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Abstract 

 

This study examines college students’ misconceptions regarding the concept of a 

derivative. During this study, students completed an eight-problem assessment on the 

topic of calculus, more specifically derivatives. Students were instructed to complete 

each problem to the best of their ability and to show work when necessary. The 

instrument was created with the APOS (Action, Process, Object, Schema) model in mind. 

The scores for each problem were recorded and compared to a survey that students 

answered reporting on which problems they felt were the easiest and the hardest to 

answer. The results of the study indicated that students had mastered some levels of 

APOS. Additional results acknowledged that there was no statistically significant 

difference among course, gender, and GPA.  
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Introduction 

 
 This study examines students’ misconceptions regarding the concept of a derivative. 

Specifically, it explores what students think of when they hear the term ‘derivative’. There are 

different factors that can influence students’ perceptions about the concept of a derivative, 

whether their misinterpretation stems from a misunderstanding from the textbook definition or a 

lack of understanding from in-class explanation. This study explores what students think of when 

they are given conceptual derivative questions. These conceptual questions can help us 

determine whether or not see if students in University Calculus classes think of the derivative as 

a rate of change.  

 As a former college tutor I noticed that the students I helped did not recognize when to 

use a derivative and did not understand what the derivative of a function meant. After working as 

a tutor for several years, I realized I observed the same misunderstanding of derivatives each 

semester. Students were struggling with derivative problems, specifically derivative application 

questions. When students were asked to find the slope of a tangent line of a function they would 

not know what to do. If the word ‘derivative’ did not appear in the question, the student would be 

lost and not know how to start the problem.  

 This study aims to determine which type of common derivative questions that give 

students difficulty in a college level calculus course, the study also explores if students in 

University Calculus III and Advanced Calculus classes remember the concept of derivative and 

if these students would be able to correctly compute derivative application questions.  

 

It is hypothesized that students in higher level Calculus (University Calculus III 

and Advanced Calculus) will have difficulty recalling the concept of a derivative 
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and the applications of a derivative. In addition, lower level APOS questions will 

yield higher scores.  

 The hypothesis was tested by administering an assessment to a sample of students from 

the population of University Calculus students at a public university in the Northeast. The test 

was graded using a rubric to record the number of questions students answered correctly and 

incorrectly. Also, students responded to a survey that indicated which questions they felt were 

the most difficult and which were the easiest to answer. This study explores which derivative 

questions students struggle with and which they found to be easier. In order to better understand 

the derivative and how it is taught, background research was conducted. This research is 

discussed in the following literature review. It examines the history of derivatives, classical verse 

reform teaching and textbooks, different calculus assessments, and students’ misconceptions 

about derivatives.  
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Literature Review 

 The purpose of this literature review is to examine the existing research on how students 

perceive the derivative. This research also investigates various ways the derivative is taught to 

students. There have been limited studies associated with derivative instruction. However, 

several articles are written about ideas on how to teach calculus. This literature is divided into 

multiple sections, which include: History of the Derivative, Teaching the Derivative: Classical 

and Reform Approaches, The AP Calculus Exam (AB) and College Professors’ Exams, and 

Derivative Misconceptions. The first section discusses the differences in calculus teaching over 

the years and how calculus teaching has evolved from classical to reform. Included also is a 

comparison between classical and reform textbooks and how they have changed as well. The 

next section is dedicated to calculus exams, AP Calculus (AB) and College – level exams. This 

section focuses on the individual problems involving derivatives within the exams. Lastly, 

derivative misconceptions are examined through various empirical studies. 

History of the Derivative 

 Usually, when thinking about the history of calculus, most people think Leibniz verse 

Newton. However, calculus was being formulated long before both of these mathematicians’ 

times. Multiple mathematicians also conceptually thought about calculus. Therefore, we cannot 

give credit to one particular mathematician for calculus. The first calculus book was Analysis of 

the Infinitely Small, for the Understanding of Curve Lines and the author was Guillaume de 

L’Hopital, and was published in 1696. Note how this title does not have the actual word 

‘calculus’ in it. This is because the term calculus was not yet coined. Mathematicians instead 

wanted to study the properties of infinitely small quantities. This was the beginning of calculus 

and the derivative. The actual concept of a derivative did not come until 1797, and was named 
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that by Lagrange. He called the term “function derive,” the translation from French is “function 

derived from another function” (Rogers, Robert, 2014). 

Before Lagrange, mathematicians studied the “differential of 𝑥” (Rogers, 2005), meaning 

an instantaneous change of 𝑥: “Here the idea is that no matter how large the picture is magnified, 

𝑑𝑥 cannot be perceived” (Rogers, 2005). Our differential is not necessarily zero but it is rather 

close to zero. Differentials relate to the idea of a limit, how we take a value of 𝑥 and see what 

happens as that value becomes closer and closer to zero. Based on these ideas, calculus and its 

applications developed over time. Mathematicians figured out how these infinitely small 

differentials were meaningful in mathematics. This study of differentials and the infinitely small 

led also to differential equations, which are equations relating differentials.  

Despite all of these other mathematicians, Newton and Leibniz deliberated more 

straightforward calculations to find a derivative. Both Newton’s and Leibniz’ methods were 

similar; both were working with the infinitely small in regard to curves. Their methods are 

similar to ones we teach in calculus today, such as the power rule. In calculus classrooms today, 

the methods being taught are different from the ones originally delegated over. The way calculus 

is taught has changed over the years. The textbooks we use for calculus classes have changed as 

well.  

Teaching the derivative: Classical and Reform Approaches and APOS Theory 

Throughout colleges and high school classrooms, calculus textbooks have a wide variety. 

Even throughout the years calculus textbooks have been changed. A change from classical 

calculus instruction to reform has made a big difference in the way calculus has been taught. 

Classical calculus is taught without technology, occasionally a scientific four-function calculator 

was used, which means more conceptual thinking was required. Whereas, with reform calculus 
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there was more technology incorporated into the class. Less work and visualization is required 

with the invention of more powerful calculators that can do calculations for us, and computer 

programs that can graph three-dimensional graphs. However, students still needs to understand 

how to interpret the information on the screen, yet most students do not know how to process this 

information.  

Some early textbooks use definitions of limits and derivatives that are too advanced for 

the typical first - year calculus student. These books were written more for the mathematics 

rather than for the students benefit. Thomas (1960) gives a definition of a limit, using notation 

that most students in present - day calculus classes will not see until much later in their 

mathematics careers.  

Figure 1. Definition of a Limit (Thomas, 1960, p. 41). 

 

  

In Figure 1, the definition of the limit, or considering at a value that is getting infinitely small is 

very different from the reform definition. As this section continues, there will be a significant 

difference between this definition as compared to the reform definitions. 

 There are various calculus textbooks that each offer different approaches to learning the 

derivative. Thomas (1960), Granville, Smith and Longley (1946), Faires and Faires (1988) and 

Salas and Hille (1974,1990) wrote textbooks that offer a different approach to learning the 

derivative. The derivative is presented as a rate of change, explicitly in the books of Thomas 

(1960) and Granville, Smith and Longley (1946). The derivative is given by the notation of 

change, ∆, in each of these books.  
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In Calculus and analytic geometry by Thomas (1960), there are examples of finding 

slope. In one of these examples of finding slope, the author describes what is being done in 

words, “...Eq.(1b) relates the change in x and the change in y between any pair of points (x,y) 

and (x+∆x, y+∆y) on L” (p. 9). This statement is saying there is a change in your points as you 

find slope of a line. Continuing with the problem, “that as a particle moves along L, the change 

in y is proportional to the change in x, and the slope 𝑚 is the proportionality factor” (Thompson, 

1960, p.9), the author states that the slope is a rate of change, represented as a ratio.  

Classical textbooks had a different approach to explaining what a derivative is, by 

starting with rates of change and velocity. There was the use of limits, however the limit is 

shown as taking the limit of a difference quotient, or slope, for example 𝑚𝑡𝑎𝑛 = lim
𝑄→𝑃

𝑚𝑠𝑒𝑐 =

lim
∆𝑥→0

𝑓(𝑥1+∆𝑥)−𝑓(𝑥1)

∆𝑥
  (Thomas, 1960, p.29). Notice how in this equation we have the use of the ∆ 

symbol and we have 𝑚𝑡𝑎𝑛 = lim
𝑄→𝑃

𝑚𝑠𝑒𝑐 = lim
∆𝑥→0

∆𝑦

∆𝑥
. This is not as common in a reform textbook. 

Today, even though books vary, our textbooks for calculus are all reformed. These books 

are noticeably different from the classical textbooks. First the texts have more pictures and have 

more applications that use a calculator or computer and there is far less writing in reform books. 

Classical books have a format that is similar to a novel, whereas the reform textbooks read as a 

textbook.  

In these reform textbooks by authors such as Stewart (1995, 1998), Varber, Purcell and 

Rigdon (2007), and Rogawski (2012), we see that a derivative is explained differently. In 

Calculus, by Rogawski (2012), there is a section that discusses rates of change; however is it 

separated from the chapter about derivatives. In Chapter 3, Differentiation, the text gives the 

slope of a secant line first, 
∆𝑓

∆𝑥
=

𝑓(𝑥)−𝑓(𝑎)

𝑥−𝑎
 (Rogawski, 2012, p.120), which is similar to the 
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classical book. On the following page the text gives the definition of the derivative, which is 

𝑓′(𝑎) = lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
 (Rogawski, 2012, p.121). This definition is very different from the one 

shown in the classical textbook. First, there is no ∆ within this definition, second the classical 

definition equates the slope of the tangent line to the limit of the slope of a secant line, whereas 

this reform definition does not even mention the relation between the slope of a tangent line and 

the slope of a secant line. Another difference, is that in the reform definition we are using 

derivative notation right away, 𝑓′(𝑎) (Rogawski, 2012, p. 121) but in the classical definition 

there is no formal derivative notation.  

This is a significant change in the definition of a derivative within the past fifty-three 

years. Continuing with the thought of changing the definition of a derivative, there have been 

many articles written about redesigning a calculus curriculum from reform to classical to see 

what method works better and produces better results.  

From these articles, it seems that students have an easier time learning from a reform 

curriculum. However, the students in reform classrooms have the capacity to use technology in 

class and on exams. The technology in the reform courses is positively affecting students’ 

grades; yet, we do not know conceptually how the technology restricts the learning process. 

Keynes and Olson (2000) tracked students’ progress for two classes’, the study included students 

who were in science, engineering and mathematics majors. They created two groups, a group 

that took classical classes and students who took reform classes. Their study showed that the 

reform students did better in their classes.  

A similar study was conducted by Cadena, Travis, and Norman (2003), where they 

looked at a calculus reform class and a classical calculus class. Calculators were not allowed in 

the traditional class; however, they were in the reform class. The study had similar results as the 
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students in the reform classes did better overall. Even though these studies show that students did 

better in a reform classroom, the study did not go into detail about conceptual knowledge or 

students’ dependency on calculators.  

There is also a possibility of how well the textbook explained the information. Upon 

reviewing older textbooks we can see differences between their explanations of derivative 

definitions.  

In Figure 2, we can see that there is a difference in the definition of a derivative from 

Figure 3. In Figure 2, the textbook uses Leibniz notation, whereas Figure 3 uses function 

notation. Both definitions use limits, however there are some discrepancies. In figure two, the 

definition has deltas in it, denoting a change in our x values. The definition in figure three has 

only h’s.  

The definition in Figure 2 is depicting the derivative as a change in x, that is, as your x 

values become infinitely small or closer to zero. The definition in Figure 3 is showing the 

derivative is a change of h, where we are looking at what happens when h becomes infinitely 

small. The definition in Figure 2 is from a classic textbook, whereas, the definition in Figure 3 is 

from is a reform text. The lead up to the derivative definition in Figure 2 is a proof. The lead up 

to the definition in Figure 3 is a question, asking students how they could or would solve a 

problem that uses derivatives.  

Figure 2. Definition of a derivative; Granville, Smith & Longley (1946). 
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Figure 3. Definition of a derivative; Rogawski, J. (2012). 

 

 

 

 

 

An exploration of classical textbooks showed that they follow similar suite to the one in 

Figure 2. Similarly, an exploration of reform books showed that they are closely related to the 

textbook in Figure 2. The classical textbook took more of a formal approach to find the 

definition of a derivative, whereas the reform book takes more of a self-discovery approach. The 

reform textbook also uses technology and real-world examples to explain the derivative. The 

classical textbook uses mathematical language and physics examples to show the derivative. 

Both textbooks have their place; however, the reform textbooks are preferred. Using a reform or 

classical textbook will alter how a teacher will write their exams.  

A theory that is not used in either reform or classical teaching, however, it can apply to 

both styles, of calculus is the APOS Theory. This theory tries to explain how students solve 

mathematical problems in which “that mathematical knowledge consists in an individual’s 

tendency to deal, in a social context, with perceived mathematical problem situations by 

constructing mental actions, processes, and objects and organizing then in schemas to make 

sense of the situations and solve the problems” (Dubinsky and McDonald, 2002, p. 276). This 

method is useful in the understanding of how students learn, particularly how students learn in 

multiple topics such as calculus, abstract algebra, statistics, discrete mathematics as well as other 

collegiate mathematics topics. There are four components to this theory, action, process, object 

and schema. The action part of the APOS theory “is a transformation of objects perceived by the 
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individual as essentially external and as requiring, either explicitly or from memory, step-by-step 

instruction on how to perform the operation” (Dubinsky and McDonald,2002, p. 276) Action is 

where a student can recall how to perform the steps to a problem from memory and can recall the 

step-by-step process or the steps are given.  

The next part of APOS is the process. The process part of APOS happens after the action 

part has been repeated and the student has time to contemplate on it. Then the student makes 

“…an internal mental construction…” which is the process (Dubinsky and McDonald, 2002, p. 

276). The process is where the student can perform the action without any stimuli. The process is 

where the student no longer needs the steps given and can think about “…reversing it and 

composing it with other processes” (Dubinsky and McDonald, 2002, p. 276). The third part of 

the APOS theory is the object. The process leads to the object. Object is when the student is 

“aware of the process as a totality and realizes that transformations can act on it” (Dubinsky and 

McDonald, 2002, p. 276).  

Lastly, there is schema. Schema is when a student, with a particular mathematical 

concept, can link together the action, process and object. Schema, “for a certain mathematical 

concept is an individual’s collection of actions, processes, objects, and other schemas which are 

linked by some general principles to form a framework in the individual’s mind that may be 

brought to bear upon a problem situation involving that concept” (Dubinsky and 

McDonald,2002, p. 272). However, this theory assumes that all mathematical entities can be 

represented by these four mental constructions. The components of APOS, action, process, 

object, and schema are given in a hierarchical, ordered list. With this theory each component in 

the list must be constructed before the student can reach the next step. However, the student 
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might not necessarily go through these steps linearly. According to Dubinsky and McDonald 

these components can be “more of a dialectic than a linear sequence” (p. 277). 

This theory helps in understand how students learn which is useful when comparing 

classical and reform methods of teaching mathematics. However, the next section discusses 

different calculus exams. These exams are based on a reform curriculum rather than a classical 

one. 

The AP Calculus Exam (AB) and College Professors Exams 

 To understand how students are tested on derivatives, it was important to explore various 

exams. Each exam was uniquely written, however, there were similar questions on each exam. 

Each exam contained questions that instructed students to take the derivative of a function. One 

quiz asked about the definitions of each of the “shortcut” rules for derivatives. Some questions 

even asked about a particles movement, which is a typical question one might see on an exam 

about derivatives. 

Figure 4 is a practice exam question from an AP Calculus exam (George, R. 2006). This 

question asks the student to take the derivative of a function without actually using the word 

derivative. This question allows students to think about how to solve this problem. However, the 

question in Figure 4 is a very common problem.  

Figure 4. AP calculus practice exam question; George, R. (2006). 

 

 

 

 

 

 

 

 

 

 

13) At what approximate rate (in cubic meters per minute) 

is the volume of a sphere changing at the instant when the 

surface area is 5 square meters and the radius is increasing 

at the rate of 1/3 meters per minute?  

 

a) 5.271     b) 1.700  

c) 1.667   d) 1.080  

e) 2.714  
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 Figure 5 is a similar to figure four, the statement in Figure 5 is from a university Calculus 

exam. Some of the questions that follow figure five are “Make a careful sketch of the graph of 

𝑦 = 𝑠(𝑡) on the interval[0,4]” and “When is the particle moving in the positive direction?” are 

questions similar to a question following the one in Figure 4 (Straight, 2004).  

Figure 5. Exam question from a college calculus class; Straight, H. J. (2004).  

 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

 Many similar questions can be found on most calculus exams. These questions, though 

challenging, do not really ask about the concept of a derivative. They mostly ask about the 
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applications of a derivative. These application questions are important to ask students and can 

help students understand the meaning of a derivative, if asked properly. 

Derivative Misconceptions 

The derivative, once calculated, is the instantaneous rate of change at a given point on a 

curve. The derivative definition is giving students the idea that a derivative is a limit, or a form 

of a limit that is false. In learning calculus and doing calculations, most students just memorize 

the process or they do not understand on a conceptual level what they have found. In a study 

conducted by Tarmizi (2010), Tarmizi found that students did not fully understand function 

notation, memorized a procedure, and could not verbalize what they were doing in the problem. 

Even though this study was done with a simple function question, it still can be related to 

derivatives. Students memorize the tricks to finding derivatives, however, students often cannot 

verbalize the meaning behind what they calculated.  

In a paper by Wahl (2008), he decided to calculate the derivative of a quadratic function 

without the use of limits. Wahl used mostly high school level algebra to compute the derivative. 

Using this method to teach students derivatives would avoid the risk of students thinking about 

the derivative as a form of a limit. In a study done by Ubuz (2007), she asked students to 

interpret the graph of the derivative of a function, as well as draw the corresponding graph of that 

function’s derivative. Students in the study had difficulty drawing the derivative of the graph due 

to cusps, removable discontinuities, and x-values where there would be a vertical tangent line. 

They did not remember what each of these issues did to a derivative of a function. These students 

also had to draw and interpret the second derivative of the same function. The students did not 

know what the second derivative meant or had little knowledge of the second derivative. 
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 Ubuz interviewed each of these students after they drew the graphs and came to the 

conclusion “that students do not have as deep an understanding of calculus as it was believed 

they had” (Ubuz, 2007, p.612). The students in this study were engineering students. Engineering 

students need to know applications of calculus and physics as well as other concepts for their 

future work. It is imperative that they understand how to draw these derivative graphs and be 

able to interpret them. In an article by Weber, Tallman, Byerley and Thompson (2012), the 

authors discuss teaching students the derivative in a different way. They state that “many 

students are taught in a way that enables them to solve calculus problems without attending to 

rates of change” (p.275). Instead, the authors propose that the students need to learn about the 

derivative as a rate of change. The authors have students visually see the rate of change is 

happening so that students can grasp the concept that a derivative is a rate of change. This 

approach to teaching the derivative is not ideal since it does not represent the derivative of the 

function graphically and can lead to misconceptions (Weber et al., 2012). By changing the way 

we teach derivatives we can help students have fewer misconceptions about the concept of a 

derivative.  Therefore, new ways of teaching calculus need to be put into place. 

In an article by Kadry and Shalkamy (2012), the authors discuss a new way of teaching 

calculus. In their article they discuss pedagogy; however, this pedagogy is better related to the 

teaching of calculus. The authors outline five different teaching methods to be used in a college 

calculus classroom. These methods vary from lecture to computer-based teaching. The authors 

favored the computer-based learning. They found that “The visual approach increases the 

percentage of concentration of the students and especially when the student can produce result in 

a short time like using Excel” (p.553). This technology can now be used since a reform style of 

teaching is the new way for calculus classrooms.  
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In a study by Cadena, Travis and Norman (2003), the researchers found that a reform 

class had higher grades. The reform class got the opportunities to use technologies such as a 

graphing calculator and a computer, while the classical classes were not permitted to use such 

tools. Despite the fact that students received better grades in the reform class, the study did not 

go into the question of conceptual learning. The grades improved because of the use of the 

technology for the students’ calculations. Another study by Keynes and Olson (2000) showed 

that their students too had better results in a reform classroom rather than a classical one. Again 

the reform classes were allowed the privilege of technology. In this study the results found that 

students had a better retention rate going from Calculus I to Calculus II with the information they 

had learned. A reform classroom seems to be the way to go when teaching a calculus course, 

however these studies did not seem to ask the question: Did students know the correct concepts 

of calculus and the derivative or did they just memorize a process? 

The present study uses an assessment to evaluate how students understand the concept of 

a derivative. The assessment allows students the opportunity to show how they think about 

derivative questions that are no straightforward.  

Experimental Design and Data Collection 

 This experiment tested the hypothesis that students in University Calculus I would make 

fewer mistakes when solving derivative application problems, whereas students in University 

Calculus III will not remember how to solve derivative application problems. During this study, 

students answered an eight-question test that contained different types of common derivative 

application problems appropriate for the student participants. The questions were created with 

the APOS method in mind. Each question was evaluated to determine if the student recalled the 
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concept of a derivative and applied it correctly to the problem. The students answered a survey 

after the assessment asking them which problem they thought was the easiest or hardest. 

Participants 

 This study was conducted at a university that is a comprehensive, selective, public, 

residential, liberal arts institution in the northeast.  

 Seventy-nine college students participated in this study. They were enrolled in either 

University Calculus I, University Calculus II, University Calculus III or Advanced Calculus. 

These classes are required for mathematics and science majors.   

 Figure 6 shows the breakdown of the number of males and females in each class that 

participated in the study. 

Figure 6. Males and Females per Class. 

Class Male Female 

University Calculus I 20 5 

University Calculus II 21 8 

University Calculus III 4 4 

Advanced Calculus 6 11 

All of the students who participated were in a major that required them to take that particular 

class. Before each student took the assessment and survey, they gave their written consent (see 

Appendix C for consent form). 

Design 

 The experiment tested the hypothesis that students in University Calculus III do not recall 

the definition of a derivative and cannot solve derivative application questions. Students signed a 
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consent form before participating in this study. The students were fully aware that they can 

decide to not participate in the study at any time and students’ grades would not be penalized if 

they do not participate in the study. Once students signed and turned in their consent forms, 

students received an eight-problem assessment to complete during a twenty-minute time frame of 

one class period. The quiz consisted of a variety of derivative questions, such as what is the 

derivative of a polynomial. A seven-question survey followed, asking students to comment on 

what problems they thought were the easiest and which question the students thought was the 

hardest.  

 Before this instrument was handed out to the participant group, it was piloted. The pilot 

assessment was given to select mathematics education master’s students. These students were 

given approximately 20 minutes to complete the assessment and were informed that this 

assessment would not affect their grades. Once feedback was received, the assessment was 

edited to be more efficient and useful for this study. 

Instrument Items and Justifications 

 The instrument that was administered was organized by the APOS (Action, Process, 

Object, Schema) method (see Figure 7). The first page of problems were action problems, then 

the process problems, then object and lastly a schema problem. The students had 20 minutes to 

complete this assessment. Problems on the assessment were arranged from basic level of 

conceptual knowledge to the highest level of conceptual problems. Students were instructed to 

solve the problems to the best of their ability. After the assessment there were seven follow-up 

questions asking about the assessment as well as asking students to provide some demographic 

information (see Figure 8).  
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Problems one thru four were action questions. These problems are straightforward and 

are basic for students to do. Action questions require students to execute the steps to solve 

problems explicitly. Problems five and six demonstrate the processes component of APOS 

Theory. The process part of this theory is for students to reflect on the action. The procedure of 

the process level is similar to the action one; however, the process level creates more of a 

thought process for a student. This means that, students would have to think about the question 

before applying the action technique. Problem seven represents an object question for APOS 

Theory. Once a student is comfortable with an action and is proficient with the process level of 

this theory, then a student can move up to the object level. The object level is where a student 

can think more analytically about a problem. Problem eight is a schema question. This is the 

highest level of understanding for students. Schema links the action, process and object steps 

together. Schema questions show that students have a deeper understanding of the topic.  

 

 

 

 

 

 

 

 

 

 

 



A STUDY OF DERIVATIVES  CONSTANTINOU  23 
 

Figure 7. Instrument for Derivative Concept Study. 
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 Figure 8 contains the survey questions that students answered after they completed the 

test. The purpose of questions one thru four were used to generate demographic information: 

course, major, gender, and GPA. The fifth question is to find out which problems students found 

non-challenging. The sixth question asked students about which questions they did not remember 

how to answer. The seventh question asked students to explain how they came about an answer 

to the questions they did not remember how to calculate. 

Figure 8. Instrument Concluding Survey. 
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Methods of Data Analysis 

Data Collection 

 The data for this study was collected after spring break of the Spring 2014 semester at the 

university. All data was generated within a week. Participants were administered the assessment 

and post-assessment survey as discussed in the previous sections, following the collection of the 

signed consent forms. The assessment was graded as follows: For problems one through four, a 

correct response was rewarded one point while an incorrect response received zero points. No 

partial credit was awarded. For problems five and six a maximum of two points were awarded 

for each problem. For number five, a point was awarded for taking the derivative and the second 

point was awarded for correct substitution. For problem six, a point was awarded for taking the 

derivative and the second point was awarded for the correct response with units. For problem 

seven a total of three points could be awarded, no points were awarded for a wrong answer and 

three points were given for a correct response. Lastly, for problem eight there was a total of four 

points possible, four points were awarded if students picked the correct graph and explained their 

choice. Two points were awarded if the students only choose the correct graph, and none were 

awarded if they selected the incorrect graph, even if the student explained their choice. Figure 9 

summarizes the assessment-grading rubric. Participants were given 20 minutes to complete the 

assessment.  

Figure 9.  Summary of Scoring Rubric. 
Problem 
Number 

Scoring Total Points Possible Per 
Question 

1 1 (Correct answer) 1 
2 1 (Correct answer) 1 
3 1 (Correct answer) 1 
4 1 (Correct answer) 1 
5 1 (For correct derivative); 2 (For 

derivative and correct substitution) 
2 

6 1 (For correct derivative); 2 (For 
correct derivative and units) 

2 

7 3 (For correct slope value) 3 
8 2 (For correct choice); 4 (For correct 

choice and reasoning) 
4 
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The surveys were evaluated as follows: The responses for questions one thru six were 

used for statistical analysis. Questions one thru four helped to categorize and compare the 

demographic information: mean score by class, scores between majors, comparison between 

genders, and comparison between GPA verses performance on the assessment. Questions five 

and six allowed the students to choose which problems they thought were the easiest and the 

most challenging on the assessment. The responses for questions five, six and seven, regarding 

the simplest and most difficult problems were evaluated based on whether or not students put an 

action, process, object or schema question. The prominent statistic that the researcher was 

seeking was if students put the action questions as easiest and the schema question as most 

difficult.  

Descriptive and Inferential Methods of Analysis 

 After data was collected the researcher used a statistical analysis program, Minitab, to 

sort and analyze various data in order to test the hypothesis. Since this study was quantitative, 

scores were averaged and compared based on the class students were enrolled in. Using 

statistical software, an analysis of variance (ANOVA) tested the hypothesis based on the data 

that was collected. Also, a Tukey test analyzed the difference in means for each problem on the 

assessment. In addition, a general linear model calculated the p-value to check if there was a 

significant difference in the performance of male and female students. Lastly, a Pearson 

Correlation test showed if there was any association between how well students did on the 

assessment and their GPA’s. 

Analysis of Student Work 

 Each student was given an assessment with various derivative questions. Each derivative 

question was categorized at a different level of the APOS model. Students’ assessments were 
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manually graded and scored out of fifteen points by the researcher. Each of the grades were 

recorded in a Minitab worksheet. The assessments reflected which APOS level students have the 

easiest and hardest time with. Each assessment was compared through a statistical analysis 

program to juxtapose which problems were most frequently answered correctly and incorrectly. 

Students showed strength with the action problems but had difficulty with the object question. 

However, the students did not have much difficulty with the schema question, which 

conceptually is supposed to be the most difficult.   

Results 

 

Quantitative Assessment Results 

 

There were four results that ensued from the assessment: 

1) The various mean scores between the four calculus classes did not vary by much and 

there was no significant difference among these means. (P-Value = 0.815, Mean Values: 

University Calculus I = 9.240, University Calculus II = 9.586, University Calculus III = 

10.50, Advanced Calculus = 9.824) 

2) There was a significant difference in the student scores by APOS level. (P-Value = 0.000, 

Mean Values: Action = 0.8276, Process = 0.6209, Object = 0.4524, Schema = 0.6603)  

3) There was also a significant difference between problems that were considered 

procedural versus conceptual. (P-Value = 0.000, Mean Values: Procedural = 0.7917, 

Conceptual = 0.5688) 

4) Lastly, there was no significant difference in the scores of the trigonometric problems 

versus the polynomial problems. (P-Value = 0.716) 

 

 Using a Tukey test, Figure 10 displays each problem with the mean score of the percent 

of students who answered that question correctly. The figure also depicts which mean scores 
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for each of the problems are significantly different. For example, the mean for problem three 

is significantly different from the mean for problem seven; however, the mean for problem 

three is not significantly different from the mean for problem two.  

Figure 10. Mean Score for Each Assessment Problem. 

 

 

 

 

 

  

 

 

Result #1 - The various mean scores between the four calculus classes did not vary by much and 

there was no significant difference among these means.  

 Figure 11 displays the different mean scores for each calculus course as well as how 

many students were enrolled in each course. From Figure 11 it is clear to see the University 

Calculus III had the highest mean score whereas University Calculus I had the lowest mean 

score. However, these mean scores do not vary by much. If we consider the p-value = 0.815, for 

these calculus classes it is clear that there is no significant difference between their mean scores.  

Figure 11. Mean Scores by Course. 

  

 

  

 

 From Figure 11 we can also notice that University Calculus III had the fewest students 

enrolled in the course. Since this course had the fewest students enrolled it suggests that 

Course     Number of Students Enrolled Mean out of 15 Points  
University Calculus I   25            9.240 
University Calculus II  29            9.586 
University Calculus III    8            10.50 
Advanced Calculus   17           9.824 

Question  Mean        
       3     1.0             
       1     0.9            
       2     0.8             
       8     0.7      
       5                     0.6           
       6                     0.6           
       4                     0.5           
       7                     0.4 
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    APOS Level             Mean      
        Action            0.8276   
        Schema            0.6603   
        Process            0.6209   
        Object            0.4524    

University Calculus III students had some of the highest grades, which lead to their course 

having the highest mean score.  University Calculus I had about three times as many students as 

University Calculus III therefore, there was more chance of variations of students’ scores which 

impacted the courses overall mean. 

Result #2 - There was a significant difference in the student scores by APOS level. 

 Using the Tukey test, Figure 12 depicts that on average students scored significantly 

higher on the action problems and significantly lower on the object problems.  There was no 

significant difference between the scores on the process and schema problems. The action 

problems on the assessment were problems one thru four, the process problems were five and 

six, the object problem was seven and the schema question was number eight. The action 

problems were the most straightforward questions. The action problems asked students to simply 

take the derivative thus, it makes sense that the action problems had the highest mean score.  

 The schema and process questions had similar mean scores and were not significantly 

different from each other.  Process problems are the next level after action problems whereas 

schema is the highest level of APOS. Therefore, it is surprising that the schema problem had a 

higher mean than the process questions. However, there were two process questions as compared 

to the one schema question. Also, each individual process problem was worth just half of the 

points possible for the schema problem. Either of these factors could have contributed to the 

mean of the schema questions being higher than the process problems.  

Figure 12. Mean Scores of Each APOS Level. 
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Procedural vs. Conceptual        Mean        
Procedural        0.7917

 Conceptual        0.5688
  

According to Figure 12, the object question had the lowest mean score. In Figure 10 problem 

seven had the lowest mean score, only 40% of the students answered this question correctly. It 

makes sense that problem seven, which was the only problem categorized as an object problem, 

had the lowest mean score.  

 Figure 10 shows the mean score on each individual problem. Students had the highest 

scores on problems one, two and three. The next highest score was on problem eight. The second 

to last lowest score was on problem number four with a mean score of 50%. Problem four was 

categorized as an action level problem, just like problems one thru three. Therefore, it is 

surprising that students did poorly on problem four. It is also surprising that students performed 

well on problem eight which was categorized as the schema question. Despite these 

discrepancies, the APOS level was significant with a p-value = 0.000.  

Result #3 - There was also a significant difference between problems that were considered 

procedural versus conceptual. 

 The eight problems on the assessment were also categorized into two groups, procedural 

and conceptual. Problems one thru five were considered procedural whereas problems six 

through eight were conceptual. Students performed better on the problems that were considered 

procedural than the ones categorized as conceptual (P-Value = 0.000), which makes sense since 

we are comparing two different types of problems. Figure 13 gives the mean scores of each of 

these categories which was generated using a Tukey test. Procedural problems had a higher mean 

than the conceptual problems. The majority of the procedural problems were categorized as 

action level problems with only one process problem included whereas the conceptual problems 

included more APOS categories: process, object and schema.  

Figure 13. Means of Procedural Verses Conceptual Problems. 
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Course   Procedural verses Conceptual                  Mean                 
University Calculus III       Procedural         0.9250  
University Calculus I        Procedural         0.7960  
Advanced Calculus                                 Procedural         0.7353  
University Calculus II            Procedural         0.7103 
Advanced Calculus                                     Conceptual         0.6176  
University Calculus II                    Conceptual         0.6149   
University Calculus III                               Conceptual        0.5625 
University Calculus I                                  Conceptual        0.4800   
   

 Figure 14 was generated using a Tukey test which shows procedural versus conceptual 

problems by class. Figure 14 shows that comparing each class’s procedural mean to its 

conceptual mean there is not always a significant difference. For instance, the procedural mean 

compared to the conceptual one from University Calculus I is significantly different and 

University Calculus III procedural mean is significantly different from its conceptual mean. 

However, comparing the procedural and conceptual means of Advanced Calculus there is no 

significant difference between them, same goes for University Calculus II. 

Figure 14. Mean by Course of Procedural Verses Conceptual Problems. 

 

 

 

 

 

 Both Figure 13 and 14 show that students did better on the procedural problems. Figure 

14 shows that University Calculus I had the lowest mean on the conceptual problems, however 

they did not have the lowest mean score on the procedural problems. On the other hand 

University Calculus III had the highest mean on the procedural questions, whereas they had the 

second lowest mean score on the conceptual questions.  

Result #4 - There was no significant difference in the scores of the trigonometric problems 

versus the polynomial problems. 

 The assessment included only two trigonometric problems, three and four, whereas 

problems one, two, five and six included polynomials. Figure 15 shows problems three and four. 

For problem three and four students were required to take the derivative.  
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Figure 15. Statement of Problems Three and Four from Assessment. 

 

 

 

 

 

  

Figure 16 shows the polynomial problems. In problems one and two the students were asked to 

take the derivative, and in problems five and six students were asked to answer the problem and 

use units when necessary. 

Figure 16. Statement of Problems One, Two, Five and Six from Assessment. 

 

 

 

 

 

 

 

 

 Comparing these two types of problems yielded a p-value of 0.716 thus there is no 

significant difference in the scores. However, problem four had a low mean score of 50% (Figure 

10) which affects the mean score of problems three and four combined. Problems one (90%), 

two (80%), five (60%) and six (60%) (Figure 10) had mean scores that were closer to each other 

and would not significantly affect the mean for those four problems. 

 These four results made it clear that for this study, the course the students were enrolled 

in was not statistically significant however, the APOS level of the problem was significant. Also, 

in general, if the problem was categorized as procedural, then students would do better than if the 

problem was conceptual and lastly, there was no significant difference between trigonometric 

and polynomial problems. 
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Quantitative Survey Results 

 

There were four results that emerged from the survey: 

1) Students who have higher GPA’s tended to do better on the assessment than students who 

had lower GPA’s.  (P-Value = 0.002) 

2) Problem four was an Action question and the majority of students did not give the correct 

answer. 

3) Problem eight was a Schema question and the majority of students received at least 

partial credit. 

4) Students’ gender was a not significant factor statistically for this assessment. (P-Value = 

0.418) 

Result #1- Students who have higher GPA’s tended to do better on the assessment than students 

who had lower GPA’s.   

 Figure 17 displays a scatterplot of students’ GPA’s compared to the total points the 

student earned out of fifteen points. The scatterplot in Figure 17 has a slight positive correlation. 

However, there is at least one outlier, a student with a low GPA who scored high on the 

assessment. However, it is difficult to judge from the scatterplot that there is a positive 

correlation between the students’ GPA’s and the overall score (R-sq=12.5%). Yet, considering 

the p-value of 0.002, it is determined that there is statistical significance between the score of the 

students and their GPA. 
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Figure 17. Scatterplot of Total Points out of 15 vs. GPA. 

 

 

 

 

 

 

 

 

 

Result #2- Problem four was an Action question and the majority of students did not give the 

correct answer. 

 The majority of college students answered question four incorrectly on the assessment. 

Figure 18, shows by class the percentage of students who answered question four correctly.  

Problem four asked students to take the derivative of sin2 𝜃 + cos2 𝜃. The green shows the 

percent of students who answered question four incorrectly. From Figure 18 it is clear that 

University Calculus III students answered question four correctly the most. University Calculus I 

students and Advanced Calculus students performed about the same on problem four. University 

Calculus II students answered problem four incorrect the most out of all the classes.  
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Figure 18. Score Percent by Class of Question 4. 
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 Problem four, which asked students to take the derivative of sin2 𝜃 + cos2 𝜃, on the 

assessment was on the first page and was categorized as an action type problem. There are at 

least two ways to take the derivative of this function. Figures 19 and 20 show samples of student 

work, each student answered the question correctly but each used a different method.  

    Figure 19. Problem Four, Solution One.   
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Figure 20. Problem Four, Solution Two. 

 

 

 

 

 Figure 20 shows the student using the sum and chain rule while the other student (Figure 

19) recalled that sin2 𝜃 + cos2 𝜃 is part of a trigonometric identity. Regardless of the method, 

both students wrote the same answer of zero. However, most students failed to see either of these 

methods and tried to use power rule which is incorrect (Figure 21). In Figure 21 the student used 

the power rule incorrectly. The student did not realize that sin2 𝜃 is composed of two functions, 

sin 𝜃 ∗ sin 𝜃, and same goes for cos2 𝜃. This mistake showed up multiple times for this problem. 

Figure 21. Problem Four, Incorrect Solution. 

 

 

 

 

 

Result #3 – Problem eight was a Schema question and the majority of students received at least 

partial credit. 

 Problem eight (Figure 22) on the assessment was considered the schema question within 

the APOS method. Therefore, question eight represented the highest level of conceptual question 

asked on the assessment. 
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Figure 22. Problem Eight of Assessment. 

 

 

   

 

 

 

 

 

 

 

 Figure 23 shows the percentage of students by class, who answered problem eight 

correctly, received partial credit or answered incorrectly. In Figure 23 the top portion of the bar 

graph percentage of students who answered problem eight correctly and the middle portion 

shows the percentage of students who received partial credit on problem eight. From Figure 23 it 

is clear that most students received some credit for problem eight. University Calculus III 

students either received full credit for question eight or none. University Calculus III results for 

question eight were split mostly evenly with respect to percentage of who received the full 

points. Advanced Calculus students responded to problem eight correctly the most and Advanced 

Calculus students received the most credit on problem eight.  
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Figure 23. Score Percent by Class of Question 8. 

 Figures 24 and 25 show students’ work for problem eight. Both Figure 24 and 25 show 

correct responses, however each explanation varies. Figure 24 shows the student using the curve 

of the original graph (Figure 22) to find a solution whereas Figure 25 shows the student 

observing the original graph function (Figure 22) to the choices listed. In Figure 24, the student 

noted the variations in the graph for choice (c) and compared these variations to the original 

graph given (Figure 22). The student then compared choice (c), the graph of the derivative, with 

the original graph and came to the conclusion that choice (c) was the correct choice. In Figure 25 

the student used logical reasoning to arrive at their answer. The student recognized that the 

original graph was the curve of a quartic. From there, the student understood that the derivative 

of the original graph would be a graph of a cubic curve. Out of the four choice the student notice 

the only cubic curve given was choice (c). 
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Figure 24. Problem Eight, Solution One. 

 

 

 

 

 

 

 

Figure 25. Problem Eight, Solution Two. 

 

 

 

 

 

   

 

 

 

 The majority of students were able to answer the action problems correctly, with the 

exception of problem four. Problem four gave students difficulty, however, problem eight was 

not very difficult for students.  

Figure 26. Problem Four of the Assessment. 
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 The majority of students received either full or partial credit for problem eight. This was 

surprising considering problem eight was categorized as a schema question, which is the highest 

level. In contrast problem four was categorized as an action problem, or the easiest conceptually, 

yet most students did not receive credit for this question.  

Result #4 - Students’ gender was a not significant factor statistically for this assessment. 

 Question three on the survey asked students what was their gender. With this information 

scores were compared between males and females. An analysis of variance (ANOVA) test was 

done to compare the genders. There was no significant difference between genders given a p-

value of 0.418. Therefore, this study shows that neither male nor females are superior at 

derivatives. 

 Overall with these derivative problems, students answered the action and process 

problems easily, however object level problems gave students difficulty. 

Survey Analysis 

 Following the completion of the eight-problem assessment, students were asked to 

complete a free-response survey. The survey asked the following questions: 

1) What mathematics course are you currently enrolled in? 

2) What is your major? 

3) Are you male or female? 

4) Roughly what is your GPA? 

5) Which problem was the easiest? Why? 

6) Were there any problems where you did not know what to do? 

7) For the problems where you did not know how to solve, how did you come about your 

answer? Did you guess or was there reasoning behind your response?  
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 The responses for each question were used for statistical analysis. Many students choose 

question seven (Figure 27) as the hardest question on the assessment. However, question 

eight (Figure 22) was the schema question which was the hardest conceptually whereas 

question seven was the object question which was not as conceptually challenging as the 

schema question. Figure 26 shows the percentage of students by class who choose question 

seven as the hardest question on the assessment. 

Figure 27. Problem Seven from the Assessment. 

 

 

 

 

 

 

 

Figure 28. By Class, Students Who Choose Question Seven As The Hardest. 
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 The blue section of the bar graph in Figure 28 shows the students who did list question 

seven as the hardest question. University Calculus I and Advanced Calculus had about the same 

number of students identify question seven as the hardest question whereas University Calculus 

II and University Calculus III students had about 50% of their students listed question seven as 

the most difficult. Figure 29 shows the percentage of students who correctly answered question 

seven on the assessment.  

Figure 29. Score Percent by Class for Question Seven. 
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 Comparing Figures 28 and 29, the percentage of students who choose question seven as 

the hardest question on the assessment is similar to the percentage who received zero points for 

question seven. The green part of the bar chart in Figure 29 shows the percent of students who 

received zero points for question seven. Figure 29 shows that University Calculus I and 

Advanced Calculus had the highest percentage of students who did not receive points for 
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question seven. Figure 29 also shows University Calculus II and University Calculus III each had 

less than 50% of students receive zero points for problem seven.  

 Students knew which problems on the assessment were the easiest for them, which were 

problems one, two and three. This is reflected by the mean scores for these problems shown in 

Figure 10. However, even though conceptually question seven was not the hardest, students 

decided that for them it was difficult, which can be noted in Figure 10. Surprisingly, the majority 

of students responded that four was an easy problem for them. According to Figure 10 and 

Figure 18, problem four was difficult for most students to answer, only 50% of students 

answered problem four correctly. This was an inconsistency between student opinion and their 

responses on the assessment. However, predicting the easiest and hardest questions, for the most 

part, the students were spot on.  

 The results from this study provide data to compare to the original hypothesis statement 

the researcher made at the beginning of this research study. 

The Hypothesis Revisited 

 When comparing the results to the original hypothesis statement, there are two parts that 

need to be examined. The first part of the hypothesis predicted that students enrolled in higher 

level Calculus (University Calculus III and Advanced Calculus) would have a more difficult time 

recalling the concept of a derivative as well as its applications. According to the data the means 

of each class’ scores were roughly the same (Figure 11). However, examining the means closely, 

it is observed that University Calculus III (Mean Score = 10.50) and Advanced Calculus (Mean 

Score = 9.824) had higher mean scores than University Calculus I (Mean Score = 9.240) and 

University Calculus II (Mean Score = 9.586). Therefore, those students who were in the higher 

level calculus classes recalled the derivative slightly better than those in the lower level calculus 
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classes although these means are not statistically significant different. However, the higher level 

calculus students performed only marginally better than those in the lower level calculus classes.  

 Even though the students enrolled in the higher level calculus classes did slightly better 

than those enrolled in the lower level calculus classes overall on the assessment, the results 

varied in the performance on procedural problems versus conceptual ones. Figure 14 compared 

the four classes on the two different types of problems. From Figure 14, University Calculus III 

and University Calculus I did the best on the procedural problems whereas Advanced Calculus 

and University Calculus II did the best on the conceptual problems. Comparing the means from 

Figure 14 shows that the students enrolled in higher level calculus and lower level calculus 

courses performed about the same on both the procedural and conceptual problems. Therefore, 

according to the data from Figure 14 students enrolled in higher level calculus courses did not do 

better than those who were enrolled in the lower level courses.  

 The hypothesis statement also assumed that the lower level APOS problems would yield 

higher scores. Students scored the best on the action level problems (Mean = 0.8276) however, 

the next best level was the schema level (Mean = 0.6603). Students had more difficulty with the 

process problems on the assessment than the schema question. The process problems were the 

third highest scoring on the assessment with a mean of 0.6209 and students performed poorly on 

the object problem which had a mean of 0.4524. However, comparing these four means (Figure 

12), it is obvious that the action problems were the easiest for students since action problems had 

the highest mean. Action problems had a significantly higher mean than the other APOS level 

problems. The process and schema problems had similar means and the object problem had a 

significantly lower mean than all of the other levels.   
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 However, comparing the trigonometric and polynomial derivative problems from the 

assessment there was no significant difference in student performance. As we observed earlier, 

students performed about the same on both the trigonometric derivative problems and the 

polynomial derivative problems. This may be because the trigonometric problems contained 

action level problems and the polynomial problems contained both action and process level 

problems. Therefore, categorizing the assessment problems into trigonometric and polynomial 

derivative problems yielded no significant difference. Categorizing the problems into 

trigonometric and polynomial derivative problems shows that APOS level did not particularly 

matter.  

Implications for Teaching 

 The hypothesis tested whether students in college calculus classes recalled the concept of 

a derivative. Based on student performance on the assessment, along with responses from the 

student surveys at the end of the assessment, there are four areas of improvement for classroom 

instruction and student scores which emerged.  

Implication #1: Calculus Instructors need to spend time ensuring students master each level of 

APOS for the concept of a derivative before moving up a level. 

 Based on the results of this assessment it is clear that not all students fully understand the 

concept of the derivative based on the APOS method. Most students struggles with the object 

question, question seven. It is important for teachers to gradually introduce higher derivative 

concepts while making sure their students keep up with the understanding at each stage. This is 

especially crucial to do in a first semester calculus course since this is the basis for each higher 

level calculus class. Derivatives come into play in college classes that are not just calculus, i.e. 
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Differential Equations, thus it is important for students to be able to understand the concept of a 

derivative and be able to apply it to multiple situations.  

 Problem seven (Figure 27) involved a graph as well. Mathematics can be very visual and 

involve graphs. As mathematicians we have to know how to analyze these graphs in various 

ways. In order to do this, we have to understand the meaning of the graph given as well as 

understand what is being asked of us during the analysis. In multiple mathematics classes we are 

asked to do such graphical interpretations involving derivatives. Therefore, it is important for 

students to practice these types of questions and understand how to use their knowledge to find a 

solution.  

  Implication #2: Educators need to emphasize that students double check their work.  

 In this study, students made numerous careless mistakes when solving problems. For 

example problem four, students who used the chain rule could had checked their work by using 

the product rule to see if that yielded the same result (Figure 30). If students would have done 

this then they would have realized that they made a mistake.  

Figure 30. Problem Four Incorrect Solution. 

 

 

 

  

 

 It is important for instructors to explicitly tell students to recheck their work one or two 

times before handing in an assignment. The most careless mistakes occurred on the action 

problems (Figure 31).  
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Figure 31. Action Problems from Assessment. 

 

 These problems were the easiest on the assessment and students did not receive a point if 

they were incorrect. Students often forget to take the time to check their answers. Students often 

rush through problems without checking their response. This leads to mistakes and missed points 

on assignments. 

  Implication #3: Educators need to encourage to students to read directions and check to see if 

the response requires units. In addition, educators need to emphasize the importance of reading 

directions to students. 

 On the assessment problem six (Figure 32) involved units for velocity, while most 

students correctly answered the question most either did not put units or put incorrect units. 
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Figure 32. Problems Five and Six from Assessment. 

 

 

 

   

 

Educators need to remind students to put into context the question they are answering as well as 

to remember to write proper units. Having students calculate real world problems can be helpful 

in this situation since students need to have correct units and students need to put the question 

into context.  

 This is a matter that can apply to all academic levels. When students are young and begin 

learning to count, they might count a number of objects such as apples. Well, if the student just 

answers with a number then we are at loss as to what we are counting. The student should 

answer with the number they counted and the unit, which in this case would be apples. Thus, a 

student could say ‘I counted 10 apples.’ Units come up in basic everyday tasks as well, such as 

cooking and baking.  For example there is a difference between a tablespoon and teaspoon and if 

this unit is incorrect in a recipe it can lead to an unsatisfactory end result.  

 However, when dealing with students in calculus, many application questions arise such 

as ‘how fast is water draining from a cone.’ These type of questions need units with an answer or 

else we are left with just a number that does not fully answer the problem given.  

 Problem five from the assessment (Figure 32) asked students to find the slope of a 

tangent line of a function at a specific value. However, there were students who found the 

equation of the tangent line along with the slope. This is not what the directions asked the student 
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to do. It is important for students to read directions for each problem so students can correctly 

answer the question at hand.  

 Educators should stress the importance of reading directions to students as well as 

reminding students to read directions for each assignment and assessment students are given as 

well reminding students to check to see if units are required for the solution. Directions and units 

are very important, not just in a classroom but in real life as well. Instructions and units are 

helpful and can sometimes give clues as to how to go about answering a problem or performing a 

task.  

Suggestions for Future Research 

 This study involved the APOS method, as each problem on the assessment was classified 

as one of the four categories in this method. However, these problems were categorized by the 

researcher. Therefore, another researcher could categorize the problems from the assessment 

differently. A more concrete method could be put into place in order to choose each problem and 

categorize them by concept difficulty. Since problem seven on the assessment was chosen by the 

participants most frequently as the hardest question on the assessment when it was only an object 

level question, using a different method or categorizing the question differently using the APOS 

method could change problem seven to be the schema problem instead of the object level 

problem. 

 Also, a future study could include a focus on reading directions to problems since this 

was not an interest in the study. Problems five and six on the assessment involved directions 

however these instructions were not followed by every student. Therefore, a future study should 

involve more explicit directions and a way of measuring to see if students actually read the 

directions before answering the problem. Involving directions could lead to a new hypothesis in 
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which the researcher could compare students majored in science versus students majoring in 

mathematics to compare who reads directions thoroughly. 

Concluding Remarks 

 Students do not fully understand the concept of a derivate and have trouble correctly 

answering derivative application questions. Teachers with a strong understanding of their 

students’ knowledge can tailor their lessons to accommodate students who do not fully 

understand the concept of a derivative in a first-year calculus course. Students will use the 

concept of a derivate in multiple classes through college depending on their major. It is crucial 

for them to easily understand the concept of a derivative and be able to apply it. Teachers should 

review conceptual questions that are missed by students in order to help students understand 

derivatives at a higher reasoning level. A model such as APOS can be applied to a classroom 

setting and be kept in mind when assessing students on different levels of derivative questions.  
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Appendix A 

 
I would appreciate your collaboration in this very important project. Please sign 
below to indicate your agreement to participate in this study. You may retain a copy 
of this letter for your own files. Thank you for giving this request your full 
consideration. 
 

STUDENT CONSENT FORM 
SUNY Fredonia 

 
Voluntary Consent: I have read this memo. My signature below indicates that I 
freely agree to participate in this study. If I withdraw from the study, I understand 
there will be no penalty assessed to me. I understand that my confidentiality will be 
maintained. I understand that if I have any questions about the study, I may 
telephone Suzanne Constantinou at 631-766-7204, or reach her by e-mail at: 
Suzanne.constantinou@fredonia.edu.  
 
Please return this consent for by March 31, 2014. Thank you for your cooperation. 
 
 
 
Student Name (please print): _______________________________________________________________ 
 
 
 
Student Signature: ___________________________________________________________________________ 
 
 
 
Date: _____________________________ 
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Appendix B  

 
 
Directions: For numbers 1-4, take the derivative. 
 

(1) 
𝑑

𝑑𝑥
[2𝑥3 + 5𝑥 − 6] 

 
 
 
 
 
 

(2) 
𝑑

𝑑𝑦
[(𝑦2 + 3)2] 

 
 
 
 
 
 

(3) 
𝑑

𝑑𝜃
[sin 𝜃] 

 
 
 
 
 
 

(4) 
𝑑

𝑑𝜃
[sin2 𝜃 + cos2 𝜃] 

 
 
 
 
 
 
 
 
 
 
 
 

Answer each question to the best of your ability. Show all your work. Answer as many 
questions as you can in the allotted time. You can always skip a question and come back to 
it later. 
 



 
 

Appendix B 
 
Directions: For numbers 5 and 6 answer the following questions. Use proper units 
when necessary. 
 

(5) Compute the slope of 𝑦 = (𝑥2 + 3)2 at 𝑥 = 2. 
 
 
 
 
 
 
 
 

(6) The position of a particle at time 𝑡 is given by 𝑝(𝑡) = 2𝑡3 + 5𝑡 − 6, where 𝑡 is 
measured in seconds and 𝑝 is measured in meters. Find the velocity, 𝑣(𝑡), of 
this particle at time 𝑡 = 5.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

Appendix B 
 
Directions: For question 7, use the following graph.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(7) The graph represents the curve of 𝐟′(𝐱). Use the graph to find the slope of 𝑦 =
𝑓(𝑥) at 𝑥 = 2.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

Appendix B 
 

Directions: For question 8, choose the curve of the derivative that best corresponds 
to the graph below. Then explain your choice. 
 
(8)  
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Explain your choice. 
 
 
 
 
 

 



 
 

Appendix B 
 

Directions: Write a response to each question. Explain when necessary. 

 

8) What mathematics course are you currently enrolled in? 

 

 

9) What is your major? 

 

 

10) Are you male or female? 

 

 

11) Roughly what is your GPA? 

 

 

12) Which problem was the easiest? Why? 

 

 

 

 

 

13) Were there any problems where you did not know what to do? 

 

 

 

 

 

14) For the problems where you did not know how to solve, how did you come about 

your answer? Did you guess or was there reasoning behind your response?  

 

 

 

 




