different letters must therefore stand for different numerical values. In a
conversation recorded between a student and Booth, when asked if the statement x + y + z =
X + p + z was always true, the student stated that it would never be true because “p has to have a
different value from y and the other values” (p. 304).

Considering variables are the basis behind functions, it is important for students to have a
thorough understanding of what these letters are actually representing. Once teachers are able to
move beyond these misconceptions of variables in the classroom, they can proceed with teaching
the basis of all higher level mathematics: functions. Students are often taught functions in terms
of machines, where there is an input, it goes through the machine (or assigned operations), and
comes out of the machine as an output. However, even thinking of functions in this context can
be a major challenge for students. In 2005, Carlson, Oehrtman, and Thompson conducted a study
on A-students at the completion of college algebra, and found that when asked to find f (x + a),

43% of them added a onto the end of the expression for f rather than substituting (x + a) into
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the function, interpreting f (x + a) as f(x) + a, which are typically not equivalent. Clearly, the
students were not thinking of (x + a) as an input to the function.

Another misconception Carlson and her colleagues found behind functions was the idea
that constant functions (such as y = 5) were not functions because they do not vary. Students
similarly often view functions “as two expressions separated by an equal sign” (p. 2). Carlson,
Oehrtman, and Thompson state that such an impoverished understanding of functions is
insufficient to serve as a base for a rich conceptual understanding of more advanced

mathematics.

Top Three Misconceptions with Variables

e Students simply ignore the variable in the expression or equation.
e Students believe the variable is an abbreviation for an unknown.
e Students believe the variable is a specific unknown.

Figure 7. Top Misconceptions with Variables
According to Dubinsky and Harel (1992), there are two parts to the development of
understanding functions. Students begin in what is called the action view of functions:

An action conception of function would involve the ability to plug numbers into

an algebraic expression and calculate. It is a static conception in that the subject
will tend to think about it one step at a time (e.g., one evaluation of an expression).
A student whose function conception is limited to actions might be able to form the
composition of two functions, defined by algebraic expressions, by replacing each
occurrence of the variable in one expression by the other expression and then
simplifying; however, the students would probably be unable to compose two
functions that are defined by tables or graphs.

Once students are successful in the action view of functions, they should begin to move
into what is known as the process view. In contrast to the limitations of the action view,
Dubinsky and Harel (1992) state that,

A process conception of function involves a dynamic transformation of
quantities according to some repeatable means that, given the same original
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quantity, will always produce the same transformed quantity. The subject is

able to think about the transformation as a complete activity beginning with

objects of some kind, doing something to these objects, and obtaining new

objects as a result of what was done. When the subject has a process conception,

he or she will be able, for example, to combine it with other processes, or even

reverse it. Notions such that 1-1 or onto become more accessible as the students’

process conception strengthens.

Taking these two stages into consideration, teachers need to foster an environment
conducive to this movement from action view to process view. Carlson, Oehrtman, and
Thompson (2005) developed a list of recommendations for fostering a process view. The first
recommendation is to “ask students to explain basic function facts in terms of input and output”
(p. 12). For example, teachers can have students determine whether (f o g)~tis f~to g7t or
g~ 1o f~1 and explain their reasoning. Most students will struggle if still in the process view, but
drawing representations and diagrams can help them to move past this struggle and into the
action view of functions.

Other recommendations from Carlson and her colleagues include asking students about
the action of functions on entire intervals in addition to single points, or asking students to make
and compare judgments about functions across multiple representations. Giving students a strict
algebraic view of functions restricts their ability to move into the process view. Allowing them to
see functions in multiple formats such as graphs and tables gives them the ability to work with
and truly understand functions, and move beyond just basic applications and manipulations.

Students have a lot of background material to cover before they can actually begin to
work with and understand composite functions. Beyond the struggles of understanding just what
a variable is, students must come to terms with the ideas and concepts of a function. Moving

from the action view to the process view of functions finally allows students to not only work

with composite functions, but understand the basis behind them as well. Working their way past
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the dozens of possible misconceptions involved with variables and functions, students would
finally be able to conceptualize and compute composition functions in various applications. In
order to develop a better understanding of student misconceptions of composition functions, this

study sought out common and unusual errors.

Experimental Design and Data Collection

This experiment was designed to test the hypothesis that non-major college mathematics
students would struggle when asked to solve composition functions in various representations.
The instrument consisted of seven items, in which students were asked to manipulate
compositions functions algebraically, graphically, and using a table of values. Problems were
generated based on standard textbook application problems and suggestions by university
faculty. Each problem was evaluated to determine what types of mistakes were frequently made
and whether students performed better with a certain representation. The evaluation was

followed by a brief survey to gather information on the participants’ mathematics background.

Participants

This study was conducted at a comprehensive, selective, public, residential, liberal arts
university located in the Northeast. With approximately 5,000 students, the majority of these are
originally from surrounding counties such as Chautauqua, Erie, Cattaraugus, and Monroe. The
remaining population comes from more eastern parts of the state, other states, and foreign
countries. As of 2014, the undergraduate student population consisted of approximately 79%
Caucasians, 5.6% African Americans, 5.9% Hispanic, 3.9% Asians, 2.2% Multiple Races, and
0.4% American Indians.

Fourty-four college students participated in this study. They were either enrolled in

University Calculus | or Survey of Calculus I, mathematics courses for both non-majors and
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math majors. The breakdown of these students is as follows: 23 males and 21 females, 24
freshmen, 12 sophomores, five juniors, and three seniors. Written consent was received from the
group of participants prior to the study (see Appendix C). The researcher also completed the

Human Subjects training and received approval from the University to conduct the research.

Participants Overall Undergraduate Population

Gender Number of Students Race Percent of Students
Male 23 Caucasian 79
Female 21 African American 5.6
Grade Level Number of Students Hispanic 5.9
Freshman 24 Asian 3.9
Sophomore 12 Multiple Races 2.2
Junior 5 American Indians 0.4

Senior 3

Figure 8. College Student Participant Demographics.

The above figure summarizes the participant demographics. Participants completed an

mnstrument that was based on various elements of the study.

Design

The experiment was designed to test the hypothesis that college students would struggle
to correctly manipulate composition functions, suggesting that there is little understanding
behind these functions, or functions in general. The experiment consisted of a seven-problem
assessment followed by a short survey to gain information about the students’ mathematical
backgrounds. All items in the instrument were administered to the participants by a third party

other than their course instructor. All data was collected at the beginning of the Calculus classes.

- 44 participants Representation included:
- 7 item assessment - Algebraic
- Time: 15 minutes - Graphical
- Follow- up survey on math background - Table of Values

Figure 9. Summary of Participants and Instrument.
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Students were given 15 minutes to complete the seven-problem assessment which
consisted of composition functions given algebraically, graphically, or in a table of values. They
were given 5 minutes to complete the post-survey, which consisted of eight questions, asking the
students to describe their mathematical background and their understandings of functions and

variables.

Instrument ltems and Justification

Students were given 15 minutes to complete the assessment. Each problem was used to
assess the students’ ability to manipulate a composition function in a specific representation. The
first set of problems involve algebraic equations and manipulation. These problems and the

justification for placing them on the assessment can be seen in Figure 10.

Statement Used to Asses:

1. Given f(x) = 2x + 3 and g(x) = x> + 5, | Whether students can solve composition

find f(g(x)) in simplest form. functions using algebraic notation and
variables.

2. Given f(x) =3x+ 2and g(x) = x® + 4, | Whether notation effects a student’s ability
find (f o g)(x) in simplest form. to solve composition functions.

3. Given f(x) = 2x + 2 and g(x) = 3x? + 1, | Whether students perform better when

find f(g(z))_ substituting a specific value compared to a
variable.

4. Given f(x) = —2x +5and g(x) = Whether students understand the order of a

Vx + 9, find (g ° f)(x). composition function, or if they simply

memorize the fact that the function g usually
comes before the function f.

Figure 10. Instrument Justification of Algebraic Problems.

Problems one through four test the participants” ability to work with composition
functions in algebraic terms. Do they understand notation? Does solving for a specific value help
or hinder their ability to solve? Do they understand the difference in orders of functions?

Comparatively, problems five through seven test the student’s ability to work with composition
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functions using different representations, such as a graph, table, or word problem. Figure 11 lays

out these problems and their justifications.

Statement

Used to Asses:

5. Given the following table, evaluate g(f( 2)).

X 1 2 | 3] 4|5
fx)] 1 5 7 | 2 6
gx)| =21 3 6 | 5| 8

How students perform when asked to
evaluate composition functions using a table
of values.

6. Use the following graph to evaluate f(g(1)).
f r=g69

y=f)

i 3 \ i

How students perform when asked to
evaluate composition functions using a
graphical representation.

7. You work forty hours a week at a furniture
store. You receive a $220 weekly salary, plus a
3% commission on sales over $5000. Assume
that you sell enough this week to get the
commission. Given the functions f(x) = 0.03x
and g(x) = x — 5000, which of the following
functions represents your commission?

(feg)x)or (geof)x)

Whether students can identify the order of a
composition given a problem involving real
world application.

Figure 11. Instrument Justification of Visual Representation Problems.

The last set of problems offer students different representations of composite functions to

work with. They are used to assess which representations students perform better with, if any.

The final problem lays out a real-world problem involving composite functions and asks students

in which order each function should be used to compute a weekly commission. The seven
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problems work together to generate different information pertaining to student performance with
these functions.
Once the students completed the assessment, they were asked to complete a short survey

describing their mathematical background. The survey can be seen in Figure 12 below.

Please answer the following survey questions to the best of your ability.

What gender do you associate with?

What is your declared major?

What was the highest level of math you took in high school?

Circle your class standing: ~ Freshman Sophomore Junior Senior

What problem did you struggle with the most? Why?

Describe in words what you think a composition function is.

In algebra, I struggle when working with (circle all that apply):
a. Constants b. Variables c. Graphs d. Tables

In algebra, | believe a variable is:

Figure 12. Participant Follow-up Survey.

The purpose of the survey was to gain some background information into each student’s
math history. Students with a stronger background in mathematics would assumedly do better
with solving these problems. The researcher was also interested in the participants’ beliefs
behind variables in algebra.

The assessment was developed over the course of a semester and was piloted to various
non-mathematics major students to gain more insight into what problems should be asked and

how to word them appropriately. However, none of the piloted students were included in the
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final list of participants. Once the assessment was prepared and solidified, it was administered to
the University Calculus | students. Shortly after, it was scored and analyzed based on the

following methods.

Methods of Data Analysis
Data Collection

This assessment was graded based on both the order in which the students computed each
function as well as the correctness of the computations. In a composition function, the input into
the second function relies on the correct output from the first function, making every
computation equally as important as another. Most problems were graded based on a two-point
value; one point for the correct order of composition and one point for the correct computations
and substitutions. Thus, participants were able to receive partial credit on these problems.
Common mistakes, such as misplacing the input value or function into the second equation, were
tallied and analyzed. Students could receive at most a total score of 13. If a student received a
score of 10 or above, the researcher considered that student to be sufficient in conceptualizing
and computing composite functions at the basic algebraic level. A score below 10 showed a lack
in understanding of composite functions and their computations.

Once the assessments were scored, the researcher was also interested in whether there
was a specific representation participants struggled with, i.e. algebraic, graphic, or table
presentation. Points were then divided between the three different representations and analyzed
to determine whether there was a greater understanding in any one specific representation.

The instrument items can be seen in both the ‘Instrument Items and Justification’ section

as well as in Appendix A. The following figure shows the scoring rubric for each of these items.
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Number Points Awarded (Total of 13 possible points)
1 — 4 Algebraic 1 — Correct order of functions
Composite Functions 1 — Correct computations (inputs and outputs)
5 — Table of Values 1 — Correct order of functions
1 — Correct inputs and outputs
6 — Graphically 1 — Correct order of functions
1 — Correct inputs and outputs
7 —Word Problem 1 — Selects correct order for composition functions

Figure 13. Instrument Scoring Rubric.

Once scores were tallied, the results were analyzed using the following methods.

Descriptive and Inferential Statistics

When the data collection process was completed, results were developed through the use
of Minitab. Areas of interest in this sampled assessment included a variety of comparisons to
determine the results of the hypothesis. Such comparisons included a ranking of the problems,
from easiest to hardest based on student performance, as well as an analysis of the mean scores
within each type of representation. Other means were compared to determine if composition
function notation played a factor in a student’s ability to solve algebraically. These differences in
means and their p-values were calculated through an analysis of variance (ANOVA) test on
Minitab.

In determining the easiest and hardest problems for students, an ANOVA test was
performed as well as a Tukey test and results were graphed based on the problem and its mean
score. An ANOVA test was similarly performed to compute p-values for the difference in means
of the algebraic versus visual representations as well as the difference in means for problems 1
and 2 which differed in algebraic function notation.

Further questions arose when assessment scores were compared to the survey results.
Questions such as whether test takers are accurately able to predict the most difficult problems,

or whether gender played a role in scores, were answered through survey and assessment
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analysis. An ANOVA test was used to compare both the differences in means of the Survey of
Calculus class and University Calculus class, as well as the difference in means between genders
in each class. Graphs supporting the results were also created in the process. A final graph was
produced to ‘see” which problems the students predicted were the hardest to compare to the
actual mean results.

Student work samples were also studied individually to determine both common and
unusual approaches and mistakes in solution methods. The results of the ANOVA tests and each
of the above comparisons led to key results about the hypothesis as well as further implications

for teaching.

Results

Throughout this study, the researcher sought to determine whether students performed
better with variables or constants as well as whether visual representation helped or hindered

their performance.

Quantitative Test Results

There were five main results that developed from this study:

1. Students, in general, have neither a strong conceptual understanding, nor procedural
fluency with composite functions.
With an overall average score of 6.112 out of 13.000 points, the assessments showed
minimal understanding from students in terms of their ability to work with and compute

composition functions (p-value = 0.000, x; = 0.682,x; = 0.193, ..., x; = 0.545).



Misconceptions with Composition Functions 24

2. Algebraic notation significantly influenced students’ abilities to accurately manipulate
composition functions.
Students performed better when an algebraic composition function was represented in
the form of f(g(x)) rather than the less common notation of (f o g)(x) (p-value =
0.000,x; = 0.682,x, = 0.193).

3. There was no significant difference in performance with variable inputs compared to
numerical inputs.
Students who were able to compute a composition function using variable inputs were
also capable of computing similar composition functions using numerical inputs (p-value
= 1.000,x; = x3 = 0.682).

4. There was no significant difference in performance between algebraic representations
and visual representations of composition functions.
While students did perform slightly better when given a table of values or a graph to
represent a composite function, there was no significant difference in the means (p-value
= 0.545,%; = 0.232, %, = 0.295).

5. a. Asignificant difference existed between University Calculus | scores and Survey of
Calculus I scores.
University of Calculus | students performed significantly better than the students in
Survey of Calculus | (p-value = 0.001,x; = 0.576, x5 = 0.424).
b. There was no significant difference between scores for males and females.
While women generally performed better in both classes, there was no significant

difference in scores between genders (p-value = 0.081).
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Each of the 5 main results are explained in detail next, with sample work from specific

participants included.

Result 1: Students, in general, have neither a strong conceptual understanding, nor

procedural fluency with composite functions.

The participants in the study had an overall average score of 6.115 out of 13, with scores
ranging from a O to a perfect score, showing that while some had a relatively strong procedural
fluency, many had little to no understanding of composite functions as a whole. In fact, when
asked to define what a composition function was on the survey, many participants had a response

similar to the one found in Figure 14 below.

Figure 14. One Participant’s Response to the Definition of a Composition Function.

Problems were ranked individually by means, and then compared to the survey results for
predicted hardest problem. Students performed the best on problems 1 and 3, which required
algebraic solutions. They struggled the most with problem 2, which required algebraic
computations as well, but used different composition notations. When asked what problem
participants struggled with the most on the survey, 11 out of the 33 who responded concluded
that problem 2 was the hardest for them. The following figure shows each problem’s mean score
as well as how many participants predicted the problem to be the hardest (Note that only 33 of

the 44 participants answered the survey question).
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Problem Number Mean Score Rank (Based on Predicted
Difficulty Level)
1 0.68 2
2 0.19 11
3 0.68 1
4 0.30 4
5} 0.51 5}
6 0.42 5
7 0.55 5

Figure 15. Mean Scores by Problem Versus Predicted Struggles.

It is clear, through comparison of the means and predictions, that students knew which
problems they struggled with the most. Looking at Figure 15, there is a significant difference
between the means on problems 1 through 4, which all involved algebraic composition functions.
This extreme difference leads to the next result.

Result 2: Algebraic notation significantly influenced students’ abilities to accurately
manipulate composition functions.

When asked to evaluate composite functions using the nested notation f(g(x)),
participants scored significantly better with an average of 1.4 out of 2 points compared to an
average score of 0.4 out of 2 when faced with the more formal notation, (f o g)(x). When an
ANOVA test was completed, the data comparison resulted in a p-value of 0.0000, declaring that
there was a statistically significant difference between the scores on problems 1 and 2, which
dealt with difference in notations. This suggests that students perform better with algebraic
representations when given the nested notation instead of the formal composition operator

notation.



Misconceptions with Composition Functions 27

Upon close examination of student responses, a clear misconception was identified in
problems using the formal composition operator notation. Students believed they should multiply
the two given functions together, rather than composing them. Examples of these responses can

be seen in the figures below.

Figure 16. One Participant’s Solution with Composition Operator Notation in Problem 2.

Figure 17. Similar Misconceptions with Composition Operator Notation in Problem 4.

More than half of the student responses looked similar to the ones shown in Figures 16

and 17, implying that students were unfamiliar with this relatively common notation.



Misconceptions with Composition Functions 28

Result 3: There was no significant difference in performance with variable inputs compared to

numerical inputs.

There was little difference in student performance when asked to evaluate composite
functions involving variable and numerical inputs. In fact, the means for problems 1 and 3,
which were isomorphic besides the inputs, were identical. If participants were able to accurately
compute a composition function using a variable, they were then also able to compute an
isomorphic function using a numerical input. Means for problems 1 and 3 were both equal to 1.4
out of 2 points, or 70% accuracy. Figure 19 shows a particular student’s correct solutions to both
questions 1 and 3. Note that both solutions apply the correct order of functions as well as use the

correct first output as the second input.

Figure 18. One Student’s Correct Solutions to Problems 1 and 3.

Participants who did not earn full credit on problems 1 and 3 either left the problems
blank or simply applied the functions in the incorrect order. The latter group scored partial credit

on these solutions.
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Result 4: There was no significant difference in performance between algebraic

representations and visual representations of composition functions.

Problems 1 through 4 in the assessment focused on evaluating composition functions in
algebraic notation, whereas problems 5 through 7 were centered on solving visual
representations. While there was no statistically significant difference between the two sets of
problem scores, participants did perform slightly better on the visual representations, with a
mean of approximately 0.49. Comparatively, the mean score for algebraic representations was
approximately 0.46. When an ANOVA test was performed on the data, a p-value of 0.545 was

generated.

Result 5: A significant difference existed between University Calculus I scores and Survey of
Calculus I scores. However, there was no significant difference between scores for males and

females.

Assessments were given to both the Survey of Calculus I students and the University
Calculus I students. The performance of an ANOVA test between the two classes returned a p-
value of 0.001, implying that a significant difference exists between the scores. Students in
University Calculus | had a mean score of 58%, or an average of 7.5 out of 13 points. On the
other hand, students in Survey of Calculus | had a mean score of 42%, or an average of 5.5 out
of 13 points. Comparatively, students in University Calculus I tend to have majors geared
towards STEM careers while students in Survey of Calculus I are business-focused
concentrators. There is also a difference in rigor between the two courses and furthermore,
University Calculus | is 4 credits, while Survey of Calculus I is only 3 credits. The researcher

believes these factors were influential in the results of the two classes.
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When comparing scores between genders, females generally performed slightly better.
However, when an ANOVA test was performed, a p-value of 0.144 was returned, implying that

there is no statistically significant difference between the scores.

These five major results provided a great amount of insight into the misconceptions
students have with composition functions. Contrary to the hypothesis, there was very little
difference between a student’s ability to work with variables compared to working with constant
inputs. Similarly, visual representations did not provide a significant difference in understanding
when compared to an algebraic representation. The majority of students’ struggles came from the
notation used to represent the composition function when working with algebraic
representations. While nested notation provides a stronger understanding and better results,
students hold various misconceptions with the more formal composition operation notation.

The purpose of this study was to ultimately improve teacher strategies and techniques in
the classroom with respect to teaching composition functions. Various implications for teaching

emerged from these particular results and misconceptions.

Implications for Teaching

This study tested students’ procedural ability and conceptual understanding in regards to
composite functions. Based on their assessment performance and survey results, multiple
suggestions for improvement in the classroom emerged.

Implication #1: Exposure to both forms of notation should be equivalent.

The most important result that stemmed from this study was about students’
misconceptions with different notations. While the majority of students were able to accurately
compute composite functions using the nested notation, a very small portion of participants were

able to evaluate the functions when presented with the more formal dot notation. When teaching
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these concepts in the classroom, teachers should expose students to one type of notation as often
as the other. This will reduce, if not prevent, students’ misconceptions with the formal
composition operator notation. If educators are not willing to promote equal exposure of the two
notations, we, as mathematical instructors, should think about completely eliminating the formal
notation from the curriculum.

While the formal notation has a rich history behind it, if students do not understand the
meaning of this representation because there is simply not enough time in the classroom, it may
be more beneficial for teachers and students if it is removed from the high school curriculum.
Leaving the lesson for higher education mathematics and STEM students may result in an
enrichment of everyone’s high school math careers. However, with a change like this nowhere in
sight, educators should focus on presenting both notations as frequently as possible in the
classroom.

Based on the results from this study, it would be beneficial to teach students the nested
notation first, considering they seem to have a firmer grasp on this concept. Allowing students to
visualize this notation as a string of machines with various inputs and outputs will provide a
strong basis for the students’ conceptual understanding. Once the teacher believes the students
have a strong understanding of composition functions, he or she can move on to teaching visual
representations and the more difficult composition operation notation. Teaching the lessons in
this order will provide students with an in-depth conceptual understanding as well as an equal

exposure to the various representations associated with composition functions.
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Implication #2: Educators need to spend more time teaching the concepts behind
composition functions.

When asked to describe what a composition function was on the follow-up survey, most
participants left the question blank, while only some attempted to construct a response based on
what they had seen from the assessment problems. Based on this response and the assessment
results, it was clear that students had very little conceptual understanding behind what a
composition function is.

While procedural fluency is an important aspect in the classroom, educators should spend
just as much time teaching what a composition function is representing. Through the use of
contextualized tables, graphs, and word problems, students should be able to recognize and
understand the use of composite functions in everyday scenarios. Taking the extra time to
prepare contextualized problems will be immensely beneficial to students’ understanding in the
long run. Teachers should develop problems where students have to decide which function
should be evaluated first based on the scenario, rather than drilling repeated algebraic function
evaluation problems. With a better understanding of what composition functions are, the
procedural fluency aspect of the topic should come with minimal practice.

Implication #3: Students should be exposed to as many representations of composition
functions as possible, including algebraical, using tables, graphically, and through word
problems.

Through the use of various representations, not only will students have a better
conceptual understanding, but their procedural fluency will increase as well. Teachers should
implement as many representations as possible, if only for the sake of the different types of

learners in the classroom.



Misconceptions with Composition Functions 33

Table representations can increase a students’ understanding and ability to work with
functions in general before presenting them with the more common algebraic representations.
Instructors often use tables of values to introduce students to the ideas of a simple function. It
only makes sense then to incorporate these instructional supports when teaching composition
functions. Using tables similar to the one used in this study’s instrument, students will gain a
better understanding of identifying one output from the set of values and then using it as the next
input for the second function. This method explains the ideas of inputs and outputs of functions
particularly well.

While graphs provide the same structural support as tables, they also provide a visual for
students to grasp onto. Graphical representations take the idea of functions one step further by
providing an output for a continuous set of inputs. Students have to work with different axes and
determine which particular inputs and outputs they need to identify from the graph. This
particular representation provides a strong connection to the algebraic counterparts of these
functions. The graph used in this study’s assessment is a good example of this specific
representation.

The last and most unusual representation for composition functions is word problems.
While these types of problems may ultimately prove the hardest for students, they provide the
basis for a strong conceptual understanding of these tougher functions. Students are rarely
exposed to word problems relating to composition functions, and this deficiency is probably one
of the major causes in weak conceptual understanding. Problems like the one posed in this
study’s instrument require students to identify a multitude of mathematical ideas. These include:
Identifying the need for a composition of functions, determining which order the functions

should appear in, writing the composition function in algebraic notation, and possibly evaluating
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the function given a specific value. With all of these beneficial problem solving skills built into
one problem, it poses the question of why we are not using this particular representation more in
the classroom.

Educators should present each of the above representations as often as the next one. In
this manner, students will be exposed to a variety of problems as well as become comfortable
and fluent in each type of problem. Not only do these representations work together to create a
strong conceptual and procedural understanding in students, but they also provide for various
opportunities in advancement. Teachers can use each one of these representations to develop
problems with more than 2 functions, or problems with specific types of higher-level functions,
and challenge the stronger students in the classroom. Incorporating each of these forms in the

classroom will only enhance a students’ learning with regards to composition functions.

Suggestions for Future Research

Although the results of this study showed the biggest misconception to be notation
implications, further research in a high school setting might generate different results. One might
examine students throughout their initial exposure to this topic. Whereas this study focused on
students who should have been exposed to this concept in their high school years, further
observations and assessments can provide more insight into the struggles associated with the

initial grasp on this important aspect in mathematics.

A future study might also include a larger variety of problems so as to be able to compare
and contrast differences between each representation. Specifically, including more word
problems would provide better insight into the conceptual understanding and formation of

composition functions with students. Extending the study to a larger number of participants
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would also provide more conclusive results, as well as stronger implications and suggestions for

improvement.

Concluding Remarks

The motivation behind this study was to determine the major misconceptions students
have in regards to composition functions. Results show that while minor errors often occur
throughout any given problem, students’ biggest struggle appeared in evaluating functions using
different forms of notation. It is clear that students would benefit from equal exposure to the
different notations associated with these functions. Similarly, students should be able to work
with all representations of composition functions. Through a structured and thoughtful approach
to teaching this topic, teachers would be able to provide students with a strong conceptual

understanding and procedural fluency in terms of working with these functions.
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Appendix A

Read each problem carefully. Show all work.

1) Given f(x) = 2x + 3 and g(x) = x? + 5, find f(g(x)) in simplest form.

2) Given f(x) =3x +2and g(x) = x% + 4, find (f o g)(x) in simplest form.

3) Given f(x) = 2x +2and g(x) = 3x2 + 1, find f(g(2)).

4) Given f(x) = —2x+5and g(x) =vVx + 9, find (g o f)(x).
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5) Given the following table, evaluate g(f(2)).

x 1 2 3 4 5
f(x) 1 5 7 2 6
gx) -2 3 6 5 8

6) Use the following graph to evaluate f(g(1)).

a y=2e)

y =fx)

7) You work forty hours a week at a furniture store. You receive a $220 weekly salary, plus
a 3% commission on sales over $5000. Assume that you sell enough this week to get the
commission. Given the functions f(x) = 0.03x and g(x) = x — 5000, which of
(f e g)(x) and (g ° f)(x) represents your commission?
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Appendix B

Composition Functions

Please answer the following survey questions to the best of your ability.

What is your declared major?

What was the highest level of math you took in high school?

40

Circle your class standing: ~ Freshman Sophomore Junior Senior
What problem did you struggle with the most? Why?
Describe in words what you think a composition function is.
In algebra, | struggle when working with (circle all that apply):
a. Constants b. Variables c. Graphs d. Tables

In algebra, | believe a variable is:
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Appendix C

TO: Students in University Calculus 1 / Survey of Calculus | at SUNY Fredonia

FROM: Madison Cole
DATE: 2/9/2016

RE: Consent Form

Purpose, Procedure, and Benefits

7
L X4

7
L X4

7
L X4

The purpose of this study is to determine students understanding and misconceptions
when working with composition functions in various representations.

Participants are asked to simply complete an assessment and short survey at the
beginning of class.

The goal of this study is to improve mathematics instruction in the classroom. This is an
important study because of the potential benefits it may hold for future mathematics
education.

Related Information

R/
A X4

X/
X4

L)

X/
X4

L)

R/
L X4

X/
X4

L)

e

AS

7/ K/
X GIR X 4

You are being asked to participate in a research project.
To participate, you simply have to complete the administered assessment on composition
functions and the attached survey to the best of your ability.
You must be 18 years of age or older to participate.
Participation in this study is voluntary; you are free to withdraw from the study at any
time with no penalty.
By signing the consent form, you are allowing Ms. Cole to use the solutions and
information you provide in the study.
Your grades in University Calculus I will not be affected in any way by this assessment
and survey.
Your name will never be used in any way. The study will not identify you personally.
There are minimal risks, if any at all, in participating in this study. If at any time you
become uncomfortable or feel the need to speak with someone, the instructor and
Principal Investigator are aware of the study and its guidelines, and will be available if
the need arises.
Please remember that this study is an attempt to improve teacher instruction and learning
for future students.
There is no penalty for not signing the consent form.
There is no cost to participate (nor any compensation) to participate in this study.

If you have any questions, please feel free to ask.

** Please sign and return the original consent form to the Principal Investigator**
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Student Consent Form

SUNY Fredonia

Thank you for being a part of this study. Please print and sign your name in the space provided to
show that you have read the above outline of the study and agree to participate. Remember that
signing the form allows Ms. Cole to use your data from the assessment and survey for the
research project. Participation in this study is voluntary.

Voluntary Consent: | have read this memo and | am fully aware of all that this study involves.
My signature below shows that | freely agree to participate in this study and that | am 18 years of
age or older. I understand that there will be no penalty for not participating, nor will there be any
compensation for participating. | understand that I may withdraw from the study at any time, also
without penalty. | understand that my name and any other personal information will be kept out
of the study. I understand that if I have any questions about this study, I may contact Ms. Cole at
mmcole@fredonia.edu.

Please return this original, completed consent form to Ms. Cole. Thank you for your cooperation.

Student Name (please print):

Student Signature:

Date:






