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Abstract

This Curriculum Project presents a collection of lessons designed to incorporate the history of
mathematics and proof in the New York State Next Generation Algebra 1 Standards with the
goal of providing teachers with an alternative instructional approach to teaching Algebra 1. The
lessons were constructed to assist Algebra 1 teachers in engineering lessons that develop
mathematical concepts within their historical context, that is, how concepts were discovered,
proven, and used throughout the course of history. Proof is an essential part of mathematics,
especially as students reach higher level mathematics. Since proof and abstract reasoning are
interconnected, and abstract reasoning is a standard required by the Next Generation Standards
for high school mathematics, this Curriculum Project was designed to support the teaching of

proofs to make abstract reasoning more attainable.
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Introduction

Proof has played a significant role in the secondary mathematics curriculum for more than a
century. The two-column style of proof that high school students use in today’s schools was
developed and proposed in 1913, but the presence of proof in schools was seen even earlier in
history (Herbst, 2002). According to The Oxford Dictionary of Philosophy (2016), proof is
defined as “a sequence of formulae of which each member is either an axiom or is derived from a
set of preceding members by application of a rule of inference, and which terminates with the
proposition proved. The final member of such a sequence is a theorem” (p.386).

According to John Robert Perrin (2008), “even though college bound high school students are
expected to have experience with formal proofs in their advanced mathematics classes, this is not
the reality for many” (p. 342). Unfortunately, students’ abilities to reason abstractly may be
lacking because of limited exposure to mathematical proofs (Perrin 2008). With this, the solution
seems simple. If teachers instructional practices incorporate abstract mathematical proofs then
students will develop more proficient reasoning skills. However, one factor that prevents
teachers from doing this is that proof is a difficult concept for students to understand, even at the
undergraduate level (Weber, n.d.). Consequently, teachers are experiencing another problem, that
is, students are struggling to understand the construction of abstract proof. Likewise, proof is not
valued as being essential for the development of high school students reasoning skills.

Thus, the question becomes how can a teacher successfully implement the use of proof to
develop abstract reasoning skills among high school students? According to Ozdemir, Goktepe,
and Kepceoglu (2012), developing abstract proof with a historical perspective has the potential to
yield positive results (p. 1180). Thus, the purpose of this Curriculum Project is to provide a

historical approach to teaching Algebra 1 topics to support the development of abstract reasoning



skills for high school students. Algebra 1 is the first mathematics Carnegie unit required for high
school graduation for most of the States across the United States (US) (Zinth, 2012). Yet, in New
York (NY) alone, only 70% of Algebra 1 students passed the NY State Algebra 1 Regents Exam.
This means about 84,000 students received failing scores (NYSED Data Site, 2018). The failure
rate seems to indicate that new instructional approaches to teaching the Algebra 1 curriculum is
called for. Thus the lessons provided in this Project were constructed to assist Algebra 1 teachers
to develop mathematical concepts within their historical context. The lessons investigate how
concepts were discovered, proven, and used throughout the course of history with the goal of

supporting the development of abstract and quantitative reasoning skills in Algebra 1 students.

Literature Review

NY State requires that all students pass at least one Mathematics Regents Exam to receive a
Regents Diploma. (Regents Requirements, n.d.). During the 2018-2019 school year, 71% of
students achieved a proficient score on the Algebra 1 Regents Exam (NY State Report Card,
2019). This means that 29% of the students who took the Algebra 1 Regents Exam during the
2018-2019 school year did not successfully complete the first opportunity to satisfy a Regents
Diploma requirement. With this, there is an opportunity for educators to question the
effectiveness of the current Algebra 1 curriculum and consider alternate approaches to the
curriculum.,

History of Mathematics for Teachers

There is research surrounding the use of history in mathematics classrooms that has had
varying perspectives by teachers (Deji¢ & Mihajlovi¢, 2014). In one study, teachers were
observed and questioned about the implementation of the history of mathematics to support the

understanding of their students (Deji¢ & Mihajlovi¢, 2014). Although some teachers were



resistant to the idea, the majority expressed positive attitudes toward the possibility of inclusion
and integration of the history of mathematics into their courses(Deji¢ & Mihajlovié, 2014, p. 23).
“Most of the teachers believe that contents from the history of mathematics help their students to
better understand some mathematical contents, enable them to expand their knowledge, provoke
their curiosity and give them opportunity to connect mathematical contents with learning and
teaching of other subjects and everyday life” (Deji¢ & Mihajlovi¢, 2014, p. 23). The most
significant negative response provided by the teachers was the lack of time to incorporate history
into their mathematics courses and the lack of supportive literature and training for
implementation (Deji¢ & Mihajlovi¢, 2014, p. 26). There were contrasting results regarding the
way teachers believed their pupils perceived the integration of history, including: “the history of
mathematics can only confuse pupils; the history of mathematics is boring for their pupils; their
pupils do not like it; and the pupils themselves do not have enough general knowledge in order to
understand and appreciate such content” (Deji¢, & Mihajlovi¢, 2014, p. 25).
History of Mathematics for Students

Lim and Chapman (2015) further investigated outcomes of integrating a historical context
into the high school mathematics curriculum from the students’ perspective. It was revealed that
mathematical attitudes, anxiety, motivation, and achievement were all positively impacted by the
implementation of the history of mathematics into the curriculum (Lim & Chapman, 2015, p.
196). Student comments also provided adequate feedback about what aspects were favored such
as: students “felt that the use of history as a tool to teach mathematics made the lessons more
fun, enjoyable, and interesting; understanding mathematicians’ motivation for developing
mathematics concepts would allow students to better appreciate the use and value of

mathematics; and the use of history as a tool in mathematics lessons allowed them to better



understand how formulae and notations came about” (Lim & Chapman, 2015, p. 208). However,
some students in the study did not express the same feelings toward the historical
implementation. Some students expressed displeasure in the integration of history based on the
lack of assessment of this material on the exam (Lim & Chapman, 2015, p. 209). Others found
the lessons confusing, but it was noted that some of these students were considered to be weaker
and therefore, implementations with weaker students may require more simplification to yield
positive result (Lim & Chapman, 2015, p. 209).
Abstract Reasoning

According to Shaughnessy (2011) mathematical reasoning has been, and will continue to be, a
major focus of the National Council of the Teachers of Mathematics (NCTM). For example, a
search for mathematical reasoning yields 1,517 NCTM journal articles that address mathematical
reasoning. The Mathematical Association of America (MAA) also stresses the importance of
reasoning. More specifically, showing the long term interest in the development of mathematics
reasoning, the MAA (1923) stated, “Continued emphasis throughout the course must be placed
on the development of ability to grasp and to utilize ideas, processes and principles in the
solution of concrete problems, rather than on the acquisition of mere facility or skill in
manipulation” (National Committee on Mathematics Requirements, 1923, p.11). Today, we can
see a clear push for success in this area with the implementation of the NCTM Standards of
Mathematical Practice, such as “Reason abstractly and quantitatively” (Shaughnessy, 2011).
Thus the continued push for abstract reasoning in high schools indicates that teachers need to be
prepared to teach it. “Instruction that fails to help them [Students] find connections through
reasoning and sense making may lead to a seemingly endless cycle of reteaching” (NCTM,

2009). With this, one must determine how reasoning will be used to facilitate a lesson. It is noted



that although procedural fluency is important in mathematics instruction, it does not offer the
potential for transfer of learning that conceptual understanding and mathematical reasoning do
(Wade, Sonnert, Sadler, & Hazari, 2017). Teachers should focus on selecting worthwhile tasks
that promote reasoning, construct a classroom environment where mathematical thinking is a
daily expectation, constructing meaningful discourse that encourages students to reason, use
various assessments that monitor reasoning, and reflect on teaching practice to ensure it is
promoting reasoning, (NCTM, 2009, p. 3).

Using Proof

According to John Robert Perrin (2008, p.341), “A primary way in which mathematics
students develop reasoning skills is by constructing mathematical proofs.” With this, proof and
reasoning should play a consistent role in high school mathematics classrooms (Perrin, 2008, p.
342). However, Ross (1998, p. 254) mentions the uselessness of completing proofs that do not
lead to understanding or insight. So, what type of proof are high school students expected to be
able to complete? High school students should be expected to produce “A sequence of statements
in which each subsequent statement is derivable from one of the previous statements or from an
axiom of a formal system. The final statement of a proof is usually the theorem that one has set
out to prove” (Darling, 2004, p.258).

Issues related to cognitive development play a significant role in students’ ability to construct
proofs. According to van Hiele’s levels of cognitive development, students pass through five
levels of cognitive development during the study of Geometry proofs, Recognition, Analysis,
Abstraction, Deduction, and Rigor (Hoffer, 1981). Students are unable to skip any of the levels
and must progress through them in order, therefore instruction must be differentiated to

accommodate the various levels of student development. With this in mind, “students will learn



little about advanced mathematics by passively writing down the proofs that the professor
presents on the blackboard, and will learn far more about mathematical concepts and proofs if
they try to construct the proofs themselves” (Weber, n.d.). Upon achieving the fifth level, Rigor,
students will be able to study to the field of mathematics without using concrete models and
“compare systems based on different axioms” (Burger & Shaughnessy, 1986, p. 31).

In an effort to develop these skills so that students can utilize them during high school
mathematics, NCTM (2000) recommends the implementation of proof and reasoning early in the
school curriculum, kindergarten through twelfth grade. In addition, proof should not be
considered a distinct topic in mathematics, rather a way of thinking in all mathematical topics
(NCTM Standards, 2000).

Assessing Reasoning

Formative assessments allow teachers to collect “evidence of students’ reasoning and
misconceptions to use in adjusting instruction” (NCTM 2013, p.1). Black and Wiliam (1998)
found compelling evidence of greater student achievements with the implementation of
formative assessment. More specifically, according to Leahy (2005, p. 19), the successful use of
instruction and assessment should be integrated so well that the two are “blurred” in a classroom
that uses assessment to support learning. “Everything students do—such as conversing in groups,
completing seatwork, answering and asking questions, working on projects, handing in
homework assignments, even sitting silently and looking confused—is a potential source of
information about how much they understand” (Leahy, 2005, p. 19). Implementing this form of
assessment can take on many forms including, creating effective classroom discussion,
questions, and tasks, encouraging students to take ownership of their learning, and assuring that

students can be valuable resources for one another (Leahy, 2005).
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Curriculum Design

The following lessons are to be integrated into the Algebra 1 curriculum as an introduction to
each of the topics. These materials are not intended to be a stand-alone unit of curriculum; each
lesson should be implemented at an appropriate time for the introduction of each topic
throughout the school year. The integration of history into the Algebra I curriculum is also not
limited to these topics.

Each of these topics were chosen based on being an appropriate and attainable level for
Algebra 1 students. Each of these topics can be proven by Algebra 1 students and have the ability
to be taught through a historical context. Although not all of these topics are specifically
referenced in the New York Common Core Next Generation Algebra 1 curriculum, they do serve
a deeper purpose for developing abstract reasoning through proof and they can be integrated
while addressing other specific standards..

Each lesson begins with a historical narrative that can be read by the teacher to class or given
as a prerequisite assignment for the lesson. This narrative is followed by a proof or abstract
investigation of the topic being addressed. Students will engage in the abstract manipulation
associated with each topic to develop the second Common Core standard of Mathematical
Practice which requires students to reason abstractly and quantitatively. Solutions and Keys for

all of the problems provided can be found in the appendix.
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Overview of Lessons

Lesson #1 Details

Topic Pythagorean Theorem

Obijective Students will engage in the history of the pythagorean theorem narrative
and complete Garfield’s proof of the theorem. Then students will solve for
either a leg or hypotenuse in the pythagorean theorem so given values can
be substituted into the formula and unknowns can be determined.

Standard(s) Al-A.CED

4. Rewrite formulas to highlight a quantity of interest, using the same
reasoning as in solving equations.

CCSS.MATH.PRACTICE.MP2 Reason abstractly and quantitatively.

Introduction

Historical narrative

Lesson Body

e Development of Garfield’s Proof
e Practice rewriting equations (these can be homework of the proof
takes longer to complete)

Closure

Discussion about difficulties and strengths. Thoughts from the students.

Lesson #2 Details

Topic Pythagorean Triples

Obijective Students will engage in the history of the pythagorean triple narrative and
investigate the algorithm of finding triples. Then students will reason
through questions about the algorithm and prove that the quantities work
using the Pythagorean Theorem.

Standard(s) AIl-A.CED

4. Rewrite formulas to highlight a quantity of interest, using the same
reasoning as in solving equations.

CCSS.MATH.PRACTICE.MP2 Reason abstractly and quantitatively.

Introduction

Historical narrative

Lesson Body

e Creating Pythagorean Triples
e Reasoning questions about algorithm

Closure

Discussion about difficulties and strengths. Thoughts from the students.



http://www.corestandards.org/Math/Practice/MP2/
http://www.corestandards.org/Math/Practice/MP2/
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Lesson #3 Details

Topic Completing the Square

Objective Students will engage in the history of completing the square narrative and
make connections between the geometric relationship of completing the
square and the algebraic algorithm in order to solve a quadratic equation.

Standard(s) Al-A.REI

4. Solve quadratic equations in one variable.

a. Use the method of completing the square to transform any quadratic
equation in x into an equation of the form (x - p) 2 = g that has the same
solutions. Understand that the quadratic formula is a derivative of this
process.

Al-A.CED
4. Rewrite formulas to highlight a quantity of interest, using the same
reasoning as in solving equations.

CCSS.MATH.PRACTICE.MP2 Reason abstractly and quantitatively.

Introduction

Historical narrative

Lesson Body

e Complete the square to solve for x (Babylonean equation)

Closure

Discussion about difficulties and strengths. Thoughts from the students.

Lesson #4 Details

Topic

The Quadratic Formula (directly follows completing the square)
Note: This lesson requires the knowledge of completing the square.

Obijective

Students will engage in the history of the Quadratic Formula narrative and
construct a proof of the Quadratic Formula. Students will then compare the
results of solving an equation using completing the square and the
quadratic formula.

Standard(s)

Al-A.REI

4. Solve quadratic equations in one variable.

a. Use the method of completing the square to transform any quadratic
equation in x into an equation of the form (x - p) 2 = q that has the same
solutions. Understand that the quadratic formula is a derivative of this
process.

b. Solve quadratic equations by:

iv) completing the square,

v) the quadratic formula



http://www.corestandards.org/Math/Practice/MP2/
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Al-A.CED
4. Rewrite formulas to highlight a quantity of interest, using the same
reasoning as in solving equations.

CCSS.MATH.PRACTICE.MP2 Reason abstractly and quantitatively.

Introduction

Historical narrative

Lesson Body

e Proof of the quadratic formula
e Compare results of completing the square and quadratic formula

Closure

Discussion about difficulties and strengths. Thoughts from the students.

Lesson #5 Details

Topic Irrational Numbers (Square roots)

Obijective Students will engage in the Babylonean history of the square root of 2
narrative and construct a proof of the square root of 2 being irrational.
Students will then identify which square roots are irrational.

Standard(s) AI-N.RN

Use properties of rational and irrational numbers.
3. Use properties and operations to understand the different forms of
rational and irrational numbers.

b. Categorize the sum or product of rational or irrational numbers.

* The sum and product of two rational numbers is rational.

* The sum of a rational number and an irrational number is irrational.

* The product of a nonzero rational number and an irrational number is
irrational.

* The sum and product of two irrational numbers could be either rational or
irrational.

Al-A.CED
4. Rewrite formulas to highlight a quantity of interest, using the same
reasoning as in solving equations.

CCSS.MATH.PRACTICE.MP2 Reason abstractly and quantitatively.

Introduction

Historical narrative

Lesson Body

e Proof that /2 is irrational
e Sums and products of rationals/irrationals practice

Closure

Discussion about difficulties and strengths. Thoughts from the students.



http://www.corestandards.org/Math/Practice/MP2/
http://www.corestandards.org/Math/Practice/MP2/

The Pythagorean Theorem

The Pythagorean Theorem is an equation that represents the
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relationship between the three sides of any right triangle. More -
specifically that the sum of the squares of the two legs equals the
square of the hypotenuse. Q

The Pythagorean Theorem has been a well known topic in Mathematics, even before Pythagoras

was given credit for its existence. Actually, there is proof that the Pythagorean Theorem was
discovered at least 1000 years before the time of Pythagoras. One of the earliest records of the

knowledge of the Pythagorean Theorem was discovered on a Babylonian tablet Plimpton. On

this tablet, a scholar recorded various combinations of the sides of right triangles (Katz, 2018, p.

19). The Babylonians were not the only ones to “discover” the Pythagorean Theorem. The

Chinese and Indians also contributed proofs of the Pythagorean Theorem to the world of

mathematics. There are some records that Pythagoras and his followers also worked on and
studied the Pythagorean Theorem, but he cannot be credited with the discovery. In fact, the

Pythagorean Theorem sparked interest in people throughout history. One of these people is

President Garfield. President Garfield studied many different subjects at William’s College, one

of which was mathematics. Garfield develop his own unique proof of the Pythagorean Theorem

and it was published in the New-England Journal of Education in 1876.

(Kolpas, 2016)
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Garfield’s Pythagorean Theorem

President Garfield was able to create a different proof of the Pythagorean Theorem that used the

following diagram. Suppose we want to show that a’ + b? = ¢ by using the image below.

Let’s start by finding the area of each of the triangles in the diagram.

1. What is the equation for the area of a right triangle?

2. What do you notice about the triangles in this diagram?

3. What is the area of the two smaller triangles?

4. What is the area of the larger triangle?

5. What is the area of the whole figure based on the areas you calculated?



6. What is the equation for the area of a trapezoid?

7. Find the area of this trapezoid?

8. Is this equivalent to the area that you found in #5?

9. Write an equation to represent this relationship. Then solve for c.

16
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Practice Using the Pythagorean Theorem

1. Suppose you have a right triangle with a leg that has a length of 4 and another leg with a
length of 6.
a. What side of the triangle is not known? What variable in the Pythagorean
Theorem does it have to be?

b. Rewrite the Pythagorean Theorem so the variable for the missing side is isolated.

c. Solve for the missing side by substituting in known values.

2. Suppose you have a right triangle with a leg that has a length of 3 and a hypotenuse with
a length of 7.
a. What side of the triangle is not known? What variable in the Pythagorean
Theorem does it have to be?

b. Rewrite the Pythagorean Theorem so the variable for the missing side is isolated.

c. Solve for the missing side by substituting in known values.
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Pythagorean Triples
Pythagorean Triples are sets of three numbers that are the sides of right triangles. If these

numbers are substituted into the Pythagorean Theorem, the resulting equation will be true.

Although their names do not suggest it, Pythagoras was not the first to discover the existence of
these sets of numbers. The idea of Pythagorean Triples has been around since the discovery of
the Pythagorean Theorem itself. The Ancient Babyloneans recorded many of these triples on clay
tablets. Pythagoras studied many different influential pieces of mathematics throughout the
course of his life. Pythagoras’s work with the Pythagorean Theorem sparked an interest in
finding other triangles that had side lengths that required them to be right triangles. Since
Pythagoras knew that the Pythagorean Theorem was true, he was interested in an algorithm that
helped find the sides of right triangles based on some number or numbers. In other words, he
wanted to develop some sort of Pythagorean Triple calculator that would provide him with the
sides of unique right triangles. First, Pythagoras was able to calculate Pythagorean Triples based
on whether he picked an even or odd number. If the number chosen was even, he used one set of
calculations and if he chose a number that was odd, he used a different set of calculations to find
the triples. There is a variation of these algorithms that we use today that requires two numbers.
(Katz, 2018, p.38)

Euclid furthered Pythagoras’s work by stating that the Pythagorean triples are unending.
Much of what he stated about the triplets can be observed by generating unique Pythagorean
Triples using the stated conditions:

1. tand s are whole numbers

2. t>s



3. Iftisodd,siseven. Iftiseven,sis odd.

4. The greatest common divisor (gcd) of t and s is 1.
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It is the 4™ condition that guarantees unique Pythagorean Triples. For example, side lengths of 3

and 4, with a hypotenuse length of 5, is the first and smallest Pythagorean Triple. If we lett be 6

and s be 3, which meets all conditions above except the 4™ condition (because the ged is 2, not 1)

the Pythagorean Triple generated will not be unige. This is because when t=6 and s=3 then t* —

s? is 27; 2ts is 36; and t? + s? becomes 45. This combination of 27, 36, and 45 is not a unique

Pythanorean Triple because when each value is divided by 9 we again have the 3, 4, 5
Pythangoeran Triple.
Use the conditions 1-4 above and generate the first 14 unique

Pythagorean Triples. The chart below has been started with the first

C
row competed. Three additional rows are started to demonstrate
how the conditions are used to generate the t and s values. After
(A
you complete the table of the Pythagorean triples then observe the |_\;—;, C-af}
W +n - |
ll—___———‘_—___—_——J

patterns that are visible in the table. The image used for the

Pythagorean Theorem Theory, above, is shown again here as a reminder that finding

Pythagorean Triples is finding values that meet the conditions of the Pythagorean Theorem.

a b C Check
t? — s? 2ts t? + s?
22-12=3 2*2*1=4 22+1%=5 32+4°=52
9+16=25

25=25
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1. Can the relationships in terms of t and s be used to prove the Pythagorean theorem

algebraically?

2. What is the pattern of the odd and even numbers in the Pythagorean Triples? Describe all of
the odd and even patterns you notice in the Pythagorean Triples above.

3. When tand s are consecutive numbers, what do you notice about the Pythagorean Triples?

4. One of the observations that Euler used to state that there are infinite triples was the
relationship between the differences and sums of two squares. How may his argument have
proceeded from this observation?
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Completing the Square
Completing the square is one of the three ways to sove a quadratic equation that is taught in
Algebra 1. As the name indicates, the process finds a specific number that completes the square,

allowing the roots to be solved for as if the quadratic were factorable.

The idea of solving equations dates back to as early as 2350 BCE during the time of the Ancient
Babylonians. The Babylonians played a important role in the development of mathematical ideas
that we use today. One of their contributions was the method of completing the square.

When the Babylonians developed the idea of completing the square, they were looking to solve
two types of equations: x + bx = c and x? — bx = c¢. To accomplish this, they constructed
visual geometric representations of the equations. However, the use of these geometric models
relied on the calculation of area, so the Babylonians were limited to finding one positive solution
for the equations, and the possibility of negative solutions was completely ignored. The method
of completing the square is literally just that. The Babylonians considered the left sides of the
equations, x? + bx and x? — bx as the area of a rectangle, which has a value of c. They then
removed a rectangle with the area of bx (so the remaining piece was a square) and divided it into
two more rectangles that were both b/2 by x. These new rectangles were attached to the length
and width of the remaining square. The Babylonians simply needed to find the area of a square to
“complete” the diagram so that it too was a square. The question is, “why did they want to do
this?”. The Babylonians knew how to solve equations of the form (x + d)? = e, so if they could
make x2 + bx = c and x? — bx = ¢ resemble the same form, then they could also be solved. By

completing the square, the Babylonians were able to append congruent areas to the geometric
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model and total area c to achieve this form (Katz, 2018, p. 23-25). The image below shows the

process described above that the Babylonians used to complete the square.

< O

Completing the Square Image (https://www.mathsisfun.com/algebra/completing-square.html)

Completing the Square Problems

Let’s walk through the Babylonian process of completing the square to solve x° + bx = c.

1. Factor the left side of the equation.

2. Think of the left side of the equation as the area of a rectangle. The product represents the

length multiplied by the width. **Note: this total area equals c.

3. Now partition the rectangle into a square with an area of x° and a rectangle with an area
of bx.**Note: this total area equals c.
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4. Take the rectangle with an area of bx and divide it in half so we are left with two
rectangles with the dimensions of b/2 by x.**Note: this total area equals c.

5. Rearrange the rectangles so they lie along the length and width of the square. **Note: this
total area equals c.

6. Notice that there is a small square missing from the diagram. If we find the perfect sized
square to fill in the “hole,” our diagram will be a perfect square. What will the area of this

small square need to be?

7. If this square were to be added into the diagram, what would the total area be?

8. Setup the equation that represents the area of the new diagram. Solve for x.
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The Quadratic Formula (To directly follow Completing the Square)
The quadratic formula is a formula, that when used correctly, provides the solution(s) to a

quadratic equation.

The Babylonians used the method of completing the square to create quadratic formulas that
could calculate one positive solution for x* + bx = c and x? — bx = c. As we know, this was an
issue mathematically speaking because quadratic equations have two solutions, although
sometimes both solutions are the same number. There was no way of finding the other solution
to quadratic equations until a mathematician named A1’ Khwarizmi discovered a new formula to
find two solutions for a quadratic equation. He did this by thinking of the method of completing
the square less geometrically and more numerically, so two positive values of x could be
considered. With different variations of this new formula, AI” Khwarizmi could find the
solutions for all forms of quadratic equations that yield positive solutions, not just those of the
form x? + bx = cand x? — bx = c. (Katz, 2018, p.272-3)

A mathematician named Sridhara was one of the first to develop a general formula for the
quadratic equation. However, Sridhara’s original work has been lost and we rely on the work of
another mathematician who quoted Sridhara in his own work a few hundred years after
Sridhara’s death. This quote stated, “Multiply both sides of the equation by a known quantity
equal to four times the coefficient of the square of the unknown; add to both sides a known
quantity equal to the square of the coefficient of the unknown; then take the square root.” (O’

Connor & Robertson, 2000).



Proof of The Quadratic Formula

Let’s see how Al” Khwarizmi came up with his quadratic formula by using the method of
completing the square. We will use the quadratic equation, x> + bx = ¢

Complete the square algebraically. The geometric representation is shown for reference.

X IS

Ay
* X %

X b/o
)( X x b:/\
h
Ul T
bs ]'0/;
X X N ’9.7\
b b’
Yl TR =9

Now we need to solve for x.



We can also use the method of completing the square to prove the generic formula x =

—b++Vb?—4ac
2a '
_ \Vh2 —
Prove x = W is the solution of the quadratic equation ax? + bx + ¢ = 0. See the

solution in the appendix for support with this process.

27
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Solve the following equations using completing the square and the quadratic formula. Write your
answers in simplest radical form.

1. X’ 4+4x—-7=0

2. X2 =3x+1=0

3. Which method do you prefer and why?
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The Irrational Numbers
An irrational number, not a rational number, is a real number that cannot be written as a simple

fraction. The decimal form of the number never generates a repeating pattern and never ends.

The ancient Babylonians (~2000BCE) were able to make great developments in the world of
mathematics. Although their notation and record keeping is very different from what we use
today, they were able to do things like complete the square, solve for missing sides of right
triangles (Pythagorean Theorem), and solve equations. One thing that the Babyloneans were not
able to completely wrap their heads around was irrational numbers. When solving equations
where an irrational number was a solution, the Babyloneans referred to tablets of records that
listed irrational approximations. These approximations were collected with reference to the
diagonals of squares. In particular, a tablet identified as YBC 7289 contains a diagram of a

sguare whose sides have a length of 30. They then marked the diagonal with what modern
researchers assume is their approximation of v/2. It is even more interesting that even though the
Babyloneans have a record of their approximation of /2, there is no record of how they found it.
It is also assumed that if the Babyloneans used this as their approximation of v/2, they surely
knew that it was an approximation and not the true value of v/2. The number that they came up

with was 1;24,51,10, which translates to 1.034467671039. If we were to calculate the v/2 today,
our approximation would be 1.414213562373095..., which if squared, will give us a number

very close to 2. (Katz, p. 17-19, 2018)



Proving the Square Root of 2 is Irrational

Let’s complete a more modern proof of the square root of 2. For help with this process see the

solution in the appendix.
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Operations with Rational Numbers
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Operation:

Example:

Rational or Irrational?

Rational + Rational

Rational + Irrational

Rational-Rational

Rational-Irrational

Irrational + Irrational

Irrational-Irrational
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History in the High School Mathematics Classroom

As an undergraduate mathematics student, | had the opportunity to take a variety of mathematics
classes, one of which was a History of Mathematics class. Although | enjoyed taking such a wide
variety of classes and they all peaked my interest as a mathematician, | found my passion for
mathematics during my history course. After nearly completing my mathematics degree, this
history course was able to put the things I learned as an undergraduate student into a context that
made perfect sense. | think that learning about the order in which things were developed and
discovered and the reason/need behind every theorem helped me understand mathematics at a
completely different level. With this, | was also engaged in learning mathematics like never
before.

As a mathematics teacher today, | often use what I learned in my history of mathematics course
in my classroom. Mathematics teachers are not strangers to the questions “why are we doing
this?”” and “who came up with this?”, and with knowledge of the history of mathematics,
teachers can be equipped with those answers. Using history in the mathematics classrooms can
help students see mathematics as something that is interconnected with daily life. Mathematics is
not a stand alone content area; it has been influenced by other content areas, and it has also
influenced other areas as well. For example, mathematics is defined as the science of patterns
and is also known as the language of the scineces. By showing students how mathematics in
interconnected with the development of history, they have the opportunitty to put what they learn
into a context that makes sense and brings a purpose to what they are learning. Making such
connections can be very valuable when teaching lessons regarding abstract reasoning and proof.
During my first year of teaching Algebra 1, | noticed my students had very weak abstract

reasoning skills. Regardless of how much I helped them practice and develop those skills, they
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were slow to strengthen them. With this information, | developed the idea for this curriculum
project. After researching the development of abstract reasoning skills/proof and history in the
secondary curriculum, I found that there were few resources that connected the two. | decided
that creating a curriculum project that integrates the two topics would allow me to develop a
curriculum that 1 am passionate about as well as provide a different method for teachers who are

struggling to develop the abstract reasoning skills of their students.

Conclusion

It is the hope of this author that other secondary school teachers are able to use this
curriculum to support their students learning in the Algebra 1 classroom. More specifically, that
teachers will be able to find appropriate times for the implementations of each of the lessons
provided with the goal of further developing students’ abstract reasoning skills within the Next
Generation Common Core curriculum. The Common Core Next Generation Standards requires
that seconary students besupported in developing abstract reasoning and the ability to work
logically through proofs. This author hopes that other matheamtics teachers will see the value in
the development of abstract reasoning and will be willing to try teaching Algebra 1 from a

historical perspective.
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Appendix

16

'
Garfield’s Pythagorean Theorem

President Garfield was able to create a different proof of the Pythagorean Theorem that used the

following diagram. Suppose we want to show that @’ + b? = ¢ by using the image below.

Let’s start by finding the area of each of the triangles in the diagram.

bh

1} :
e
-
pd ,/ I. What is the equation for the area of a right triangle?
/ \
- w— —

What do you notice about the triangles in this diagram?

\ 2.
| D Two of ¥ 4riangles ave The same
2) They are all Cighd Hiangles

f

[

/

[

3. What is the area of the two smaller triangles?
A [}
smoler Ax = 7 0b

a

4. What is the area of the larger triangle?

\
A = Tec
lov Ger A 2
5. What is the area of the whole figure based on the areas you calculated?
]

| \
=yabrzabt zc

=+
=7

Auhou Pifjun
= ab + -ic')
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—
6. What is the equation for the area of a trapezoid?
i _ (aﬂo)_h X0 and b
- Amptzo'ld ~\a ave paraliel

~ [ 7. Find the area of this trapezoid?

aib
\ ,.*’ Hﬂapczoid B (T) (a*b)

8. s this equivalent to the area that you found in #5?

Vo5, both of theic preas Ore The

Somne | S0 the  expresSions for the arca axe
equivalint.

9. Write an equation 0 represent this relationship. Then solve for ¢’

-0 ﬂ_fb.) tb
ab+ 7¢ (.1 (a 3
ﬂ\,t‘i’c": 4°+20bt b

40
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Practice Using the Pythagorean Theorem .

l.

length of 6.
a.

Suppose you have a right triangle with a leg that has a length of 4 and another leg with a

What side of the triangle is not known? What variable in the Pythagorean
Theorerp does it have to be?

“The b po-‘rthu.tr.. The yoriable
for twis Jide @S C.

b. Rewrite the Pythagorean Theorem so the variable for the missing side is isolated.
Fa’ib’JE’
0’ < C
Solve for the missing side by substituting in known values.
c= (a°+p? R EP
p:JFos (B2 unts

2. Suppose you have a right triangle with a leg that has a length of 3 and a hypotenuse with
a length of 7.

a.

C.

What side of the triangle is not known? What variable in the Pythagorean
Theorem does it have to be?

- Dnt of Ine \eas i§ unkpown,
3& The vaviabl¢ 1§ a W )

b. Rewrite the Pythagorean Theorem so the variable for the missing side is isolated.
2,13 . a3 =
A+ bh* - ¢ o= Je?-p?
b  _ b’-

§a%:f*-b’

Solve for the missing side by substituting in known values.

a ‘lcl_ba
0 = {77-37
a = {+#9-9

C.

a= V40 uniis

W

41
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3. Iftis odd, s is even. If t is even, s is odd. B

4. The greatest common divisor (ged) of tand s is 1.
It is the 4™ condition that guarantees unigue Pythagorean Triples. For example, side lengths of 3
and 4, with a hypotenuse length of 5, is the first and smallest Pythagorean Triple. If we let t be 6
and s be 3, which meets all conditions above except the 4™ condition (because the ged is 2, not 1)
the Pythagorean Triple generated will not be unige. This is because when t=6 and s=3 then t* —
s> is 27; 2ts is 36; and t> + s? becomes 43. This combination of 27, 36, and 45 is not a unique
Pythanorean Triple because when each value is divided by 9 we again have the 3, 4, 5
Pythangoeran Triple.

Use the conditions 1-4 above and generate the first 14 unique
Pythagorean Triples. The chart below has been started with the first
row competed. Three additional rows are started to demonstrate

how the conditions are used to generate the t and s values. After

you complete the table of the Pythagorean triples then observe the
patterns that are visible in the table. The image used for the
Pythagorean Theorem Theory, above, is shown again here as a reminder that finding

Pythagorean Triples is finding values that meet the conditions of the Pythagorean Theorem.

t s a b [ Check
t? —s? 2ts t? + 52
2 1 2%.1%=3 2%2%1=4 25+1%=5 3 +4=5?
9+16=25
25=25
9

42
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ASely-
4 | 15 : 1 89
YA +STb=
4 3 7 o'(f-i 25 o
Y+ 400
S a o 20 a?q =341
81 +)b0D
“{0 q‘ ::H’%]
¥ - q 1228 + e
b \ 35 | 12 | 31 5
121+ 3,00
\ b0 bl =373
b 5 ROaS T8 4
J\ qg a% 53 :g-,eoq
! 10%9+3136
L} 33 5(’ "5 :q,‘las
7 % A+70856
L ‘ e+ ase
3 I "3 1 (!S 2 q4ady
3025 234
S5 48 13 =534
! 3 1SQ1+ 64p0
P 5 39 %0 Y aea

43
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KEY

1. Can the relationships in terms of t and s be used to prove the Pythagorean theorem
algebraically?

)
2 a_ a 9)
Yes. Nohiea, (y2-s*) +(3E8) = (trs
3, co\*
LT-at?s?vsY +qp2s? = (L7 )
“ o2y o4 2, c\?
'k +AL%57+ g :({‘ *S)
2 a2\? _ &
| £245°)° = (1715°) o
2. What is the pattern of the odd and even numbers in the Pythagorean Triples? Describe all of
the odd and even patterns you notice in the Pytha 0§%n Triples above.

) Short N‘3 Q 1$ “‘““‘a‘ ddd| 2 odd and | even mmbc?

2) lonC) leg b is m\waa-al ene e ——

3) long) luj b s a\ua.-tf divifible b\a H o beCovit yov &<
doubling an  evon numbtY
y) 3N shenue € 1S m\wml 0dd

en t and s are consecutive numbers, What do you notice about the Pythagorean Triples?
d,\> 4,5 IF s and t ave confecutive
3,2 2,15 Then one pair in The Hriplts
4,5 = a4,25  will be congecutive,

4. One of the observations that Euler used to state that there are infinite triples was the
relationship between the differences and sums of two squares. How may his argument have
proceeded from this observation?

The d1SFevonce oF two Consccvtive goares s
Ohwams dd. The Sum of ¥wo consccutive §quored
'S alwoas %3, Sinc Hhere gve 'mr-mﬂcl.a nany
DddS , thert arc Qo 'm(l-\m\e\.b many

’Pm-\'\\atbwem Triples.

44
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model and total area ¢ to achieve this form (Katz, 2018, p. 23-25). The image below shows the

process described above that the Babylonians used to complete the square.

2 — O

Completing the Square Image (https://www.mathsisfun.com/algebra/completing-square.html)

Completing the Square Problems

Let’s walk through the Babylonian process of completing the square to solve x? + bx = c.

1. Factor the left side of the equation.

X? thx =C
X(xth) = C

2. Think of the left side of the equation as the area of a rectangle. The product represents the
length multiplied by the width, **Note: this total area equals c.

X frb
X = C

e

3. Now partition the rectangle into a square with an area of x and a rectangle with an area
of bx.**Note: this total area equals c.

" b
X ' x =C

45



4. Take the rectangle with an area of bx and divide it in half so we are left with two
rectangles with the dimensions of b/2 by x.**Note: this total area equals c.

b b
%« a ‘a
LUl =e

5. Rearrange the rectangles so they lie along the length and width of the square. **Note: this
total area equals c.

x h
X x = C
o —
.3

6. Notice that there is a small square missing from the diagram. If we find the perfect sized
square to fill in the “hole,” our diagram will be a perfect square. What will the area of this
small square need to be?

« % The Icnjﬂ\ and width of The
St‘uau Wil need +p be P/a

S0 The arca is by,

7. If this square were to be added into the diagram, what would the total area be?
-3

The arca wovld b C* -E-

x
9

2

8. Setup the equation tha resents the area of the new diagram. Solve for x.

b . + 3 h
L S-S Ly

N R Y rrcy

46



Proof of The Quadratic Formula

KE\/ 27

e

Let’s see how Al Khwiarizmi came up with his quadratic formula by using the method of
completing the square. We will use the quadratic equation, x° + bx = ¢

Complete the square algebraically. The geometric representation is shown for reference.

X 1)

ox

% /o
b X X ‘9—7&
AR

% by
X . S
AR 5

Now we need to solve for x.

})

W

47



We can also use the method of completing the square to prove the generic formula x =

—b+y b’ —4ac
2a !

~b+vb2-4ac
2a

Prove x = is the solution of the quadratic equation ax?® + bx + ¢ = 0. See the

solution in the appendix for support with this process.

Led X ‘oo e Solotion oF the t’%uaﬂon
X’ bx*C 0. Thus oéx"w*bx Z-C. 5%

J.‘J:- = =

ekt The guare , (x:dk)*= A
Now wt are able o So\lve¢ cbl X b%_..[svavma_
bt fided of this eguation. Nohee |

 X'ho=s[obd S X="h + [P
e N & dq? da N a 492
W ap abit o vewvite this cqoua.hgn aJ
= b & Jb*- =-bt 1b>-dac
da_2a da
which is what Wt _Wer truing o proc
414 -ptyp*> C i Voot
do

Yot equation gx’+bxtc=0.

A
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Solve the following equations using completing the square and the quadratic formula. Write your

answers in simplest radical form.,

l. x’+4x—-7=10

x2+Hdx =7
(xr2) <774

Gy

_ -b¥ {po-dac

da
X = -4 (L40)CT)
Py

X= -4 1 {|,+A¥

A
x= -4 2 {1
o~

-2 -
x=-aE{\
2. x2=3x+1=0
X*-3x=-1

—a— 3,0

3. Which method do yﬁ‘ p;::fer.a"ud why?
This tbueJﬁw\ Wil pravide inhimotion
abovt $tudont -rhmkma, There 1§ no

covrect answey.
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Proving the Square Root of 2 is Irrational

Let’s complete a more modern proof of the square root of 2. For help with this process see the

solution in the appendix.

We will prave fhat +m | FERY br 0 bk
WSy n i £

rahionad |, this  meonJ Thcre ity a,h€Z

Suchh dho¥ ab*0,aand b are velahvely
pome g VAE S5 pona
(J;i) ‘p]‘ oY J“h’ Df glh"‘a This meand
diy) J.

all aso even  beCQUK m \m'c 1§ _even, meanin
br Qme K€Z, =3k, Bu&u?h’mhon PR
o Q= Hgi‘or ap® = ‘ik" or b°=3k?, hMK
indicare b 1§ alvo even. 2 Th i a ComradiChion
becavde we asumed aand b were rclanve\ﬁm
Y ‘fhud- ANDY both ¢ even. Theve Brc

YThe ¥& is ixvaronod, m



Operations with Rational Numbers

KEY -

e

Operation: Example: Rational or Irrational?
Rational + Rational l Y

—_— — =

33 rarionot

&
3
L

Rational + Irrational

2, (> =232
3 3

v t afionod

Rational-Rational

L
23T ¢

ratonod

Rational-Irrational

2 R
3:13: %

irvativonod

Irrational + Irrational

Gy 3-al3

r rafionad

Irrational-Irrational

3 13=3
R

ravionad o¢
1raXionah
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