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Abstract

This research examines the reasons why students struggle with manipulating
mathematical expressions and equations when the order of operations process is necessary. It
was hypothesized that students in a liberal arts mathematics course would have difficulty using
the correct order of operations process when manipulating expressions and solving equations. It
was also hypothesized that non-mathematics major college students would have equal difficulty
solving for variables using the order of operations process. During this study, students completed
a ten-problem assessment. The assessment was generated by polling professors of mathematics.
Students were instructed to solve each problem, showing all work, without the use of a
calculator. The score for each problem was recorded and compared to a survey that students
answered reporting their confidence in using the order of operations process. The results of the
study indicated that problems using different types of grouping symbols (not just parentheses)
and problems involving fractions were incorrect most frequently. Additional results revealed that
there was no difference in scores based on gender and year in college.
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Introduction
This research investigates the reasons why students struggle with manipulating
mathematical expressions and equations when the order of operations process is necessary. The
order of operations is often taught in elementary school using the mnemonic device PEMDAS:
Parentheses, Exponents, Multiplication, Division, Addition and Subtraction. One flaw that this
mnemonic has is that it does not allow for students to remember the “left-to-right” rule
associated with multiplication/division and addition/subtraction. Within the order of operations
process, multiplication/division and addition/subtraction carry the same weight meaning that the
student should evaluate these operations from left to right in a problem. The correct process for
carrying out operations in a number sentence is emphasized in classrooms; however, many
students are not able to correctly grasp the meaning of the order of operations until higher level
mathematics courses.
Interest in this topic originated from my teaching and tutoring experience at a
comprehensive, selective, public, residential, liberal arts university located in the Northeast. At
this university I tutored students through the campus tutoring center and taught a section of a
liberal arts introductory mathematics course for non-majors. This section contained 40 students.
Each class meeting lasted 80 minutes and the class met two days a week. Through the tutoring
center I worked with individual students and small groups of students on mathematics problems
from the different mathematics courses offered at the university. Many students had similar
issues when manipulating expressions and solving equations. Students understood the correct
order used for carrying out operations but were heavily relying on PEMDAS for assistance with
their work. These observations suggested that college students’ understanding of the order of
operations was minimal at best.
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Throughout this study, the researcher was interested in learning precisely what steps
students had difficulty with when using the order of operations process to manipulate
mathematical expressions and solve mathematical equations. This study focused on which
combination of operations students had the most difficulty evaluating correctly in order to
develop an understanding of the problem with the order of operations process.
It is hypothesized that students in a liberal arts mathematics course will have difficulty
using the correct order of operations process when manipulating mathematical
expressions and solving equations. It is also hypothesized that non-mathematics major
college students will also experience difficulties solving for variables using the order of
operations process.
The hypothesis was tested by administering an assessment to a sample of students from
the population. The assessment was graded using a rubric to record the number and types of
mistakes students made. Two sample assessment
problems are shown in Figure 1 to the right. In

Figure 1. Sample Order of Operations
Assessment Problems

addition, students responded to a survey in which
they indicated their confidence level when answering

(
(

)

(

)

)

these problems as well as their background in
mathematics and if they had a strategy for solving problems when using the order of operations
process. Research that has been done on the order of operations can be found in the literature
review of this paper. This literature review examines the history of symbols and the order of
operations, textbook approaches to teaching the order of operations in classrooms, common
teaching methods as well as state assessment questions and how this topic affects college
students.
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Literature Review
The purpose of this literature review is to investigate why students struggle with the
correct order for performing operations in mathematical expressions; specifically, how textbooks
teach the order of operations to students and how teachers are changing the way the order of
operations is taught in the classroom. Research has shown that students have a misunderstanding
of the correct order of operations process. The literature review concludes with studies and
research done on the topic of order of operations.
Historical Representations of Symbols and the Order of Operations
The symbols that are used today to represent the operations in mathematics have
developed over time. These symbols were used to create the rules for the order of operations
process. The development of each operation (addition, subtraction, multiplication, division,
powers and grouping) and their symbols are shown through the history of mathematics. Cajori
(2012) reviews different parts of the history of mathematics, including the history of these
operations and their symbols, and compiles them together as one large work. In the next section,
the development of these operations and their symbols is discussed.
Addition and subtraction. The third century Greek mathematician, Diophantus, is
credited with using juxtaposition as a symbol for addition (Cajori,

Figure 2. Juxtaposition

2012). The use of juxtaposition for addition can be seen in Figure 2
on the right. One symbolic form for addition is given in the Egyptian
hieroglyphic translation of the Ahmes Papyrus (Figure 3 below).
Figure 3. Ahmes Papyrus Hieroglyphic Translation page 230 from Cajori
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In this translation, a pair of legs walking forward symbolizes addition and a pair of legs walking
away symbolizes subtraction. The symbols ̃
plus sign and the symbols ̃

were used to represent what we now have as a

were used to represent a minus sign (Cajori, 2012). In his

work, Cajori also commented on how these representations of addition and subtraction were used
by The Frenchman Chuquet in 1484, the Italian Pacioli in 1494 and also by Italian
Mathematicians in the sixteenth century.
The modern addition (+) and subtraction (-) symbols used today were found in Germany
during the last twenty years of the fifteenth century (Cajori, 2012). These modern symbols were
also found in German and Latin manuscripts, but did not translate from algebra to general use in
arithmetic until the nineteenth century (Cajori, 2012). The two modern symbols (+) and (–)
competed with the symbols ̃

̃ for more than a century. In the early seventeenth century,

the modern symbols for addition and subtraction were adopted and are used in mathematics
notation today. The next set of operations developed was multiplication and division.
Multiplication and division. William Oughtred, an English Mathematician, believed that
mathematical problems should be solved with equations written in symbolic notation. Once
equations were written in symbols, algebra could be used to arrive at a solution. Oughtred is
credited with introducing the (×) for multiplication as well as a few other symbols that did not
last (Katz, 2004). Oughtred used St. Andrew’s cross as the initial symbol for multiplication. An
example of the way this cross was used to illustrate multiplication is shown in Figure 4 below.
Figure 4. Illustration of Multiplication with St. Andrew’s Cross
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With this use of St. Andrew’s cross, the operation of multiplication is carried out between
the two numbers that each bar connects, namely 315172 and 174715, 395093 and 295448. This
early representation of multiplication was not used as one compact “X” symbol; instead, it was
used as each individual bar diagonally to represent multiplication (Cajori, 2012).
The use of the dot as a symbol to represent multiplication was introduced by G. W.
Leibniz in a letter written to John Bernoulli on July 29, 1698 (Cajori, 2012). The dot is used
today as a symbol for multiplication in many mathematics classrooms and is therefore another
symbol used to represent the operation of multiplication. Two symbols that were unsuccessful in
surviving to represent multiplication were a rectangle and a six pointed star.
The Hindus were among the first to use a symbol to denote division during the twelfth
century. This was represented by writing the divisor beneath the dividend. Lunar signs such as
8)24 and 8)24( were also used as symbols of division (Cajori, 2012). Leibniz was the first
mathematician to introduce the colon (:) as a symbol for division. Later, it was shown that the
modern symbol for division (÷) is credited to Great Britain and the United States, and the colon
(:) is credited to Continental Europe and Latin-American countries (Cajori, 2012).
When evaluating expressions containing both multiplication and division, operations
were performed in the order they were written, from left to right. The rule that multiplication and
division should be performed in the order they occur is practiced by many textbook authors;
however, some believe that multiplication in any order should be performed first and then
division from left to right which is different from the modern day rule (Cajori, 2012).
The order of operations is also represented today through the use of calculators and
technology. When working with technology, it is important to understand that each type may be
programmed differently depending on when it was issued. Different calculators follow different
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orders of operations. Most non-scientific calculators will work from left to right without giving
notice to the operations being used while more advanced calculators will work using the standard
rules for the order of operations. In Figure 5 below, two calculators of the same company are
shown with different answers to the same expression. The next set of operations is powers and
aggregation. These two operations expand on the previous operations (addition/subtraction and
multiplication/division).
Figure 5. Calculator Order of Operations Computation

Powers and aggregation. Aggregation is the modern day use of parentheses and grouping
symbols. Cajori (2012) credits Diophantus with an early representation of powers. Diophantus
denotes “squared” as

and is called dynamis. He also denotes “cubed” as

. Many

mathematicians wrote powers as the same variables multiplied together, otherwise known as
repeated multiplication. An example of this would be writing

.

Grouping symbols include round parentheses, brackets and braces. Parentheses were the
slowest mathematical symbol to develop throughout all countries; it took over two centuries
(Cajori, 2012). The importance of aggregation is that it allows for preference of symbols grouped
together. Parentheses denote which part of an expression should be evaluated before other parts;
parentheses show the priority of symbols in an expression (Cajori, 2012). Each of the symbols
used for addition, subtraction, multiplication, division, powers and aggregation have evolved
throughout history. Today, the forms of these symbols are used without hesitation which can lead
to misinterpretation of these symbols. Quinnell and Carter (2012) reported that symbols can be
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classified into seven sections. These seven sections are: “numerals, operators, comparatives,
grouping, pronumerals (variables, parameters), geometric, and shortened forms (mathematical,
units of measurement, common
use)” (Quinnell and Carter, 2012, p.

Figure 6. Evolution of Modern Day Symbols
Addition

35). One reason that students
misinterpret symbols is because

Subtraction

symbols can be similar in
Multiplication

appearance (bold or italicized, small
or large, uppercase or lowercase).

Division

Another reason that students have
Powers

difficulty understanding symbols is

Aggregation










Diophantus: Juxtaposition
Egyptians: forward walking legs
Symbols: ̃

Germany: (+) (as symbol)
Egyptians: backward walking legs
Symbols: ̃

Germany: (-) (as symbol)
William Oughtred, English Mathematician
(St. Andrew’s Cross)

 G. W. Leibniz (dot as a symbol)
 Hindus : divisor beneath the dividend
 G. W. Leibniz (:)(as symbol)
 Great Britain (÷) (as symbol)
Diophantus :
“squared” called dynamis
Two centuries of development

because different symbols can have
the same meaning; they represent the same operation in a different way. An example of this
is

⁄ . Each of these expressions includes a different symbol for division; however

they all mean the same thing and allow a student to arrive at the same solution in each expression
(Quinnell et al., 2012). A summary of the evolution of each symbol is given in Figure 6.
Using the history of each symbol, the order of operations process slowly began to
develop. The most popular description of the order of operations is seen in textbooks. This form
of the order of operations was created as an agreement among mathematicians; however, the date
and place of this agreement is unknown even to mathematicians who focus on the history of
mathematics (Gardella, 2009). Therefore, the order of operations process is a topic in
mathematics for students to “remember or lose” (Gardella, 2009, p.15). Since the order of
operations process was agreed upon at some point in time, assessments and questions involving
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the order of operations process follow a logical consequence. The next section discusses the use
of these symbols and operations through historical and modern day assessments.
Historical and modern day assessments and questions. When assessing student
understanding of the order of operations, many different approaches have been used.
Historically, the use of the word ‘by’ plays an important role in written expressions. An example
from Modern Practical Arithmetic Upper Grades, written by Bodley, Gibson, Hayes and Watson
(1925) is “to multiply a number by 25 multiply it by 100 and take ¼ of the product” (Bodley et.
al., 1925, p. 10). A similar example on page 14 is “to divide a number by 5 multiply it by 2 and
divide by 10.” The word ‘by’ is also used in Mathematics Preliminary, written by Cambridge
(1953). On page 32, the author asks students to write, in algebraic language, the answer to
problems such as 21 divided by n or 12 decreased by 7.
Historical assessment of the order of operations can be found in New York State
Mathematics (Preliminary) examinations as early as 1956 and also in Mathematics Course 1
examinations (June 1977; August 1986; June 1995). The uses of the order of operations process
in these examinations are shown in Figure 7 below.
Figure 7. Common New York State Examination Problems
Exam

Problem

Mathematics (Preliminary) 1956 Question 5
Mathematics Course 1 1977 Book 1 Question 3
Mathematics Course 1 1986 Book 1 Question 7
Mathematics Course 1 1995 Book 1 Question 3

(

)
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Modern day assessment of the order of operations can be found in New York State Grade
5 examinations. The Grade 5 examinations have numerous types of problems that require
students to use their knowledge of the order of operations process (2005; March 2007; March
2008; May 2010). Figure 8 below shows typical New York State Grade 5 examination problems.
Figure 8. Common New York State Grade 5 Examination Problems
Exam

Problem

2005 Sample Test Question 9

Four students simplify the expression below.
6+4×5÷2
Aimee’s solution is 25, Dario’s solution is 46, Jimmy’s solution is 13,
and Lani’s solution is 16. Who simplified the expression correctly?

March 2007 Book 1 Question 17

Simplify the expression below.
3 + 7 × (5+1) ÷ 3 - 2

March 2008 Book 1 Question 17

What is the value of the expression
4 + 16 ÷ 4 – 3?

May 2010 Book 1 Question 20

Which equation is true when m = 4?
A8÷m+5=7

B4+8÷m=3

C 12 ÷ m + 2 = 2

D 16 + 4 ÷ m = 5

These example assessment problems focus direction on how educators teach the order of
operations in their classrooms. Without the knowledge of how students could be tested, teachers
rely on textbook approaches and example problems for instruction.
Textbook Approaches to Teaching Order of Operations
Textbooks are the leading source of where students learn the foundation of many topics.
Textbooks are also what students can turn to for extra help with concepts or to find extra
examples of problems completed in the classroom. Order of operations can be found in textbooks
starting from grade four and working through upper level mathematics courses. Most textbooks
begin with a general overview of the steps, or instructions, for using the order of operations
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appropriately and correctly in mathematical computations, and then follow with step-by-step
example problems (Bezuk, Cathcart, Pothier & Vance, 2011; Boswell, Kanold, Larson & Stiff,
2007; Charles, Dossey, Leinwand, Seeley & Vonder Embse, 1998; Charles et al., 2008; Collins
et al., 2001; Dressler & Keenan, 1980; Leschensky, Price & Rath, 1992; McGraw-Hill, 2013;
Nurnberger-Haag, 2003).
A common textbook that was used throughout area middle and high schools was
AMSCO’s Integrated Mathematics Course 1, written by Dressler and Keenan (1980). Chapter 4
on order of operations begins with an important question, “how do we give a specific meaning to
a single mathematical expression” (Dressler and Keenan, 1980, p. 16). The chapter moves to the
correct procedures for evaluating mathematical expressions with more than one operation and
concludes with sample problems. Figure 9, below, shows the procedure the textbook gives when
solving problems that require the order of operations process when using addition, subtraction,
multiplication and division as the only operations. Figure 10, below, illustrates the process for
solving an expression with a step-by-step model that a student could use to solve subsequent
problems of the same type.
Figure 9. Dressler and Keenan’s (1980) Textbook Procedures on Using the Order of Operations

Figure 10. Dressler and Keenan’s (1980) Textbook Model Problems Using the Order of Operations
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The textbook Learning Mathematics in Elementary and Middle Schools: A LearnerCentered Approach Fifth Edition, by Bezuk, Cathcart, Pothier and Vance (2011), teaches
students the correct process for using the order of operations (Figure 11, below) and also shows a
model solution for using these procedures (Figure 12, below). The authors use the familiar
mnemonic students learn to assist in memorizing the order of operations; PEMDAS, or ‘Please
Excuse My Dear Aunt Sally’. The authors then illustrate how to proceed through manipulating
an expression, using the rules of the order of operations. This textbook includes the use of
parentheses and exponents, unlike the textbook written by Dressler and Keenan.
Figure 11. Order of Operations Procedures, Including Parentheses and Exponents

Figure 12. Model Solution for Evaluating an Expression Using Order of Operations
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Middle school algebra textbooks (Charles et al., 2008; McGraw-Hill, 2013) introduce the
key concepts or procedures of order of operations in the form of a chart. This chart lists the four
steps in order as in Figure 13, below.
Figure 13. Key Concepts for Using Order of Operations to Evaluate Mathematical Expressions

Textbooks have allowed students to find different methods for solving mathematical
problems since the first one was published and continues today; however, textbooks do not
always give the best directions or allow for complete conceptual understanding of a topic.
Teachers need to be aware of this issue, and many have expressed an interest in how order of
operations should be taught in the classroom.
Teaching Methodologies and Misconceptions of Order of Operations
Understanding the concepts and rules of the order of operations is important for students
in mathematics. Without proper instruction from teachers, students may have difficulty with
simple use of the order of operations throughout their schooling. Teachers have reflected on the
way textbooks teach order of operations and have transformed the way the process is taught in
their classroom. Part of the reason that order of operations is a perplexing topic for many
students is because the meaning of the common mnemonic, PEMDAS, and the concept of
grouping symbols, are overlooked in many classrooms (Ameis, 2011; Gardella, 2009; Rogers,
2013; Schwartzman, 1996).
When using the mnemonic PEMDAS, teachers commonly use the phrase ‘Please Excuse
My Dear Aunt Sally’ as a tool for memorization. This mnemonic assists students in remembering
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the order of operations, namely, Parentheses, Exponents, Multiplication, Division, Addition and
Subtraction. Although PEMDAS is a great tool, Gardella (2009) noted that this mnemonic does
not promote number sense. Students use this mnemonic without understanding the actual
meaning of the order of operations or why the order is important. Looking specifically at what
the ‘P’ stands for in PEMDAS, students receive a false description of the first rule in the order of
operations. When evaluating a mathematical expression that involves multiple operations, the
first step is to look for any grouping symbols. These can be not only parentheses but brackets,
braces, the fraction bar and the square root symbol as well. PEMDAS does not allow for this
understanding of grouping symbols. In order for students to achieve higher understanding of the
order of operations, it is important that they first achieve higher understanding of what grouping
symbols are and their various types. This originates from teachers using different types of
grouping symbols (not using parentheses) in expressions or equations in their classroom
(Schwartzman, 1996). When faced with these misinterpretations, Rogers (2013) changed the
mnemonic completely. Instead of PEMDAS, his students use “FGSEMDAS; formed grouping
symbols, exponents, multiplication, division, addition, subtraction” (Rogers, 2013, p. 566).
When students are taught the order of operations, they learn that multiplication/division
and addition/subtraction should be evaluated from left to right in an equation or expression.
When using the mnemonic PEMDAS, there is no letter assigned for the left-to-right rule, which
leads to confusion and forgetfulness when students rely heavily on the mnemonic for assistance.
Relying on PEMDAS only leads to basic understanding of the order of operations. Teachers
must encourage deeper conceptual understanding of the order of operations, which does not
come from memorizing the mnemonic alone.
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and √

, Ameis (2011), found that without a

deep understanding of the order of operations, students would arrive at incorrect answers. Two
possible incorrect solutions are displayed in Figure 14 below.
Figure 14. Examples of Incorrect Solutions to Common Expressions

In Figure 14(a), the student understands that division is carried out before addition; however they
are not aware that the fraction bar is a grouping symbol, which means that the addition must be
carried out before the division. In Figure 14(b), the student understands that exponentiation is
carried out before addition; however they are not aware that the square root is also a grouping
symbol. This means the addition must be carried out before taking the square root of the addition
problem. These are two examples of how students’ misconceptions of the order of operations
process can lead to misunderstandings in the mathematics classroom.
When teachers see that their students are struggling with the order of operations, Stacey
and MacGregor (1997) suggest that algebraic notation be used more often in mathematics
classrooms. The use of correct notation allows students to build their knowledge through the
curriculum which leads to a deeper understanding of prior topics. Students also learn in
introductory mathematics classrooms that letters in the alphabet have a numeric value based on
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their particular location in the alphabet. When students begin to see letters that are used as
variables in mathematical expressions they associate their prior knowledge of the fact that these
letters correspond to a numerical value, and substitute that value in for the variable in the
expression. For this reason, teachers need to emphasize that letters in algebraic expressions act as
a place holder for numeric values that are unknown.
An important goal for all teachers is to make mathematical topics relative to students’
personal lives. This can be done when using real life examples. When mathematical topics like
the order of operations are taught initially as real life examples, a sturdy basis for learning is
formed. Gardella (2009) noticed that when an expression such as

is given as a real

life example by, “suppose a student wants to buy 5 notebooks for $3 each and 2 pens for $4
each,” (Gardella, 2009, p. 15) students are able to understand the correct process for evaluating
the expression. Gardella also noticed that the use of an equal-arm balance allowed students to
gain initial knowledge of addition and multiplication. Figures 15 and 16 below illustrate equalarm balance solutions to addition and multiplication facts.
Figure 15. Equal-arm Balance Addition Equation

Figure 16. Equal-arm Balance Multiplication Equation
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When using an equal-arm balance, the left side of the balance shows the left side of the equation
and the right side of the balance shows the solution. An equal-arm balance is used with the order
of operations when modeling

(Figure 17 below).

Figure 17. Equal-arm Balance Modeling Order of Operations Expression

In Figure 17 we see that there are two bars of weight eight and five bars of weight four on the
left side of the balance. This illustrates the order of operations rule that multiplication is
computed before addition. The equal-arm balance approach works impressively in younger
grades when initial instruction on the order of operations process is delivered. Once students
work their way through mathematics classes and topics, a more concrete representation of the
rules of the order of operations is needed.
Expressions, charts, and tables become more useful as ways to remember the priorities of
operations when students are working with real life examples. When PEMDAS does not allow
for profound understanding, some teachers have included the use of hierarchy tables in their
classrooms. These tables encourage deeper understanding and decision making when used to
assist in evaluating mathematical expressions. Ameis (2011) uses a hierarchy of operators chart
in the shape of a triangle. As students work their way down the triangle, the priority of each
operation decreases. This triangle is illustrated in Figure 18 on the following page.
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Figure 18. Hierarchy of Operators Triangle by Jerry A. Ameis

Textbooks are a great initial resource for students when learning a new mathematics
topic. The next great resource for students is the teacher themselves. Teachers have taken their
own knowledge of the order of operations process and amended it to fit their classroom teaching
styles. The following section of this literature review examines why students struggle with
understanding the correct order of operations process and research done on this mathematical
topic.
Research with Order of Operations
Order of operations is a mathematical concept that is expected to be taught in today’s
schools. This concept, however, has become increasingly important as students move through
schooling (Glidden, 2008). A common mnemonic used to assist students with the order of
operations process is PEMDAS; however Glidden carried out a study that showed that this
mnemonic does not allow for an understanding of the actual order of operations process. When
reviewing how the order of operations process is taught in schools, textbooks are a leading cause
of the misunderstanding when they are used excessively (Lee, 2000). In a recent study done by
Lee, the researcher found that students must understand that textbooks are not a crutch for
learning, and a deeper understanding of the order of operations process is required when using
textbooks for practice with this concept.
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Order of operations is a concept in mathematics that is not specific to just one grade
level. Correct use of the order of operations process is required in all mathematics courses, from
fourth grade on. If students are unskilled with the order of operations procedures as elementary
students, their understanding could be affected in all future mathematics coursework (Glidden,
2008). Glidden reported on a significant problem with student understanding of the correct use of
the order of operations; namely that students are not confident with their knowledge of the rules
for the order of operations process. Without the correct knowledge of the steps required,
incorrect responses to simple expressions and equations occur. Limited studies have focused on
student awareness of the order of operations and to what extent the rules are carried out correctly
(Glidden, 2008; Pappanastos, Hall, & Honan, 2002). In the limited research that has been done
on this topic, college students continue to struggle with executing the order of operations
correctly. It has also been found that textbooks are a direct cause of this misunderstanding
(Glidden, 2008; Lee, 2000; Pappanstos, Hall & Honan, 2002; Woltz, Bell, Kyllonen & Gardner,
1996).
One such study on the order of operations was conducted by Woltz, Bell, Kyllonen, and
Gardner (1996). In this study, the researchers evaluated 1,069 participants in the U.S. Air Force
(943 males and 126 females), and 40 students in an undergraduate classroom (10 males and 30
females) based on their performance when using memory skills. This study explored how
sequential processing is affected through memorization. Participants were surveyed in a series of
three sessions where each session included a series of trial blocks for the participants to
complete. The trials included a series of numbers where participants needed to assign a sequence.
Woltz et al. (1996) found that when generalization of a skill was used, higher percentage of the
participants arrived at the correct conclusion than if a more specific skill was given. When
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participants were asked to examine more than two sequences at once, the percentage of correct
responses dropped. Based on this study, the researchers concluded that students learn initial
sequencing skills early in their development; however, they demonstrated that student
performance is impacted by the number of synchronous problems.
Teachers should develop these initial problem solving skills in students in order for
students to adapt to upper level mathematics. Without the proper growth, students may arrive at
incorrect solutions to problems that require very little processing.
To explore teachers’ understanding of the order of operations process, Glidden (2008)
conducted a study in which 308 prospective elementary teachers were asked a series of questions
in which comprehension of the order of operations was required. This study explored how well
education majors understood the common mnemonic, PEMDAS (Parentheses, Exponents,
Multiplication, Division, Addition and Subtraction), and how it is used with the order of
operations in mathematics classrooms. The students were given a multiple-choice exam in which
calculators were permitted. Four of the five questions on the exam dealt directly with the order of
operations process. The first question on the exam was used to examine the level at which
students could solve arithmetic computations. Glidden found that prospective elementary
teachers had little understanding of both the order of operations and the process needed to
correctly carry out the order of operations, and also that students had a misunderstanding of the
left to right rule for multiplication/division and addition/subtraction. This misunderstanding
showed that students interpret the mnemonic PEMDAS literally (Glidden, 2008).
The lack of understanding of the mnemonic PEMDAS was the basis for a 2002 study by
Pappanastos, Hall and Honan, examining the arithmetic skills of 306 non-freshman business
majors at two different universities. Participants were given a series of open-ended arithmetic
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questions that were used to evaluate student understanding of the order of operations and its
process. The researchers found that one third of the business students in the study demonstrated
an incorrect understanding of the order of operations and/or how to apply the rules correctly.
Based on business students’ lack of understanding, Pappanastos et al. (2002) gave a
recommendation for generating student understanding including review courses on the order of
operations process. In these review courses, students are given explanations for the basic rules of
the order of operations.
One reason that the understanding of the order of operations is basic is because of the
textbooks used in modern day schools. Through the years, textbooks have increasingly become
relied upon by today’s teachers. Educators are no longer developing their own materials.
Instead, they are directly teaching from the textbook. There is a problem because textbooks are
incorrectly instructing students on certain topics, additionally, textbooks include everything that
students need to practice and learn in each grade in order to successfully do no progress to higher
level mathematics courses.
Another study on the order of operations was conducted by Lee (2000). This study
focused on textbooks instead of students. A total of 15 textbooks were analyzed in this study
ranging from grade six through grade nine. Lee hypothesized that “textbooks in these grades
would allow for students to receive practice with operations using integers and with unsigned
fractional, decimal, exponential and mixed numerals, but little experience with the signed
numeral forms” (Lee, 2000, p.173). Lee also reported that students do not receive enough
practice with complex mathematical topics. One example is that students in sixth grade do not
use exponents like students in eighth or ninth grade (Lee, 2000). Textbooks also do not give
explanations when proceeding through an example problem, often omitting critical steps for

ORDER OF OPERATIONS

JOSEPH 21

student understanding. Mathematics topics taught in multiple grade levels are explained
differently in textbooks used for that particular age group; for example, the order of operations
process is explained more in-depth in ninth grade textbooks. Lastly, signed numeric examples
and problems are not apparent in textbooks as much as they need to be in order for students to
prepare for higher level mathematics classrooms. A summary of the research is found in Figure
19 below.
Figure 19. Summary of Order of Operations Research





Prospective elementary teachers unsure of the correct process for the order of
operations
Textbooks do not allow for deep understanding of the order of operations process
Students interpret the mnemonic PEMDAS literally
Students are unsure how to apply the rules for the order of operations correctly when
solving mathematical expressions and equations
Order of operations is a topic that comes easily to many students while they are in school;

however, the order of operations is also a topic that is easily pushed aside. The latter of the two
allows for greater misunderstanding in upper level schooling. There is little research dealing
directly with the topic of order of operations. Thus, the following study is aimed at identifying
student errors when evaluating mathematical expressions when the rules for the order of
operations are needed.
Experimental Design
This experiment tested the hypothesis that students would make the most mistakes when
using the order of operations process to evaluate expressions involving multiple operations.
During this study, students answered a ten-problem assessment that included different types of
mathematical expressions as well as equations where solving for a variable was necessary. The
problems were generated as a result of polling mathematics teachers from various middle and
high schools as well as faculty from a comprehensive, selective, public, residential, liberal arts
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university located in the Northeast. Each problem was evaluated to determine the types of
mistakes students made and how often they were made. This evaluation of the assessment was
compared to the results of a survey that students answered about their confidence in solving
these types of problems and their mathematics background.
Participants
This study was conducted at a comprehensive, selective, public, residential, liberal arts
university located in the Northeast. This university has approximately 5,400 students: 5100
undergraduate students and 300 graduate students.

Figure 20. College Student Demographics

The majority of these students are residents
of the surrounding area. The remaining
population comes from other areas of the state,
foreign countries and the United States. The

Race
Caucasian
Hispanic
African American
Asian
Native American

% of Students
81%
4.7%
4.2%
3.5%
0.3%

demographics of the university are approximately 81% Caucasian, 4.2% African American,
3.5% Asian, 4.7% Hispanic and 0.3% Native American (Figure 20). This university also has
approximately 250 full-time faculty members and 200 part-time faculty members.
Forty college students participated in this study. These students were enrolled in a
section of a mathematics course for non-majors, titled Mathematics in Action. The breakdown of
the students in this section was as follows: 25 females
and 15 males, 30 freshmen, four sophomores, three
juniors and three seniors. This breakdown is included
in Figure 21. Many of these students do not excel in
mathematics and are enrolled in the course to satisfy a
College Core Curriculum (CCC) requirement. Written

Figure 21. Participant Demographics
Gender
Male
Female

# of Students
15
25

Grade Level
Freshman
Sophomore
Junior
Senior

# of Students
30
4
3
3
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consent was obtained from these students before the assessment was administered.
Design
The assessment tested the hypothesis that students would struggle using the correct order
of operations process when evaluating expressions or solving equations which involve multiple
operations. Before the assessment was administered, written consent was obtained from each
student who wished to participate in this study. Students were aware that participation in this
study was voluntary and that they could opt out of the study at any time. Once students signed
the consent forms, a colleague of the researcher explained the directions for the exam.
Students received a ten-problem assessment during the first 20 minutes of one class
period. Problems were selected after consulting with peers and colleagues at the university
where it was administered. The first page of the assessment consisted of five numerical
expressions whereas the second page of the assessment consisted of five linear equations with
unknown variables. The directions for both the expressions and equations were the same.
Students were instructed to evaluate the expression or solve the equation, showing all of their
work. Students were also instructed to write out every step needed, one-by-one. All problems
required the correct use of the order of operations to evaluate without the use of a calculator.
A five-question survey followed the assessment. Students were asked to comment on
which problems they found to be the easiest and hardest to solve and if they had a strategy for
solving problems using the order of operations. Students were able to look back at their work on
the assessment while completing the survey questions. Students were also asked what they
believe their mathematics ability to be and the last mathematics course that they had taken before
this class. Specific demographic information about each student was also collected through this
survey. The first page of the assessment is shown in Figure 22 on the following page.
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Figure 22. Sample Assessment Design

Order of Operations
Directions: Evaluate the expressions below. Show ALL of your work. Write out
every step needed when solving each expression. Proceed one step at a time (do
not perform more than one operation at once).

(

1)

3) (

5)

)

)

(

(

2)

(

)

4) [

(

)

)

]

[ (

)

]

)

Instrument Items and Justification
Figure
15. Sample
Assessment
Design
Numerical
expressions
appeared
on the assessment first, followed by linear equations

with unknown variables. The specific problems are listed in Figure 23 and the survey questions
are listed in Figure 24 on the following page. Also included in this figure are the number and
types of operations for each problem in the assessment as well as the number of steps needed to
solve for the unknown variables. The problems used for each part of the assessment vary in
difficulty and contain some or all of the operations used in mathematics, i.e. the operations used
in the mnemonic PEMDAS. The number of steps needed to solve each problem also increased as
students moved through the solving for unknown variables portion of the assessment. Students
were instructed to either evaluate the mathematical expression or to solve for the unknown
variable. Students were also directed to show all of their work, including the intermediate steps
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required for finding a solution to each of the ten problems. Calculators were not permitted for
use during this assessment.
Figure 23. Instrument Problems and Justifications
Number

Problem
(

Problem 1

)
(

Problem 2
(

Problem 3
[

Problem 4

(

)

(

]

)
[ (

)

)

Number

Problem
(

Problem 6
Problem 7

(

Problem 8

(

Problem 10

)

)
(

Problem 5

Problem 9

Number and type of operations included

(

)(

)

)
)

(

)

[ ( )
)

]

[

( )]

]

Three operations: multiplication, addition
and parentheses
Four operations: division, multiplication,
parentheses and addition
Four operations: parentheses,
multiplication, addition and division
Five operations: parentheses, exponents,
multiplication, addition and subtraction
All six operations in PEMDAS:
parentheses, exponents, multiplication,
division, addition and subtraction
Number of steps needed to solve the
problem
Five steps are needed to solve for the
unknown value
Six steps are needed to solve for the
unknown value
Six steps are needed to solve for the
unknown
Six steps are needed to solve for the
unknown value
Eight steps are needed to solve for the
unknown
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Figure 24. Follow-up Survey Questions
1) Please fill in the following information:
Age:
Gender:
Ethnicity:
College Major:
Last Mathematics Class Taken:
2) Do you have a strategy that you use to remember the order of operations? If yes, what is it?
3) Which problem was the easiest for you? Why?
4) Which problem was the hardest for you? Why?
5) What is most difficult for you personally, if anything, about the order of operations? Explain.
Each problem in the assessment included some or all mathematical operations identified
in the mnemonic PEMDAS. For example, problem number one includes three different
operations with multiplication used twice, whereas in problem number five all six operations are
used to evaluate this expression. Problem number ten has a seven-step solution in which
students use all six operations. Students needed to move terms to the opposite side of the equal
sign in two separate steps. Finally, students used integer operations with negative integers in
problem number four.
The problems were broken down into three categories; easy (e), medium (m) and hard (h)
based on the number of steps required to complete the individual problem. Problems in the easy
category required the use of three or four steps, problems in the medium category required the
use of five or six steps and problems in the hard category required the use of seven or eight steps.
The follow-up questions were chosen for similar purposes. The first question on the survey was
used to collect demographic information about each student participating in the study. The
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demographic information collected was used to make comparisons in the results portion of this
study. Questions 2-5 were designed to compare how students felt about the problems on the
assessment, the order of operations process compared to predictions made about the assessment,
and student feelings about the order of operations. The next section discusses how data was
collected from this study and how the data was analyzed.
Methods of Data Analysis
Data Collection
The data collected for this study occurred during one class period during the spring
semester of 2014. The data was collected through completion of the order of operations
assessment. In order to test the hypothesis, each problem was scored on a 0-2 point scale. A
tabulation of the point values for each assessment was recorded in Minitab. Each of the 10
mathematical expressions and equations had a certain number of steps required in order to arrive
at the correct solution. A student received zero points if the problem was left blank or a wrong
answer was given where there was no clear identification shown that the student understood the
steps needed for solving that problem. The student needed to show some understanding of the
process needed to solve the problem for a score of one point. A student received a score of one
point if the answer was incorrect but some relevant work was done. In order to receive two
points, the student needed to show full understanding of the steps needed to solve that problem
and they also needed to arrive at the correct solution. The survey questions were assessed based
on the responses each student gave. The demographic information collected from the first
question was used for ideas of further research into this study. Data collected from the remaining
portion of the survey was used to determine student self-perception of skills.
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Descriptive Statistics
Since this study was mostly quantitative, total scores on the assessment were compared
based on the number of steps required to complete each problem. The problems were broken
down into three categories; easy (e), medium (m) and hard (h) based off of the number of steps
required. Problems in the easy category required three or four steps, problems in the medium
category required five or six steps and problems in the hard category required seven or eight
steps. A Tukey test evaluated the difference in means of the assessment data. The analysis of
mean scores showed that students had difficulty solving for variables when using the order of
operations process. Problem two had a mean score of 1.23 points. This was surprising as many
students thought that they received full credit on this problem. Problem two was also predicted to
be one of the easiest problems on the assessment.
The mean values for each problem on the assessment can be seen in Figure 25 in the
results section of this paper. The mean scores for each problem were found using the General
Linear Model function in Minitab. Descriptive statistics were also used to make comparisons
between the different problems on the assessment. Qualitative data was collected and compared
using the responses to the survey questions. Responses to the survey were compared based on the
problems students found easy and which problems students found difficult. Comparisons were
also made based on gender, year in college and other demographics.
Inferential Statistics
Using the statistical software available on Minitab, an analysis of variance (ANOVA)
tested the hypothesis on the data collected. Significance was tested based on a 0.05 level. Using
ANOVA, various p-values were found using the data collected from the assessment. The
ANOVA showed that there was a significant difference between the score that students received
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based on the level of difficulty of the problem they solved. There were three levels of difficulty
throughout the assessment; easy (3/4 step), medium (5/6 step) and hard (7/8 step). Each of these
levels incorporated problems that included the use of variables as well as expressions without the
use of variables. Analysis was done between the score received on easy and medium problems
and also between the scores received on medium and hard problems. These two comparisons had
p-values of 0.023 and 0.000 respectively.
A comparison was also done between problems involving the use of variables and
problems without variables. This comparison tested the hypothesis that students would also have
difficulty using the order of operations process when solving for variables in an equation. The pvalues found for this comparison show that there was a significant difference in the score a
student received on both problems without variables (p-value 0.021) and problems with variables
(p-value 0.000). An in-depth analysis of the results of this study can be found in the following
results section.
Results
Quantitative Test Results
After conducting this study and analyzing the data collected, two principle results
emerged. A one-way analysis of variance (ANOVA) was used to determine the significance at
the 0.05 level with regard to the following two principle results:


A significant difference existed in the score received based on the level of difficulty
of the problem being answered. (easy: ̅

, medium: ̅

, hard: ̅

, p-

value 0.000)
 A significant difference occurred when comparing easy (3-4 step) and medium
(5-6 step) problems (p-value 0.023)
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 A significant difference occurred when comparing medium (5-6 step) and
hard (7-8 step) problems (p-value 0.000)
 A significant difference occurred in the score received for both problems with
̅

variables (#6-10) (
variables (#1-5) (


̅

) and problems without
)

No significant difference existed in the score received on each problem based on
gender or year in college. (p-values 0.899 and 0.261 respectively) (male: ̅

,

female: ̅

,

senior: ̅

80, freshman: ̅

, sophomore: ̅

, junior: ̅

)

The following three results from this study are also important:


No statistical comparisons could be made based on college major and amount of
mathematics taken because of insufficient data



Students accurately predicted the easiest (#1 and #3) and hardest (#7 and #10)
problems on the assessment



80% of students use the mnemonic PEMDAS to assist them in remembering the
order of operations process

Result 1: A significant difference existed in the score received based on the level of difficulty
of the problem being answered. (easy: ̅

, medium: ̅

, hard: ̅

, p-value

0.000).
Upon analysis of the mean score of each individual problem, it was determined that there
was a considerable difference between the score received and each problem being answered.
Figure 25 on the following page displays the mean score value overall per problem based on the
entire population (

) and also the fitted means plot for score. There are evident differences
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between the mean score on each individual problem and the specific problem itself. Using an
ANOVA test, the p-value of 0.000 (and

Figure 25. Mean Scores per Problem

R-Sq value of 52.42%) supports the
fact that there is a significant difference
between the score received on each
problem and the problem that was
solved. Students received the best
scores on problems one and three and
students performed the worst on
problems seven and ten. The mean
score received out of
point problems was ̅

total 2.

Upon analysis of the mean score
of each individual problem and the
mean score of the level of difficulty of
each section of problems, results
showed that there was a significant
difference between the score
received and the level of difficulty of
each problem solved. Figure 26
displays the mean score value overall
per level of difficulty of each section
of problems based on the entire

Figure 26. Mean Scores per Level of Difficulty
Level of Difficulty

Mean
Score

Easy (3/4 Step Problems 1, 2, 6)

̅

Medium (5/6 Step Problems 3, 4, 8, 9)

̅

Hard (7/8 Step Problems 5, 7, 10)

̅

Problem Cat
e
m
h

N
120
160
120

Mean
1.5
1.3
0.7

Grouping
A
B
C
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population. There are evident differences between the mean score of each individual level of
difficulty. Using an ANOVA test, the p-value of 0.000 (and R-Sq value of 32.44%) supports the
fact that there is a significant difference between the score received and the level of difficulty of
each problem. The problems were broken down into three categories; easy (e), medium (m) and
hard (h) based off of the number of steps required. Problems in the easy category required the
use of three or four steps, problems in the medium category required the use of five or six steps
and problems in the hard category required the use of seven or eight steps. Students received the
best scores on easy level problems and performed the worst on problems with a hard difficulty
level; this however was to be expected. Figure 26 also shows the grouping information using the
Tukey method and 95% confidence level. Note that problem categories that do not share a letter
in the grouping column are significantly different from the other problem categories.
Figure 27 illustrates the frequency of each score that was given based on the level of
difficulty of the problem. A score of one point was most evenly given across the three levels of
difficulty and a
score of two points
was given more
often on easy and
medium level
problems. A score
of zero points was
given more times
on a hard level
problem than on an

Figure 27. Chart of Score vs. Problem Category
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easy or medium level problem.
Figure 28 below illustrates the percentage of each score received per problem answered
as well as the number of students receiving that score on each problem. These two bar graphs
show that students received either a zero or a two on both problem #1 (
problem #3 [(

)

(

(

)

) and

)], indicating that students were completely correct with their

solutions or the problem was left blank or had an incorrect solution or process of solving the
problem. Problems one and three were two of the easiest problems on the assessment where the
student had to evaluate the expression with three or four basic steps. The stacked bar graph gives
an accurate depiction of how a large percentage of students received a 0 for problems seven and
ten and received a 2 for problems one and three. Problem #7 [(
problem #10 [ (

)

)(

)

] and

] were two of the hardest problems on the

assessment, which was predicted. These two problems required the use of seven or eight steps as
well as solving for an unknown variable. Problems two [
]

[ (

)

]] and five [

(

)

(

)], four [ [

(

)

] had a large percentage of students

receiving only a score of a 1 which shows that students were able to partially complete this type
of problem, not always arriving at the correct solution.
Figure 28. Bar Graphs of Problem versus Score
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A significant difference occurred when comparing easy (3-4 step) and medium (5-6 step)
problems (

̅

). A significant difference also occurred when

comparing medium (5-6 step) and hard (7-8 step) problems (

̅

).

Comparisons were drawn between the three levels of difficulty based on the number of
steps required to complete each problem. Figure 29 on the following page shows two stacked bar
graphs comparing the score received when comparing easy (3-4 step problems) with medium
(5/6 step problems) and when comparing medium (5-6 step problems) with hard (7-8 step
problems). The mean score for easy and medium problems was ̅
medium versus hard problems was ̅

and the mean score for

. A significant difference occurred when comparing

easy and medium problems (p-value 0.023) and also when comparing medium and hard
problems (p-value 0.000). When looking at the stacked bar graph for easy versus medium level
problems, a similar number of students received a score of one point on these types of problems.
This same result occurred when comparing medium and hard level problems. The bar graphs
also show that a higher number of 2-point totals were given for easy and medium level problems
and a higher number of 0-point totals were given on harder level problems. These harder level
problems required seven or eight steps, with many students unsure of how to begin.
Figure 29. Bar Graphs of Level of Difficulty versus Score
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A significant difference occurred in the score received for both problems with variables (6-10)
̅

(

) and problems without variables (1-5) (

̅

).
Upon analysis of the comparison of problems with and without variables it was determined that
there was a significant difference in the scores received when solving problems requiring the use
of variables (p-value 0.000) and also when comparing the scores when solving problems without
the use of variables (p-value 0.021). The assessment that the students completed included five
expressions without variables and five linear equations including variables. Problems #1-5 were
the expressions and problems #6-10 were the linear equations with variables. The mean score for
problems #1-5 was ̅

and the mean score for problems #6-10 was ̅

. Many

students had difficulty solving for variables and some did not remember how to approach these
types of problems. A large percentage of students received zero points for the problems requiring
the use of variables whereas a large percentage of students received two points on problems
without the use of variables. Figure 30 shows stacked bar graphs that illustrate the score received
based on the level of difficulty of the problem. The first graph is for problems one through five;
these problems did not require the use of variables. The second graph is for problems six through
ten; these problems required the use of variables.
Figure 30. Bar Graphs of Level of Difficulty versus Score for Problems With and Without Variables
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Result 2: No significant difference existed in the score received on each problem based on
gender or year in college. (p-values 0.899 and 0.261 respectively) (male ̅
̅

, freshman ̅

, sophomore ̅

, junior ̅

, female
, senior ̅

)

Upon analysis of the total scores each student received on the assessment, it was
determined that there was no significant difference between the scores that females received and
the scores that males received (p-value 0.899). Note that some bias exists in this data since there
are more females (

) overall in the population of this study (

). Analysis was also

conducted on the participants grouped by year in college. Upon analysis of the data, it was
determined that there was no significant difference between students scores and year in college
(p-value 0.261). Note that some bias also exists in this data since there are more freshmen
(

) overall in the population

of this study (

). Figure 31

illustrates the mean scores for each
gender and for each year in college.
The mean scores for males versus
females are almost identical and the
mean scores for sophomores and

Figure 31. Mean Score vs. Gender and Year in College
Gender
Male (
Female (

)
)

Year in College
Freshman (
)
Sophomore (
)
Junior (
)
Senior (
)

OVERALL

Mean Score
̅
̅
Mean Score
̅
̅
̅
̅

̅

juniors are almost the same. Figure 32 on the following page shows the box plot of total score
based on gender of the student. The box plot depicts how similar the scores for males and
females were. Figure 32 also shows a bar graph of total score received by gender of the student.
The bar graph illustrates that the same number of males and females received an overall score of
a 9, 14, 17 and 20. Twice as many females scored an 8 while twice as many males scored a 13
and the only score that females did not receive was a 6.
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Figure 32. Total Score vs. Gender Comparisons

Figure 33 shows the dot plot of total score received based on gender and the dot plot of
total score received based on year in college. The dot plot clearly shows how many students by
gender achieved each score. The dot plot of the total score versus year in college shows that the
three seniors received scores of 13 or 20
points where the juniors received scores
of 8, 11 and 12 points. A total seven of
students received a score of 10, which
was a 50% of 20 possible points.
After analyzing the results of the
assessment and the survey it was
determined that no comparisons could
be made based off of the amount of
mathematics takes or college major of
the student since there was not enough
data collected to support any arguments.

Figure 33. Total Score vs. Gender Comparisons
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Survey Analysis
Qualitative data can give insight into what students know about the particular topic being
studied and what individual students struggle with specifically. Following the completion of the
ten-problem assessment, students were asked to complete a free response survey. The survey
asked the following questions:
1. Do you have a strategy that you use to remember the order of operations? If yes, what is it?
2. Which problem was the easiest for you (list question number)? Why?
3. Which problem was the hardest for you (list question number)? Why?
4. What is difficult for you, if anything, about the order of operations? Explain.
The start of the survey gave all participants an opportunity to share their demographic
information. Information collected included age, race, year in college and the last mathematics
class taken. Varieties of responses were collected from these demographic questions and were
used to make comparisons about scores received. Figure 34 illustrates two bar graphs. These bar
graphs show student responses to the survey questions about the easiest and hardest problems.
Figure 34. Bar Graphs of Hardest and Easiest Question Responses
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Many students gave a single answer whereas a few students chose to record more than one
problem or no answer at all.
Most students recorded that problem #1,

(

)

, was the easiest problem for

them to complete because “it was the most simple” and “it was straightforward and did not have
a lot of different operations”. One student said that problems #1, #2, #3 and #5 were the easiest
because “they were laid out in a way that I could understand them.” Another student commented
that any question that did not involve fractions or exponents was the easiest problem to solve.
Out of the total population (

), 29 students responded that problem one was the easiest

problem on the assessment. Problem #1 required the use of three steps to solve and included
three of the six operations, namely multiplication, addition and parentheses. All 29 students
received full credit of two points on this problem. This is what was expected for this problem
since it was hypothesized to be one of the easiest problems for students to complete.
One of the other easiest problems on the assessment was problem #2,

(

). It

was predicted that students would find this problem easy and that most students would receive
full credit on this problem. After analyzing the results from the assessment it became apparent
that many students struggled with this problem. More times than not students arrived at an
answer of

to this problem, however, the correct answer is . Figure 35a illustrates a common

mistake that many students made on this problem. The student understands that the first step
Figure 35. Student Samples of Problem #2
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should be to solve what is inside the parentheses but instead of working from left-to-right, the
student multiplies first and then divides. This shows a direct example of the student’s
misunderstanding of the meaning of the mnemonic PEMDAS. Figure 35b illustrates a strange
example of student work on this problem. The student began by computing what is inside the
parentheses and then seems to apply the associative property to the problem as if it was written
as (

)

instead of

( ). The student also does not understand that the associative

property only applies when addition and subtraction are the operations inside of the parentheses.
Out of the 40 students that completed the assessment, six wrote that #2 was the easiest problem
on the assessment. After analyzing the data, only four of these students received a total of two
points for this question. The other two students’ work can be seen in Figure 35.
Expressions and equations that involved fractions or different types of grouping symbols
(brackets, instead of parentheses, for example) were often listed as the most difficult problems
for students to solve. The equations that students disliked the most were problems #7, (
)(

)

and #10, (

)

. Figure 35 shows that the

most recorded responses for the survey question “what problem was the hardest for you to solve”
were problems #7 and #10. These problems were predicted to be two of the hardest problems on
the assessment. Some students said that they could not remember what they were supposed to do
for these types of problems. One student said, “both seven and ten were the hardest because they
dealt with exponents and fractions.” Many students commented on how #10 had a fraction. One
student said, “I am not sure what to do with the fraction out in front.”
Students also shared that problem #4, [

(

)

]

[ (

] was difficult to

compute because they did not understand what the brackets meant. One student wrote “I do not
understand what brackets mean. Do they work the same as parentheses?” and another student
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wrote “I didn’t know what to do with the brackets. I didn’t know whether they stood for
multiplication or what order I should solve with them there”. One student said “problem #4 was
hard because I do not understand what absolute value brackets mean”. This is interesting and
leads directly to the fact that teachers need to use brackets instead of parentheses in their
teaching as this symbol is foreign to many students. Many students commented on not knowing
how to start some of the problems on the second page of the assessment. These problems
included the use of variables as well as moving values to either side of the equals sign. One
student commented that these types of problems were difficult for them to do because they “have
not done it in a very long time”. Figure 36 illustrates the work of two students on problem #10.
In both work samples the student does not correctly understand how to multiply when given a
fraction on the outside of the parentheses. Figure 36b shows the student distributing the fraction
to only the first term inside the parentheses.
Figure 36. Student Samples of Problem #10

Student responses to the last question on the survey “what is difficult for you, if anything,
about the order of operations” varied. The most popular response was that brackets are confusing
to many students. Students do not understand what brackets mean and how to properly compute
with them. Most students do not realize that using brackets is similar to using parentheses.
Brackets are a different form of a grouping symbol. The fraction bar and the square root sign are

ORDER OF OPERATIONS

JOSEPH 42

also different forms of grouping symbols. One student wrote “I thought that with brackets
whatever is in them, the total would be positive.” Another student said that when there is more
than one set of brackets or parentheses in the problem they get confused on which ones to
evaluate first. Another common response was that problems involving exponents and fractions
were difficult for many students. One student commented that exponents and fractions are not
really hard they are just “an annoyance when solving the problem.”
One interesting finding when analyzing the survey results was 80% of the students
responded to the first question on the survey that they use the mnemonic PEMDAS to help them
remember the correct order of operations process. When analyzing the results of the last question
on the survey, one student wrote “remembering the order that parentheses and exponents need to
be evaluated is confusing”; however, this student wrote that they use PEMDAS to remember the
order of operations. Another student who also wrote PEMDAS as a tool for remembering the
order of operations responded to the last question with “I find a problem hard when I am not sure
if I should multiply or divide first”. These results give a direct insight to the fact that many
students do not understand the general underlying meaning of the mnemonic PEMDAS but they
use the mnemonic anyway because that is what they have been taught in school as a tool to assist
with the order of operations.
Implications for Teaching
The hypothesis tested whether or not students had the most difficulties using the correct
order of operations process with expressions and equations where multiple operations were
involved and also if these same difficulties occurred with the use of variables. Based on student
performance on the assessment, along with their comments on the survey at the end of the
assessment, four areas of improvement for the classroom arose.
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Implication #1: Students need to understand all forms of grouping symbols (not just
parentheses).
Many students commented that they were unsure of how to solve problems when
brackets were used instead of parentheses or in addition to using parentheses. Not understanding
how to evaluate expressions within brackets was one of the most frequent survey complaints.
Based on this feedback, along with my observations during the study and with the research done
before conducting the assessment, it is obvious that teachers are not spending enough time
teaching all different types of grouping symbols. Grouping symbols are used to describe what
parts of equations or expressions should be computed first or before computing the rest of the
problem. The forms of grouping symbols include parentheses, brackets, braces, the fraction bar
and also the square root sign. Many times teachers in the upper grades assume that students have
learned everything that they need to know about one topic in a previous grade. If each of these
grouping symbols is taught as part of the order of operations, students will be able to grasp the
fact that these all share the same property. If teachers work through example problems using
each different form of grouping symbol, student confidence will grow as they solve more
mathematical problems where these grouping symbols are used.
Implication #2: Teachers need to spend time ensuring that students understand the correct
order of operations process before teaching/using mnemonics such as PEMDAS.
During this study, it was clear that students were unable to solve problems that included
fractions or multiple steps of the same operations. For example, (

)(

)

does not include a fraction, however many students wrote the second set of parentheses as having
a fraction inside. This became a problem since students were unable to realize that multiplying
by 2 would eliminate the 2 in the denominator. This was a common mistake on the assessment
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used in this study. Students struggled with remembering when first to multiply or divide. The
correct rule for the order of operations says to multiply/divide and add/subtract from left to right
if there is more than one of these operations to compute at the same time. Students struggled with
problems such as

(

), because they would recognize that they should multiply first,

since that is the letter that comes first in the mnemonic PEMDAS. When educators are teaching
the order of operations it is important that they enforce the left-to-right rule for
multiplication/division and addition/subtractions. Only when students truly understand this rule
should mnemonics such as PEMDAS be used.
Implication #3: Teachers need to continuously reinforce the correct order of operations
process as a part of instruction.
When creating this assessment, many of the problems that were chosen came directly out
of high school textbooks that are used in classrooms today. This means that these problems
should have been very easy for college level students to complete. After the completion of this
study, the mean score on the assessment was ̅

out of 20 (a 57%, which is not a passing

grade). Many college students commented that they forgot what order they should compute
sections of each problem, how they should begin many of the problems or even how to solve for
a variable. Students also had difficulty remembering what to do when there are numbers or
variables on the opposite side of the equals sign. Each time a student solves an equation or
evaluates an expression they use the order of operations. Teachers need to make sure that they
continue to review the order of operations every time they solve equations in their classroom.
Using the order of operations process is not only used in fourth grade, it is used through high
school, college and even in real life. The more often students work with the correct order of
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operations process, the better they will understand this process. Teachers must continuously
reinforce this skill.
Implication #4: Teachers need to emphasize the correct way to use mathematical rules, such
as the associative property, in their lessons.
After analyzing the results of the assessment many students also seemed to apply
different rules, such as the associative property, to problems where it should not be used. In
problem number two students were asked to evaluate

(

). This was seen as one of the

easiest problems on the assessment; however that was not the case. Many students do not
understand that the associative property is only used when addition and subtraction are the
operations being used. This is a topic teachers can spiral into many different lessons, not just the
order of operations. It is important for students to know and understand when it is appropriate to
use different math rules in their calculations.
Suggestions for Future Research
This study involved one group of participants: college level Mathematics in Action
students. In order to understand the learning curve of using the correct order of operations
process, students in a mathematics major college class, as well as in a high school class, should
be included in a follow-up study. The college students who participated in this study gave a
wide-spread depiction of the understanding of the correct order of operations process; however,
it would be interesting to find out how mathematics majors fair with this type of assessment. The
same argument could be made for high school students. High school students would still be
required to take a mathematics course and would most likely be able to complete this assessment
with no trouble. Results could be drawn when comparing these three different age groups and
comparisons can also be made based on gender at each grade level. A few of the college students
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with a lapse in schooling may not have the skills they did years before. Many of the college
students had not taken a mathematics class in over three years so this fact could also have fared
with their performance on the assessment.
A future study could also include two assessments. One assessment could be given just
like this one, without a calculator. The next assessment could be given with a calculator. The two
assessments should consist of the same problems; they would just be given at different times.
The results of both tests can be compared and conclusions could be drawn about student
performance with a calculator and without a calculator. This would give teachers insight into
which types of problems students can solve only if they have the correct type of calculator.
Concluding Remarks
Students who make mistakes using the order of operations process when solving multioperational expressions and equations often make similar mistakes on other mathematical
problems. Teachers with a strong understanding of the parts of the order of operations process
that students struggle with the most are more likely to tailor their daily routine to increase student
performance. Increasing student practice will lead to fewer misconceptions about the order of
operations. Teachers do not have additional time in their instruction to review concepts that
students should have learned in previous grades; however, they can continuously incorporate
misconceptions thorough warm-up activities, closure activities and in review assignments and
homework problems. Reviewing the order of operations process and concepts like this is
essential for student success in higher grades and on high stakes testing, especially with the
implementation of the Common Core Curriculum.
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Appendix A
TO: Students in MATH 110: Mathematics in Action
FROM: Miss Joseph
DATE:
RE: Consent Form

Purpose, Procedures and Benefits
¤ Purpose: The purpose of this study is to collect data on the common misconceptions of the
order of operations.
¤ Procedures: For the first twenty minutes of one class session, students will be asked to
complete a 10-problem assessment. Each of these assessments will be scored depending on
the number of correct solutions as well as the number of mistakes made. Students will also
be asked to complete a short survey at the end of the assessment.
¤ Benefits: Through this study, I hope to determine the common errors students make when
using the order of operations and which operations cause greater difficulty when solving
mathematical expressions and equations. This is an important study as results will help
design lesson plans that foster correct student learning of the order of operations process.
Related Information
¤ You have been asked to be in this study because you are a student in Miss Joseph’s MATH
110 class.
¤ Protecting Confidentiality: your name will not be used in any materials related for this
research project.
¤ Participation in this study is voluntary; you are free to withdraw from the study at any time
without penalty.
¤ By signing the consent form, you are allowing Miss Joseph to use your assessment
information and data in the study.
¤ Data will be collected from the graded assessment, the completed surveys and observations
made during the study.
¤ There are no risks associated with this study. This study deals with routine teaching practices
in mathematics education.
¤ There is no cost to you for participating in this research study.
¤ There is no penalty for not signing the consent form.
** Please sign and return the consent form as soon as possible**
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Student Consent Form
SUNY Fredonia
Thank you for being a part of this study. Please print and sign your name in the space provided to show
your decision to participate in this study. Check the appropriate box to accept or decline participation. All
students must complete the assessment whether consent is given or not. Only assessments where consent
is given will be used for data.
Voluntary Consent: I have read this memo and I am fully aware of all that this study involves. My
signature below shows that I freely agree to participate, or to not participate, in this study. I understand
that the purpose of this study is to collect data on the common misconceptions of the order of
operations. I understand that I will be completing a short assessment and a follow-up survey during
this study. I understand that by accepting participation in this study, Miss Joseph will be able to use
my assessment and survey data. I understand that there will be no penalty for not participating. I
understand that my choice to participate, or not, in this study will be at no cost to me. I understand that I
may withdraw from the study at any time, also without penalty. I understand that my name and any other
personal information will be kept out of the study. I understand that if I have any questions about this
study, I may contact Miss Joseph or Dr. Howard.
Please return this original, completed consent form as soon as possible. Thank you for your cooperation.
Student Name (please print):

_____________________________________________________________________

Student Signature:

_____________________________________________________________________________

I accept participation in this study.

I decline participation in this study.

Date: ______________________
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Appendix B

Order of Operations
Directions: Evaluate the expressions below. Show ALL of your work. Write out every step
needed when solving each expression. Proceed one step at a time (do not perform more
than one operation at once).

(

1)

3) (

5)

)

)

(

2)

(

)

)

4) [

(

)

(

)

]

[ (

)

]
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Directions: Solve for the variable in the equations below. Show ALL of your work. Write
out every step needed to solve each equation. Proceed one step at a time (do not perform
more than one operation at once).
6) (

8) (

10) (

)

7)(

)

9) (

)(

)

[ ( )

)

]

[

( )]

)

I accept participation in this study.

I decline participation in this study.
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Follow Up Questions:
1) Please fill in the following information:
Age:
Gender:
Ethnicity:
College Major/Year:
Last Mathematics Class Taken:
2) Do you have a strategy that you use to remember the order of operations? If yes, what is it?

3) Which problem was the easiest for you (list question number)? Why?

4) Which problem was the hardest for you (list question number)? Why?

5) What is difficult for you, if anything, about the order of operations? Explain.

I accept participation in this study.
I decline participation in this study.

