POLYNOMIAL INVARIANTS OF SINGULAR KNOTS AND LINKS
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ABSTRACT. We generalize the notion of the quandle polynomial to the case of singquandles. We
show that the singquandle polynomial is an invariant of finite singquandles. We also construct
a singular link invariant from the singquandle polynomial and show that this new singular
link invariant generalizes the singquandle counting invariant. In particular, using the new
polynomial invariant, we can distinguish singular links with the same singquandle counting
invariant.

1. INTRODUCTION

Self-distributive algebraic structures [(z % y) % 2 = (z * 2) * (y * 2)], in general, and quandles
in particular are non-associative structures motivated by oriented Reidemeister moves in knot
theory. Quandles were introduced independently in [12, 14] in the 1980s. In the past few
decades, there have been many studies relating quandles to other areas of mathematics such
as the study of the Yang-Baxter equation in [3, 5], quasigroups and Moufang loops in [7],
ring theory in [3], representation theory in [9] and other areas. Recently, relations between
these distributive structures and singular knot theory have been introduced with the purpose
of constructing invariants of singular links in [I,4,0,17]. A Jones-type invariant for singular
links using a variation of the Hecke algebra was constructed and was shown to satisfy some
skein relation in [13]. In 1993, connections between Jones type invariants in [11] and Vassiliev
invariants of singular knots in [19] were established in [2].

In this article, we generalize the notion of the quandle polynomial to the case of singquandles.
We also introduce the notion of the fundamental singquandle and use it to define a new polyno-
mial invariant of oriented singular knots and links. Our invariant generalizes both the coloring
invariant of singular links in [I, 6] and the polynomial invariant defined in [16]. We use the
new polynomial invariant we construct to distinguish singular links with the same singquandle
counting invariant and Jablan polynomial.

This article is organized as follows. In Section 2, we review the basics of quandles and
give some examples. In Section 3, we recall the construction of the quandle polynomial in
[10,16]. In Section 4, we give a diagrammatic definition of singular knots and generalized
Reidemeister moves leading to the definition of oriented singquandles. In Section 5, we define
the fundamental singquandle of a singular link and we provide an example. In Section 6, we
introduce a generalization of the quandle polynomial defined in [16] with the aim of defining a
polynomial invariant of singular knots and links. In Section 7, we compute the invariant defined
in Section 6 and use it to distinguish singular knots and links.
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2. BAsics oF QUANDLES

In this section, we review the basics of quandles; more details on the topic can be found in

[10, 12, 14].

Definition 2.1. A set (X, ) is called a quandle if the following three identities are satisfied.

(i) Forallz € X, zxx = x.
(ii) For all y,z € X, there is a unique € X such that z xy = z.
(iii) For all z,y,2z € X, we have (x xy) * z = (x * 2) * (y * 2).

From Axiom (ii) of Definition 2.1, we can write the element x as zky = . In other words, the
equation z x y = z is equivalent to zxy = x. The axioms of a quandle correspond respectively
to the three Reidemeister moves of types I, IT and III (see [10] for example). In fact, one of the
motivations of defining quandles came from knot diagrammatics.

A quandle homomorphism between two quandles (X, %) and (Y,>) is amap f : X — Y such
that f(z *y) = f(x)> f(y), where * and > denote respectively the quandle operations of X
and Y. Furthermore if f is a bijection then it is called a quandle isomorphism between X and Y.

The following are some typical examples of quandles.

e Any non-empty set X with the operation = * y = x for all z,y € X is a quandle called
a trivial quandle.

e Any group X = G with conjugation z * y = y~'zy is a quandle.

e Let GG be an abelian group. For elements z,y € GG, define x *y = 2y — x. Then * defines
a quandle structure on G called Takasaki quandle. In case G = Z, (integers mod n)
the quandle is called dihedral quandle. This quandle can be identified with the set of
reflections of a regular n-gon with conjugation as the quandle operation.

e Any A = (Z[T*!])-module M is a quandle with x xy = Tx + (1 —T)y, x,y € M, called
an Alexander quandle.

o A generalized Alexander quandle is defined by a pair (G, f) where G is a group and
f € Aut(G), and the quandle operation is defined by z * y = f(xy~1)y.

3. REVIEW OF THE QUANDLE POLYNOMIAL

In this section, we recall the definition of the quandle polynomial, the subquandle polynomial,
and the link invariants obtained from the subquandle polynomial. For a detailed construction
of these polynomials, see [10,10].

Definition 3.1. Let (@, %) be a finite quandle. For any element = € @, let
Clx)={yeQ :yxx=y} and R(z)={yeQ :xzxy=u}
and set r(x) = |R(x)| and ¢(z) = |C(z)|. Then the quandle polynomial of Q, qpg(s,t), is
qu<5’ t) = Z Sr(z)tc(ac).
TEQ

In [16], the quandle polynomial was shown to be an effective invariant of finite quandles. In
addition to being an invariant of finite quandles, the quandle polynomial was generalized to
give information about how a subquandle is embedded in a larger quandle.
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Definition 3.2. Let S C @ be a subquandle of ). The subquandle polynomial of S, qpscq(s,t),

1S
quCQ(S7 t) — Z Sr(w)tc(ax)
z€eS

where r(x) and ¢(z) are defined above.

Note that for any knot or link K, there is an associated fundamental quandle, Q(K), and
for any given finite quandle T the set of quandle homomorphism, denoted by Hom(Q(K),T),
has been used to define computable link invariants, for example, the cardinality of the set is
known as the quandle counting invariant. In [16], the subquandle polynomial of the image of
each homomorphism was used to enhance the counting invariant.

Definition 3.3. Let K be a link and T be a finite quandle. Then for every f € Hom(Q(K),T),
the image of f is a subquandle of T. The subquandle polynomial invariant, ®,,(K,T), is the
set with multiplicities

(I)qp(K7 T) = {qplm(f)cT(Syt) ‘ VS HOIH(Q(K),T)}-

Alternatively, the multiset can be represented in polynomial form by

¢qp<Ka T) = Z u P cr(sit)
feHom(Q(K),T)

4. ORIENTED SINGULAR KNOTS AND QUANDLES

In this section, we review the definition of a singquandle and we define the fundamental
singquandle of a singular link. In [1], generating sets of the generalized Reidemeister moves
were studied and were used to define oriented singquandles. An oriented singquandle can be
thought of as an algebraic structure derived from a generating set of the oriented singular
Reidemeister moves. We will follow the convention at classical crossings and singular crossings
found in [1], see Figure 1.

T Yy x Yy x Yy
Y T * Y*T x Ri(z,y) Ro(z,y)

FiGURE 1. Colorings of classical and singular crossings.

The axioms of an oriented singquandle are derived by considering the moves in Figure 2
and writing the equations obtained using the above binary operations; see Figures 3, 4 and
5. Note that by letting (X, *) be a quandle we can ignore the contributions from the classical
Reidemeister moves.
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FIGURE 2. A generating set of singular Reidemeister moves

Definition 4.1. Let (X, %) be a quandle. Let Ry and Ry be two maps from X x X to X. The
quadruple (X, x, Ry, Ry) is called an oriented singquandle if the following axioms are satisfied
for all a,b,c € X:

Ri(axb,c) xb = Ri(a,cxb)
Ry(axb,c) = Ry(a,c*b)xb
(bxRy(a,c))xa = (bx Ra(a,c))xc
Ry(a,b) = Ry(b,axb)
Ry(a,b) * Ro(a,b) = Ra(b,axb).

N : . y

a*b cxb

N N N N N
il
T = W DN =
N N e N N

/ Ri(a,cxb) \
Ri(axb,c) xb b Ra(a*b, c) b Ra(a,cxb)%b

FIGURE 3. The Reidemeister move 24a and colorings
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(b¥R1(a,c)) *a (b* Ra(a, c))*c

a c a c

b*R1(a,c) —>

Ri(a,c)
Ri(a,c) \b Ra(a,c) b / Ra(a,c)

b* Ra(a,c)

F1GURE 4. The Reidemeister move 24e and colorings

a b a\ b

Ri(a,b) R2(a,b) —> b axb

Ra(a,b) \\V Ri(a,b) * Ra(a,b) Ri(b,a xb) Ra(b,a * b)

FiGURE 5. The Reidemeister move {25a and colorings

Using affine functions for the maps %, R; and Ry over the set Z, of integers mod n, the
following example was obtained in [1].

Example 4.2. Take X = 7Z,. For an invertible element ¢ € Z, and any s € Z,, define
axb=ta+ (1 —1t)b, Ri(a,b) =sa+ (1—s)band Ry(a,b) =t(1 —s)a+ (1 —1t+ st)b. Then
(Z,,, *, Ry, Ry) is an oriented singquandle.

Now we define the notion of homomorphism and isomorphism of oriented singquandles.

A map f: X — Y is called a homomorphism of oriented singquandles (X, *, Ry, Rs) and
(Y,>, R}, R}) if the following conditions are satisfied for all z,y € X

flexy) = f(x)> f(y) (4.6)
f(Ri(z,y) = Ri(f(z), f(y)) (4.7)
f(Ry(z,y)) = Ry(f(x), fy)) (4.8)

An oriented singquandle isomorphism is a bijective oriented singquandle homomorphism, and
two oriented singquandles are isomorphic if there exists an oriented singquandle isomorphism
between them.

Definition 4.3. Let (X, %, Ry, Ry) be a singquandle. A subset M C X is called a subsingquan-
dle if (M, *, Ry, Ry) is itself a singquandle. In particular, M is closed under the operations *, Ry
and R,.

Example 4.4. The quadruple (Z, %, Ry, Ry) forms a singquandle with zxy = 2y —x, Ry (z,y) =
azr + (1 —a)y and Ry(x,y) = (o — 1)z 4 (2 — a)y, where o € Z. For a fixed positive integer n,
consider the subset nZ C Z. The linearity of the maps %, R; and Ry immediately implies that
(nZ,*, Ry, Ry) is a subsingquandle of (Z, %, Ry, Rs).
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Given an oriented singquandle homomorphism, we obtain the following lemma.

Lemma 4.5. The image, Im(f), of any oriented singquandle homomorphism f : (X, %, Ry, Rs) —
(Y,>, R}, R}) is always a subsingquandle.

Proof. The equations (4.6), (4.7) and (4.8) imply that Im(f) is closed under >, R} and R).
Since the identities of Definition 4.1 are satisfied in Y then they are automatically satisfied in
Im(f). This concludes the proof. O

5. FUNDAMENTAL SINGQUANDLE OF A SINGULAR LINK

In this section, we define the fundamental singquandle of a singular link and we provide an
example. Let D represent a diagram of an oriented singular link L. We define the fundamental
singquandle of D, denoted by SQ(D), by proceeding as in classical knot theory with the funda-
mental quandle. That is, it is the quotient of the free singquandle on the set S = {ay,...,an}
of arcs of D at regular crossings and semi-arcs at singular crossings of the diagram D modulo
the equivalence relation generated by the regular and singular crossings in the diagram. In
other words, if z,y € S then z xy, zxy, Ri(z,y), R2(x,y) € S, thus making S a recursive set of
generators and the set of relations come from the conditions at regular and singular crossings
of D. The fundamental singquandle of L, denoted by SQ(L), is well defined since any two
diagrams D; and Dy of L are related by the generalized Reidemeister moves (as above) which
correspond to making the equivalence relation representing the axioms of Definition 4.1. The
following is an example for illustration.

Example 5.1. In this example, we present the fundamental singquandle of the following sin-
gular link. Consider the singular Hopf link with one singular crossing and one positive regular
crossing represented by diagram D. Following the naming convention in [18], we will refer to
this singular link as 1. We will label the arcs of the diagram D by z,y, and z. Then the

FIGURE 6. Diagram D of 1}.

fundamental singquandle of 1} is given by

SQ(lll) = <£C,y,2; T = RQ(CC,Z/), z= Rl(xvy)7 2XT = y)
= <$7y7R1($ay) * R2($ay) = y>
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6. THE SINGQUANDLE POLYNOMIAL AND A SINGULAR LINK INVARIANT

We will define a generalization of the quandle polynomial, introduced in [10], to define a
polynomial invariant of singular knots and links. We will first extend the definition of the
quandle polynomial to obtain a singquandle polynomial. The quandle polynomial was extended
to biquandles in [15]; we will similarly extend the quandle polynomial to singquandles. Since
we are only considering oriented singquandles, we will refer to them as singquandles.

Definition 6.1. Let (X, *, Ry, Rs) be a finite singquandle. For every x € X, define
Cllz)={ye X|y*xr=y} and R'(z)={ye X|zxy=uz},

C*(z) ={y € X |Ri(y,x) =y} and R*(z)={ye X|Ri(z,y) =z},
) =

C¥z) ={y € X | Ra(y,2) =y} and R(z) ={y € X|Ro(2,y) = }.
Let ¢'(z) = |C'(z)| and r'(z) = |R'(z)| for i = 1,2, 3. Then the singquandle polynomial of X is
C Z’ 'I" I c\T (T C3 €T
sap(X) = 3 57 s ) @)
zeX

We note that the value r(x) is the number of elements in X that act trivially on =z, while
¢'(z) is the number of elements of X on which x acts trivially.

Proposition 6.2. If (X, x, Ry, Ry) and (Y,>, R}, R}) are isomorphic finite singquandles, then
sqp(X) = sqp(Y).

Proof. Suppose f : X — Y is a singquandle isomorphism and fix € X. For all y € C'(x) =

{y € X]yxz =y}, we have f(y) > f(x) = f(y*x) = [(y), therefore, f(y) € C'(f(x)) and
|C1(z)| < |C*(f(x))|. Applying the same argument to f~!, we obtain the opposite inequality,
and we have c'(z) = ¢*(f(z)). Note that by definition of a singquandle isomorphism we have,

Ri(f(y), f(z)) = f(Ra(y,2)) = f(y) and R5(f(y), (x)) = f(Ra(y,z)) = f(y). Therefore, by
applying a similar argument used to show c!(z) = ¢!(f(x)) we obtain c'(x) = ¢'(f(z)) for
i =2,3. A similar argument also shows that r*(x) = r(f(x)) for i = 1,2,3. Thus,

7‘ cT(\xT (T (23£E
sqp(X) = D51 ] sy g sy g
zeX

7"11' Clm 7’21’ 6233 Tsx CSZU
R AL AP SRR
f(z)ey
=Y U@ PUELUE) U)LY )
flx)ey
= sqp(Y).

O

In the following example we will see that we can compute 7%(x) (or ¢‘(x)) from each operation
table by simply going through the rows (columns) and counting the occurrences of the row
number.

Example 6.3. Let X = Z, be the singquandle with operations = * y = 3z + 2y, Ri(x,y) =
2x + 3y, and Rs(x,y) = z. We obtain this sinquandle from Example 4.2, by letting n = 4,
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t =3, and s = 2. These operations have the following operation tables,

11 2 30 Ri|1 230 Ry|1 2 30
11 3 1 3 111 0 3 2 11 1 1 1
210 2 0 2 213 210 212 2 2 2
313 1 3 1 31 0 3 2 313 3 3 3
02 0 20 03 210 0{0 0 0 O
and the operations have the following 7*(z) and ¢'(z) values for i = 1,2,3
z|ri(z) (z) x| r*(z) A(z) x| ri(z) Az
1 2 2 1 1 1 11 4 4
2 2 2 2 1 1 2 4 4
3 2 2 3 1 1 3 4 4
0 2 2 0 1 1 0 4 4

Thus, the singquandle polynomial of X is
sqp(X) = 4522 sotos5t5.

Example 6.4. Let Y = Z, be the singquandle with operations x>y = 3z + 2zy, R (z,y) =
3x + 2zy + 2y, and Ry(x,y) = 2x + 22y + 3y. A direct computation shows that in fact the
operations >, R and R, satisfy the axioms of Definition 4.1. These operations have the following
operation tables,

>[1 2 30 R |1 230 Ry|1 230
1/1 3 1 3 113 3 3 3 113 01 2
212 2 2 2 210 2 0 2 213 2 1 0.
313 1 31 311 1 1 1 313 0 1 2
0{0 0 0 O 012 0 20 013 2 10

The operations >, R} and R}, have respectively the following r(x) and ¢(z) values for i = 1,2, 3:

x| ri(z) (z) x| r(z) A(z) x| ri(z) Az
1 2 4 1 0 0 1 1 1

2 4 2 2 2 2 2 1 1

3] 2 4 31 0 0 3 1 1

0 4 2 0 2 2 0 1 1

Thus, the singquandle polynomial of Y is
sqp(Y) = 2s3t1ssts + 25113 s5tas3ts3.

Therefore, by Proposition 6.2 we can distinguish the singquandle (Y, >, R}, RY) in this example
and the singquandle (X, %, R, Ry) in Example 6.3.

We will now extend the subquandle polynomial defined in [16] to the case of subsingquandles.

Definition 6.5. Let X be a finite singquandle and S C () a subsingquandle. Then the subs-
imgquandle polynomial is
Ssqp(S C X) = Z sql(z)tf (I)SQQ(w)tgz(x)s?(x)tgg(x).
z€eS

Therefore, the subsingquandle polynomials are the contributions to the singquandle polyno-
mial coming from the subsingquandles we are considering.



POLYNOMIAL INVARIANTS OF SINGULAR KNOTS AND LINKS 9

Example 6.6. Consider the subsingquandle S; = {1,3} of X defined in Example 6.3. Thus,
the subsingquandle polynomial

Ssqp(S; C X) = 25513 sqtgs5ts.

For any singular link L, there is an associated fundamental singquandle (SQ(L), *, Ry, Ry),
and for a finite singquandle (T',>, R}, R}) the set of singquandle homomorphisms

Hom(SQ(L),T) ={f :SQ(L) = T | f(z xy) = f(z) > f(y),
f(Ri(z,y)) = Ry(f(2), f(y)), f(Ra(z,y)) = Ry(f(2), f(y))}

can be used to construct computable invariants for singular knots. For example, by com-
puting the cardinality of this set we obtain the singquandle counting invariant defined in [6].
By Lemma 4.5, the image of a homomorphism from the fundamental singquandle of L to a
singquandle 7" is a subsingquandle of T'. Therefore, we can modify the singquandle counting in-
variant to obtain a multiset-valued link invariant by considering the subsingquandle polynomial
of the image of f, for each f € Hom(SQ(L),T). By computing the cardinality of this multiset
we retrieve the singquandle counting invariant. Additionally, the subsingquandle polynomial is
a generalization of the specialized subquandle polynomial invariant which was shown in [10] to
distinguish some classical links which have the same quandle counting invariant.

Definition 6.7. Let L be a singular link, T" be a finite singquandle. Then the multiset
Pssqp(L, T) = {Ssqp(Im(f) C T)| f € Hom(SQ(L),T)}

is the subsingquandle polynomial invariant of L with respect to T'. We can rewrite the multiset
in a polynomial-style form by converting the multiset elements to exponents of a formal variable
u and converting their multiplicities to coefficients:

Gssqp(L, T') = Z ySsapIm(f)CT)
feHom(SQ(L),T)

Remark 6.8. Let t; = s; = 0 for i« = 1,2, 3 in the subquandle polynomial invariant of L, then
we obtain

Gssqp(L,T) = > u’ = [Hom(SQ(L), T)|.
f€Hom(SQ(L),T)

We will show that the subsingquandle polynomial invariant contains more data than just the
singquandle counting invariant.

7. EXAMPLES

In this section, we distinguish singular knots and links by computing the subsingquandle
polynomial invariant defined in the previous section.

Example 7.1. Consider the 2-bouquet graphs of type L listed as 1} and 6%, in [I158]. Let
(X, *, Ry, R2) be the singquandle with X = Zg and operations = x y = Tx + 6y + 4oy = x*y,
Ri(z,y) = 22 + Ty + 4wy and Ry(z,y) = 42% + bz + 4y. A direct computation shows that
the operations *, R; and R, satisfy the axioms of Definition 4.1. We can also represent these
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operations by the following operation tables,

10

*x11 23 45 6 70 Ri|1 2 3 456 70 Ry|1 2 3 456 70
111 35 71357 1 150361472 1 /151515151
214 206 4 206 2 1321076 5 4 2 16 26 26 26 2
3171 3 5 71 35 3 114725036 3 |73 737373
412 0 6 4 2 0 6 4 4 |76 543210 4 10 40 4040 4.
5/5 7135 713 5 150361472 5 115151515
6/0 6 4 2 0 6 4 2 6 |3 21076 5 4 6 |12 6 26 26 2 6
71357135 71 71147 25036 T3 7T 373737
0/]6 4206 4220 0 |76 543210 0O |4 040404F90
The following tables include 7*(x) and ¢'(z) values for i = 1,2, 3,

x|ri(z) (2) x| r¥z) A(z) x| ri(z) A()

1 2 2 1 1 1 1 4 0

2 2 2 2 1 1 2 4 8

3 2 2 3 1 1 3| 4 0

4 2 2 4 1 1 41 4 8

5 2 2 > 1 1 ) 4 0

6 2 2 6 1 1 6 4 8

7 2 2 7 1 1 7 4 0

0 2 2 0 1 1 0 4 8

The singular link 1!, Figure 7, has the system of coloring equations given by

x

FIGURE 7. Diagram of 1.

4a* + bx + 4y
Tz +6x + 4z
20 4+ Ty + 4xy

Rg(l‘,y) =7
ZFxT =Y
Rl(x7y) =z

Y

Thus, 1} has 16 coloring by X. In Table 1, we list all coloring of 1! by X with the corresponding
subsingquandle.
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xr y z|subsingquandle
2 2 2 {2}

2 40 {2,4,6,0}
2 6 6 {2,6}

2 0 4 {2,4,6,0}
4 2 6 {2,4,6,0}
4 4 4 {4}

4 6 2 {2,4,6,0}
4 00 {4,0}

6 2 2 {2,6}

6 4 0 {2,4,6,0}
6 6 6 {6}

6 0 4 {2,4,6,0}
0 26 {2,4,6,0}
0 4 4 {4,0}

0 6 2 {2,4,6,0}
0 00 {0}

TABLE 1. List of colorings of 1} by X and the corresponding subsingquandle.

The singular link 6!,, Figure 8, has the system of coloring equations given by

Rl(CE, y) * R2($7y)

Ry (337 y)

FIGURE 8. Diagram of 6.
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3v+42° +4y + 62 +4rz = Ry(w,y)¥z =2

6w+ 7z 4+ 4wz = zxw =y
Tk + 6z + dkx = kxRo(z,y) =2
dr +Ty+62+4yz = (Ri(z,y) * Ro(z,y))*z =w

Tw+ 6y + 4wy = wx(Ri(z,y) * Ro(x,y)) = k.

Therefore, 6}, also has 16 coloring by X. In Table 2, we list all coloring of 1} by X with the
corresponding subsingquandle.

ry z w k Ri(zr,y) Ra(z,y) Ri(z,y)* Re(z,y) | subsingquandle
133 7 7 3 5 7 1,3,5,7)
17733 71 5 3 (1,3,5,7)
222 22 9 2 2 2}
266 6 6 6 2 6 (2,6}
31155 1 7 5 (1,3,5,7}
35511 5 7 1 (1,3,5,7)
44 4 4 4 4 4 4 (4}
40000 0 4 0 (4,0}
53377 3 1 7 (1,3,5,7}
57733 71 1 3 (1,3,5,7)
622 2 2 2 6 2 (2,6}
66666 6 6 6 (6}
71155 1 3 5 (1,3,5,7}
75511 5 3 1 (1,3,5,7}
044 4 4 4 0 4 {4,0}
00000 0 0 0 (0}

TABLE 2. List of colorings of 6} by X and the corresponding subsingquandle.

Furthermore, both 1 and 6/, have the same Jablan polynomial, A;(1}) = s —t = A;(6!))
as computed in [17]. However, the subsingquandle polynomial invariants
¢Ssqp(1l17X) — 8u45%t%sgt2&§t§ + 4u2s%t%sztzs§t§ + 4us%t%52t283t§
and
¢Ssqp(61117X) — 8u48%t%82t28§ + 4u2s§t§52t25§t§ i 4us%t%32t25§t§
distinguish these singular links.
Example 7.2. Consider the singquandle X = Zg with operations = x y = bz + 4y = x*y and
Ry(z,y) = 6 + bx + 6zy, and Ry(x,y) = 6 + by + 6xy. A direct computation shows that the

operations *, Ry and R, satisfy the axioms of Definition 4.1. The following singular knot K;
below has the following coloring equations

6 + bk + 6kl = Ry(

6 + 50 + 6kl = Rao(k,

6 + bx + 62y = Ry(z,y
6 + 5y + 62y = Ro(z,y
6 + bw + 6wz = Ry(z,w
(z,w

Il
O T B S

6+ 5z + 6wz = Ry(z,
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Y

FI1cURE 9. Diagram of Kj.

Therefore, K; has 8 colorings by X. The singular knot K, below has the following coloring

Y

FiGure 10. Diagram of K.

equations

6 + 5k + 6kz = Ry (k, 2)

6 + 5z + 6kz = Ry(k,z) =

6 + bx + 6y = Ry(z,y)

6 + by + 6xy = Ro(x,y)
bw+ 4z =wxz = k.

g on e 8

Therefore, K, also has 8 colorings by X. However, the subsingquandle polynomial invariants

444 242 1. 444 242 4.
¢Ssqp(K17X) _ 4u51t152t253t3 + 4u2$1t152t253t3
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and
¢Ssqp(K27X) — 4u45‘11t‘1l83t3 4 4us‘11t‘115§t§53t3
distinguish the singular knots K; and K.

Acknowledgement: The authors would like to thank the anonymous referee for fruitful
comments which improved the paper.
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