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Abstract 

 Interactive mathematics software can be useful to develop student understanding of 

complex mathematical problem solving through manipulation and visualization of concepts. One 

challenging topic for high school mathematics students to understand is the relationship between 

right triangle trigonometry and trigonometric functions. Using Desmos, a dynamic and 

interactive mathematical graphing software, this project explores how to build student 

understanding of trigonometric functions through an exploration of right triangle trigonometry, 

the unit circle, and their relationship to parent trigonometric functions. This project also applies 

Desmos to explore unique mathematical representations that can support student understanding 

of relationships between right triangle trigonometry and transformations of trigonometric 

functions with a dynamic circle. 
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Introduction 

This curriculum project uses Desmos to develop a deeper understanding of 

transformations of trigonometric functions. The purpose of integrating technology, such as 

Desmos, into mathematics education was to support the development of mathematical concepts 

(NCTM, 1980). This project provides teachers with demonstrations that can be used to support 

students developing an understanding of right triangle trigonometric ratios, 

trigonometric/circular functions using similar triangles, and the unit circle. Desmos allows inputs 

for 𝑎, 𝑏, 𝑐, and 𝑑 for the six trigonometric functions in the general form 

𝑓(𝑥) = 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑 and uses a dynamic circle to help students visualize the connections 

between triangular ratios and the transformations of trigonometric functions. Thus, Desmos can 

support student understanding of the relationships between the unit circle, trigonometric 

functions, and the transformations of such functions. 

Literature Review 

Technology in the Mathematics Classroom 

 The use of technology and graphing software in mathematics classrooms has significantly 

increased over the past few decades. Galbraith (2006) explains that although there has been a 

large increase in the use of technology in mathematics education, the research still has not come 

to a consensus on how to best implement technology in the classroom to enhance student 

development of a conceptual understanding of mathematics. According to Galbraith (2006), 

technology has increased efficiency at performing calculations, but this increase in efficiency can 

potentially be to the detriment of the development of mathematical understanding. Finding the 

proper balance between augmenting learning with technology without hindering mathematical 

understanding is essential for properly implementing technology in a mathematics classroom. 
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Sheehan and Nillas (2010) found that one of the best implementations of technology in the 

classroom is using software to help students visualize mathematical concepts. Students found 

that using technology which helped them visualize concepts “helped them to make connections 

between different mathematical representations, allowing them to achieve a deeper mathematical 

understanding” (Sheehan & Nillas, 2010, p. 79). 

When implementing technology in the mathematics classroom, Choi-Koh (2000) stresses 

the importance of teachers “posing appropriate questions so students can use visualization 

effectively when exploring mathematical properties” (p. 366). It is important that any technology 

or software that is used in the classroom is only tool to enhance learning and not used in a way 

where students become reliant on the software to solve problems. To ensure students are not 

becoming reliant on software and technology, “teachers should ask ‘why’ and ‘how’ when trying 

to stimulate students to think mathematically and meaningfully” (Choi-Koh, 2000, p. 366). It is 

important that any technology or software is used as a supplement to augment learning by 

helping students consider mathematical concepts in a way that deepens understanding rather than 

simply obtaining answers to procedural questions. Curriculum must also be structured for the 

development of mathematical reasoning and understanding rather than solely for procedural 

fluency if technology is to be implemented properly in the classroom. 

Developing an Understanding of Trigonometry 

High school students first learn about the basis of trigonometry through the study of 

triangular ratios in Geometry and build on that basis in Algebra II, Precalculus, and Calculus 

through the study of trigonometric functions. Students often have difficulty with developing a 

strong understanding of trigonometry as the ideas and concepts become more complex beyond 

the introduction of ratios in Geometry. Thompson (2008) explains that mathematics curriculum 
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in the U.S. separates the study of triangular trigonometry and the study of trigonometric 

functions into seemingly unrelated ideas. Most difficulties students have with understanding 

trigonometric functions are due to this differentiation in trigonometric studies and the lack of 

connections to triangular trigonometry in the transition to studying circular trigonometry 

(Altman & Kidron, 2016, p. 1059). Oftentimes, mathematics curriculum encourages memorizing 

algorithms which “impede[s] the learning of correct ways of solving trigonometric equations and 

inequalities” as students do not reason why the algorithms work and fail to connect the 

algorithms to important properties of trigonometric functions (Kamber & Takaci, 2018, pp. 173).  

Kamber and Takaci (2018) found that high school students studying trigonometry 

struggled to develop a deep understanding of the periodicity of trigonometric functions. The 

study found that students who that have a strong understanding of the unit circle were better at 

answering questions about trigonometric functions. Understanding the unit circle is an essential 

part of making the connection between triangular trigonometry and trigonometric functions. 

Altman and Kidron (2016) performed a micro-analysis on the development of construction of 

knowledge in the transition from triangular to circular trigonometry on a single subject. The 

study broke the learning process down into two phases where the first phase had the subject 

perform tasks regarding right triangles and definitions of trigonometric ratios in the first 

quadrant, and the second phase transitioned the learning from the first phase and extended the 

definition of trigonometric functions for angles beyond 90 degrees (Altman & Kidron, 2016, pp. 

1051-1052). It was concluded that the subject of the study was able to “construct the geometric 

meaning of the trigonometric functions on the unit circle” (Altman & Kidron, 2016, p. 1059) 

after geometrically establishing the connection between right triangle trigonometry and the unit 

circle. 
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Thompson (2008) explains that angle measure as a concept is not prevalent in 

trigonometry curriculum and many students fail to understand the idea of using angle measure as 

an argument and the idea that the angle in a triangle may vary. Instead, students often view 

letters as a method of nomenclature for an angle rather than a variable representing possible 

angle measures. Kamber and Takaci (2018) found that students struggled with the concept of 

radians as the majority failed to understand the exact definition of a radian beyond the formula 

connecting radians and degrees. Thompson (2008) stresses the importance of student 

understanding of degree measure and radian measure as being the measure of a subtended arc. 

Using this concept, students can better develop their understanding of circular and periodic 

functions through ideas that relate to both triangular and circular trigonometry. 

Thompson (2008) also found that beyond establishing the meaning of angle measure, the 

connection between triangular and periodic trigonometry is established through the emphasis of 

similarity and the idea that similar triangles have the same ratios (p. 36). Studying periodic 

trigonometry using the familiar concepts of similarity and similar triangles builds directly on the 

geometric definitions of trigonometric ratios and establishes a clear connection between 

triangular trigonometry and trigonometric functions. 

Using Technology to Enhance Understanding of Trigonometry 

 Technology can be used to enhance student understanding of trigonometry if 

implemented properly. The use of dynamic software to enhance the learning of trigonometric 

transformations was found to benefit student understanding of trigonometric graphs since it 

allows “each trigonometric graph to be visualized and decreased complicated calculations, thus 

allowing the learner to focus on important and critical ideas” (Naidoo & Govender, 2014, p. 8). 

Similarly, Ross et al. (2011) found that students developed a better understanding of 
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transformations of trigonometric functions when using software that gave a visual display of 

trigonometric functions (p. 135). Naidoo and Govender (2014) also found that using software 

which provided immediate feedback to students “assisted in motivating and enhancing learners’ 

confidence levels when working with trigonometric graphs in mathematics” (p. 8). 

 In his research on teaching transformations of trigonometric functions, Bornstein (2020) 

examined a program called TrigReps that uses MATLAB to accept inputs for 𝑎, 𝑏, 𝑐, and 𝑑, in 

the algebraic representation of 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑 and presents students with a graphical 

representation, auditory representation, and a dynamic representation of a radius rotating around 

a unit circle. The circle on TrigReps is modelled by the equation 𝑥  + (𝑦 − 𝑑)  = 𝑎  so the 

circle is centered at the point (0, 𝑑) and has a radius of length 𝑎. While TrigReps only uses this 

form of a dynamic circle for modelling transformations of sine functions, Bornstein argues that 

creating a similar dynamic circle to represent cosine would use the equation (𝑥 − 𝑑)  + 𝑦  = 𝑎  

so the circle is centered at (𝑑, 0) with a radius of length 𝑎 (N. Bornstein, personal 

communication, January 22, 2021). Bornstein (2020) concluded that using this software helped 

students develop an understanding of transformations of trigonometric functions when used in 

addition to activities that promoted inquiry and reflection (p. 7). Working with this dynamic 

software helped students develop an understanding of the multiplicative transformations (𝑎 and 

𝑏) and additive transformations (𝑐 and 𝑑) on trigonometric functions. 

According to research by Moyer (2013), “trigonometric functions begin to make more 

sense conceptually when students are able to construct physical representations (i.e., segments) 

for each function” (p. 33). Moyer (2013) suggests using technology to provide students with 

dynamic tools to identify different segment lengths of triangles on the unit circle as 

representations of trigonometric ratios. Through a dynamic display of triangles on the unit circle 
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and using student understanding of similarity and similar triangles, Moyer (2013) proposes that 

students prove that the lengths of the segments of these triangles can represent the six 

trigonometric ratios. Moyer (2013) also suggests that this could be taught without technology, 

however, using dynamic software “allows for students to investigate the domains and ranges of 

all six trigonometric functions easily and helps foster conjecturing and hypothesis-testing,” (p. 

33) suggesting that implementing this dynamic software in the teaching of trigonometric 

functions can provide students with a deeper level of understanding of the characteristics of 

trigonometric functions. 

Curriculum 

 This project uses the Desmos graphing calculator to guide students who are learning 

about the unit circle, trigonometric functions, and transformations of these parent functions. By 

using the Desmos interactive and dynamic software, students can develop a better understanding 

of how the unit circle works, where each of the values for the six trigonometric functions can be 

found using the unit circle, and how these values can be used to create the graphs of 

trigonometric functions. By allowing students to simultaneously interact with the unit circle and 

parent function, they can better visualize and connect the ideas of right triangle trigonometry and 

graphs of trigonometric functions. While Desmos can easily display the relationship between 

parent functions and their transformations, this project also incorporates a dynamic circle to 

directly relate right triangle trigonometry to transformations of trigonometric functions allowing 

students to develop a deeper conceptual understanding of these functions and what they 

represent. 

The Desmos graphing calculator is similar to most graphing calculator software but 

utilizes a more intuitive user interface than most graphing calculators. Since Desmos can be used 
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on computers, smartphones, and tablets it allows for deeper interaction with graphs of functions. 

This is not the case when using more traditional graphing calculators such as the TI-Nspire. For 

example, when graphing a parabola on a TI-Nspire calculator, one must go through multiple 

menu options to analyze the graph to determine the coordinates of the vertex of the parabola. 

Once the correct program is found within the calculator menus, the user has to select an arbitrary 

lower bound below the vertex and an arbitrary upper bound above the vertex before it will give 

the coordinates of the vertex. If the user wanted to find the roots of the parabola, they would then 

have to go through all of the menus again and determine lower and upper bounds for all potential 

roots before the coordinates will be given. Using Desmos, the user simply has to touch or click 

on the vertex and the roots and the coordinates will be immediately given. This ability extends to 

any graphical representation of functions where there may be important or critical points where 

the user needs to quickly determine any 𝑥- or 𝑦-intercepts, extrema, or intersections of multiple 

functions. 

Using more powerful software than a handheld graphing calculator, Desmos allows users 

to interact with functions in ways that graphing calculators cannot. Two of the most important 

features of Desmos are the ability to use variables with a slider to represent values within 

functions, and the ability to animate the graph by setting a numerical domain of values for any 

given slider and allowing the values for any given variable to incrementally increase through the 

domain of values set for the variable at a given speed. In Figure 1, the sliders are shown on the 

left side for the values of 𝑎, ℎ, and 𝑘 in the function. 𝑔(𝑥)
 =  𝑎(𝑥 −  ℎ)

 +  𝑘. The user may 

change the values of these variables by either typing in a specific value or dragging the sliders to 

the desired value. If the value is not within the specified domain below the slider, the user can 

click on the values to change them to whatever bounds they would like. 
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Figure 1 

Graphical Display of a Parabola in Desmos 

 
Note. Both 𝑓(𝑥) and 𝑔(𝑥) are displayed in this figure. The sliders on the left side are used to set 

the value of the constants 𝑎, ℎ, and 𝑘 in the function 𝑔(𝑥). The values they are set to are for the 

parent function so 𝑓(𝑥) = 𝑔(𝑥) in this figure. Desmos displays the graphs of functions and 

equations in the order of the list of equations on the left of the screen where the last equation on 

the list is the top layer of the graph. Since 𝑔(𝑥) is listed after 𝑓(𝑥), the red parabola representing 

𝑔(𝑥) is on top of the black parabola representing 𝑓(𝑥). 

Figure 2 gives an example of the parent function, 𝑓(𝑥) (shown in black), and the 

transformation of the function, 𝑔(𝑥) (shown in red), simply by sliding the values for 𝑎, ℎ, and 𝑘 

to 𝑎 = 3, ℎ = 4, and 𝑘 = 2. If the user were to click the play button to the left of 𝑘 = 2 in Figure 

2, an animation showing the entire graph of 𝑔(𝑥) sliding upward and downward along the 

line 𝑥 = 4 which bounce back and forth between the values 𝑦 = −10 and 𝑦 = 10. This 
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animation can also be set to loop through these values rather than bouncing back and forth so the 

graph is either always going upward or always going downward and restarting at the opposite 

end point of the set domain of values. The variables 𝑎, ℎ, and 𝑘 can be used in multiple different 

functions so multiple animations can occur at a single time. 

Figure 2 

Transformation of the Function f(x) 

 
Note. The black parabola in the figure represents the graph of the parent function 𝑓(𝑥) = 𝑥  

while the red parabola represents the graph of 𝑔(𝑥) = 3(𝑥 − 4)  + 2 which is a transformation 

of the parent function with a horizontal translation right four units, a vertical translation up two 

units, and a vertical stretch of a factor of three. 

 Beyond the ability to animate transformations of graphs, Desmos has many other features 

which are used in this project to extend the capabilities of a standard graphing calculator in a 

way that is useful for enhancing student understanding. Desmos allows users to toggle functions 
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to display or hide so only the graphs that the user would like to see are visible on the graph rather 

than displaying everything that is typed into the calculator simultaneously. The user may also 

create folders to group multiple functions together to toggle to display or hide the entire group of 

functions. Desmos also allows users to change the color, thickness, and opacity of the graph of a 

function, as well as displaying the graph of the function with a solid, dashed, or dotted 

representation. Users can easily label points on the graph using plain text or LaTeX depending 

on the user’s needs. While all of these features of Desmos are implemented within this project, 

all of the Figures beyond Figure 1 and 2 will just display the graphical output from Desmos 

rather than both the graph and lines of functions to show how these features can be utilized to 

build conceptual understanding of trigonometric functions. 

The Unit Circle 

 For students to develop an understanding of trigonometric functions, they must first 

understand the unit circle. In Desmos, the first view the user will see is the unit circle and a slider 

which allows students to set 𝜃 to a value within the domain [−2𝜋, 2𝜋]. When the user changes 

the value of 𝜃, the terminal side will rotate 𝜃 radians and the 𝑥- and 𝑦-components drawn from 

the intersection of the terminal side and the unit circle will follow to form a right triangle (see 

Figure 3). For a student seeing the unit circle for the first time, the animation of the circle 

rotating 𝜃 radians allows the student to understand certain conventions of the unit circle 

including the directionality of rotation (counterclockwise rotation for a positive radian measure 

and clockwise for a negative radian measure), the terminal side forming the hypotenuse of the 

drawn right triangle, the concept of a full rotation of the terminal side equaling 2𝜋 radians, and 

the key concept of how the reference angle for the right triangle is the angle formed between the 

terminal side and 𝑥-axis. 
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Figure 3 

The Unit Circle 

 
Note. While the right triangle within the unit circle may be located within any quadrant of the 

coordinate plane, the radian measure shown falls in the first quadrant for simplicity and 

consistency with the rest of the related figures in this section. 

 While the student is building an understanding of radian measure with the unit circle, 

students may toggle a button to rotate through important radian measures within the unit circle. 

These important radian measures include all the radian measures that will form reference angles 

of 0, , , , and  within the domain [−4𝜋, 4𝜋]. Figure 4 shows different examples of the 

student’s view as use the slider to rotate through the values of 𝜃. Using this feature, the radian 

measure will be shown directly on the graph. After the basic concepts behind the unit circle have 

been established using the display seen in Figure 3, the display in Figure 4 builds on the concepts 

of radian measure within the unit circle by allowing students to make connections between 
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known special right triangles and how they are formed within the unit circle and determination of 

reference angles for the special right triangles within the unit circle based on given radian 

measures. By extending the domain of values for 𝜃 beyond [−2𝜋, 2𝜋] to [−4𝜋, 4𝜋], this display 

of the unit circle within Desmos can be used to establish the concept of coterminal angles and the 

cyclical nature of radian measure beyond a single rotation of 2𝜋 radians, and how the reference 

angles formed by each of the these terminal sides for radian measures beyond 2𝜋 are the same as 

the corresponding reference angles for the coterminal side within the domain of [−2𝜋, 2𝜋]. This 

display also allows students to visualize the rotation of the terminal side and the radian measure 

of the quadrantal angles. Once students have explored these ideas using Desmos to build a 

conceptual understanding of the unit circle, the teacher should be able to give the student any 

radian measure within the domain of (−∞, ∞) (with a reference angle of 0, , , , or ) and the 

student should be able to determine the reference angle on the unit circle by first determining the 

quadrant (or quadrantal) where the terminal side lies, and then determining the radian measure 

between the terminal side and 𝑥-axis using their understanding of coterminal angles and the 

radian measures of the quadrantal angles. 
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Figure 4 

Various Radian Measures on the Unit Circle 

   
 

   
Note. The various radian measures shown here are just a few examples of all the exact radian 

measures that will display on the unit circle. 

 Once the students have an understanding of the unit circle, radian measure, and reference 

angles, the teacher should introduce the idea that sine and cosine may be represented as the 
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lengths of the legs of the right triangle formed by drawing the altitude from the point of 

intersection to the 𝑥-axis. The cornerstone concept of the relationship between triangular 

trigonometry and circular trigonometry is the idea that the terminal side drawn within the unit 

circle is the radius of the circle which has a length of 1. Once the right triangle is drawn from the 

point of intersection of the terminal side and unit circle, the terminal side will be the hypotenuse 

of the right triangle. Since the hypotenuse is always 1 in this right triangle no matter the radian 

measure, the coordinates of point of intersection of the terminal side and unit circle (which also 

represent the lengths of the legs of the right triangle) represent the values of the sine and cosine 

ratios of the reference angle in the triangle since the consequent value of both ratios will be 1.  

Once the idea is presented that the coordinates of the point of intersection can be 

represented as (cos 𝜃 , sin 𝜃), Desmos can be used to guide students in building a better 

understanding of where the measures of all six of the trigonometric ratios can be found within 

the unit circle, and how they can be calculated using an understanding of special right triangles. 

Using the same display as shown in Figure 3, students can toggle the unit circle to highlight and 

label the representation of sine and cosine as the lengths of the legs of the triangle drawn within 

the unit circle (see Figure 5). These toggles can also be set to display sine and cosine 

simultaneously (see Figure 6). 
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Figure 5 

Sine and Cosine Ratios on the Unit Circle 

   
Note. The segments representing the sine and cosine ratios will display for all radian measures so 

the user can visualize the segment lengths in the relevant quadrant for any radian measure. 
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Figure 6 

Sine and Cosine on the Unit Circle 

 
Note. The sine and cosine ratios can be toggled to display simultaneously or individually. Both 

segments will display in the relevant quadrant for any radian measure. 

Using the slider to set the value of 𝜃, students can see how the values of sine and cosine 

will change as the terminal side rotates around the unit circle. Using the circular definition of 

sine and cosine, students will build on their knowledge of right triangle trigonometry and how to 

define values of sine and cosine for angle measures beyond the established geometric definition 

of 𝜃 where the domain of 𝜃 was restricted to 0 < 𝜃 < 90° (or 0 < 𝜃 < ). Before determining 

numerical values for sine and cosine, this display in Desmos can be used by students to 

determine the positivity of sine and cosine in each quadrant by determining whether the 

coordinates of the point of intersection (or direction of the 𝑥- and 𝑦-components based on the 

point of intersection) are positive or negative in any given quadrant. Once the basic 
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understanding of the representations of sine and cosine have been established with the circular 

definition, this conceptual understanding can be synthesized with prior knowledge of special 

right triangles to determine actual values for sine and cosine on the unit circle. Using the same 

toggle as Figure 4, Desmos can be used to display exact values of sine and cosine on the unit 

circle (see Figure 7). Rather than solely relying on Desmos to find exact values for sine and 

cosine, students should build on their knowledge of determining reference angles for any given 

radian to find specific values for these ratios using their knowledge of special right triangles, 

right triangle trigonometry, and the positivity of sine and cosine in any given quadrant. Desmos 

can be used as a supplement for students to check their answers and helping build the connection 

between right triangle trigonometry and the unit circle by actually manipulating and visualizing 

the rotation of the terminal side and the changing values of sine and cosine. 
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Figure 7 

Various Exact Values of Sine and Cosine on the Unit Circle 

   
 

   
Note. These are a few of all possibilities for exact radian measures that will display on the unit 

circle for sine and cosine. While not shown here, these ratios will display for negative radian 

measures and for quadrantal angles. 

 While the values of sine and cosine are apparent within the unit circle, the other four 

trigonometric ratios are not visible in the basic form of the unit circle. With Desmos, the user has 

the option to add a tangent line to the unit circle at the point of intersection of the terminal side 

and unit circle (see Figure 8). Before determining representations of tangent, cosecant, secant, 

and cotangent, the user should use their prior knowledge of similar triangles and the Angle-

Angle similarity to determine all of the similar triangles formed by the 𝑥- and 𝑦-axis, the tangent 

line, the terminal side, and the 𝑥- and 𝑦-components of the terminal side. Desmos allows the user 
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to toggle through the different similar triangles that are formed, highlighting each individually 

(see Figure 9). 

Figure 8 

Tangent Line at the Point of Intersection of the Terminal Side and the Unit Circle 

 
Note. The tangent line will rotate with the point of intersection of the terminal side and the unit 

circle as the slider is used to set a value for 𝜃. The tangent line will display tangent to the 

terminal side in the relevant quadrant for any radian measure. 
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Figure 9 

Similar Triangles Formed by the Axes, Terminal Side, and Tangent Line 

     
 

     
Note. While all of these triangles shown are similar, not all of these triangles will be used in 

determining values of trigonometric ratios. While this figure standardizes all triangles at the 

same radian measure in the first quadrant, these triangles will be display in the relevant quadrant 

for any radian measure. 

Similar to how sine and cosine used the terminal side of length 1 as the consequent in 

each ratio so their values would be equal to the antecedent of both ratios, these similar triangles 

can be used to determine line segments created by the terminal side, 𝑥- and 𝑦-axes, and tangent 

line that are equal to the value of the tangent, cosecant, secant, and cotangent ratios. In Figure 9, 

segment 𝐴𝐶 has a length of 1 on the unit circle. While there are five similar triangles shown in 

Figure 9, only three of these triangles contain segment 𝐴𝐶 (∆𝐴𝐶𝐸, ∆𝐴𝐷𝐶, and ∆𝐴𝐵𝐶). For these 
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three triangles, the reference angle ∠𝐶𝐴𝐸 corresponds to ∠𝐷𝐴𝐶 and ∠𝐴𝐵𝐶 

(∠𝐶𝐴𝐸 ≅ ∠𝐷𝐴𝐶 ≅ ∠𝐴𝐵𝐶). Using these three triangles and the fact that 𝐴𝐶 = 1, each of the six 

ratios can be expressed as the ratio of the length of a segment to 𝐴𝐶. Table 1 uses the similar 

triangles in Figure 9 to show how each of the six trigonometric ratios may be expressed as a 

singular segment length in reference to ∆𝐴𝐶𝐸, ∆𝐴𝐷𝐶, and ∆𝐴𝐵𝐶. The user has the option of 

highlighting each of these segments in Desmos as seen in Figure 10. Each of the six segments 

can be toggled on independently of one another so the user can highlight any of the segments 

they are interested in. For Figures 8, 9, and 10, 𝜃 is set for the first quadrant for simplicity, but it 

can be set to any quadrant using the slider. As the terminal side rotates, the user is able to 

visualize how the values of each of the six trigonometric ratios increase and decrease as 𝜃 

changes. 

Table 1 

Title 

Triangle 
Reference 
Angle (𝜃) 

Sides Trigonometric Ratio 
Value of 

Trigonometric 
Ratio 

∆𝐴𝐶𝐸 ∠𝐶𝐴𝐸 
 opp = 𝐶𝐸 
adj = 𝐴𝐸 

 hyp = 𝐴𝐶 

sin 𝜃 =
𝐶𝐸

𝐴𝐶
=

𝐶𝐸

1
 sin 𝜃 = 𝐶𝐸 

cos 𝜃 =
𝐴𝐸

𝐴𝐶
=

𝐴𝐸

1
 cos 𝜃 = 𝐴𝐸 

∆𝐴𝐷𝐶 ∠𝐷𝐴𝐶 
 opp = 𝐶𝐷 
adj = 𝐴𝐶 

 hyp = 𝐴𝐷 

tan 𝜃 =
𝐶𝐷

𝐴𝐶
=

𝐶𝐷

1
 tan 𝜃 = 𝐶𝐷 

sec 𝜃 =
𝐴𝐷

𝐴𝐶
=

𝐴𝐷

1
 sec 𝜃 = 𝐴𝐷 

∆𝐴𝐵𝐶 ∠𝐴𝐵𝐶 
 opp = 𝐴𝐶 
adj = 𝐵𝐶 

 hyp = 𝐴𝐵 

csc 𝜃 =
𝐴𝐵

𝐴𝐶
=

𝐴𝐵

1
 csc 𝜃 = 𝐴𝐵 

cot 𝜃 =
𝐵𝐶

𝐴𝐶
=

𝐵𝐶

1
 cot 𝜃 = 𝐵𝐶 

Note. All triangles are in reference to Figure 9. 
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Figure 10 

All Six Trigonometric Ratios on the Unit Circle 

   
Note. While this figure only displays three of the six trigonometric ratios on each circle, any or 

all of the six segments representing the trigonometric ratios can be toggled to highlight 

individually or simultaneously on the circle. While this figure shows these ratios in the first 

quadrant, they will display in the relevant quadrant for any radian measure. 

 While these segment lengths are good for the purpose of visualization, to display accurate 

measurements for each of these segments, it is useful if the segments are parallel/perpendicular 

to the 𝑥- or 𝑦-axis. While the segments representing sine, cosine, cosecant, and secant are 

parallel/perpendicular to the 𝑥- and 𝑦-axes when the tangent line is drawn at the intersection of 

the terminal side and unit circle, the tangent and cotangent ratios are not. Rather than 

standardizing the terminal side to a length of 1 as seen in Figure 9 and Figure 10, one can draw 

the tangent line fixed to the unit circle at (1,0) so the side adjacent to the reference angle is 

standardized to a length of 1 and extending the terminal side by drawing a normal line through 

the terminal side to intersect with the fixed tangent line as seen in Figure 11 to create a pair of 
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similar triangles (∆𝐴𝐵𝐸 ~ ∆𝐴𝐶𝐷). By standardizing the adjacent side to 1, this allows 

tan 𝜃 = 
opp

adj
 =  =  = 𝐶𝐷 which is parallel to the 𝑦-axis. The user can highlight the segment 

and rotate the terminal side to see the behavior of the tangent ratio around the unit circle (see 

Figure 12). 

Figure 11 

Similar Triangles Formed with the Normal Line and Tangent Line at x=1 

     
Note. While not shown in this figure, when the terminal side is in the second quadrant, the other 

side of the normal line will intersect with the tangent line below the 𝑥-axis causing the similar 

triangles to display in the fourth quadrant. When the terminal side is in the third quadrant, the 

other side of the normal line will intersect with the tangent line above the 𝑥-axis and the similar 

triangles will display in the first quadrant. When the terminal side is in the fourth quadrant, the 

normal line will intersect with the tangent line below the 𝑥-axis and the similar triangles will 

display in the fourth quadrant. 
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Figure 12 

Tangent Ratio when the Adjacent Side is Standardized to 1 

   
Note. When the radian measure is set to  + 𝑛𝜋 (where 𝑛 ∈ ℤ) the normal line will not intersect 

with the tangent line and no highlight will display. 

 Similarly, the Desmos user can set the tangent line to be fixed at the point (0,1) which 

standardizes the opposite side to a length of 1. A normal line can be drawn through the terminal 

side again to intersect with this tangent line to create a pair of similar triangles (∆𝐴𝐷𝐸 ~ ∆𝐴𝐶𝐵) 

(see Figure 13). When the opposite side is standardized to a length of 1, this allows 

cot 𝜃 = 
adj

opp
 =  =  = 𝐶𝐷. The user can rotate the terminal side to show the behavior of 

cotangent around the unit circle (see Figure 14). 
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Figure 13 

Similar Triangles Formed with the Normal Line and Tangent Line at x=1 

     
Note. While not shown in this figure, when the terminal side is in the second quadrant, normal 

line will intersect with the tangent line to the left of the 𝑦-axis causing the similar triangles to 

display in the second quadrant. When the terminal side is in the third quadrant, the other side of 

the normal line will intersect with the tangent line to the right of the 𝑦-axis and the similar 

triangles will display in the first quadrant. When the terminal side is in the fourth quadrant, the 

other side of the normal line will intersect with the tangent line to the left of the 𝑦-axis and the 

similar triangles will display in the second quadrant. 
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Figure 14 

Cotangent Ratio when the Opposite Side is Standardized to 1 

   
Note. When the radian measure is set to 𝑛𝜋 (where 𝑛 ∈ ℤ) the normal line will not intersect with 

the tangent line and no highlight will display. 

 While values are not displayed for cosecant, secant, tangent, and cotangent in Figures 10, 

12, and 14, the positivity of all four ratios may be determined for each quadrant. For tangent and 

cosecant (which are both parallel to the 𝑦-axis), when the highlighted segments are below the 𝑥-

axis (negative 𝑦-values), the value of tangent and cosecant will be negative and equal to the 𝑦-

coordinate of their respective point of intersection. Likewise, when the segments representing 

secant and cotangent (which are both parallel to the 𝑥-axis) are to the left of the 𝑦-axis (negative 

𝑥-values), the values of secant and cotangent will be negative and equal to the 𝑥-coordinate of 

their respective points of intersection. 

Parent Trigonometric Functions 

Once students have built a strong understanding of the various representations of each of 

the six trigonometric ratios within the unit circle, Desmos can be used to build on this knowledge 
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by connecting the trigonometric ratios with graphs of the six trigonometric functions based on 

the values of each of the ratios taken from the unit circle. The main concept that is introduced to 

students before displaying graphs of each of the functions is that a trigonometric function only 

differs from a trigonometric ratio as the input to the function is any value of 𝜃 (or 𝑥) rather than a 

specific radian measure for each ratio. While the trigonometric functions can take any input, the 

unit circle can still be used to show the function behavior to make a direct connection between 

right triangle trigonometry and the graphs of trigonometric functions. For the six parent 

trigonometric functions, each of the values used for the input of the function is equal to the 

radian measure of the reference angle on the unit circle (𝑥 = 𝜃) and the output is equal to the 

value of the trigonometric ratio at that respective reference angle. Note that for all Figures shown 

here to display Desmos, the domain of the function is restricted to [0,2𝜋] for the sake of 

simplicity. While the domain of the function can be modified in Desmos to display any output 

within (−∞, ∞), unless shown otherwise, the output for each Figure will only display a domain 

of [0,2𝜋]. 

When the user selects the parent function 𝑓(𝑥) = sin 𝑥 in Desmos, the function will 

display next to the unit circle (see Figure 15). A thin, dashed representation of the parent 

function will display and a thicker, solid representation of the function will display that will 

follow the input for 𝜃 on the slider so the output of the function will display where 𝑥 = 𝜃 (see 

Figure 15). The slider for 𝜃 can be set to any value and the output as shown in any quadrant and 

for any value of 𝜃 (see Figure 16). Using the animation button, the Desmos user can have the 

terminal side of the unit circle rotate and display the output of the function for each value of 𝜃. 
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Figure 15 

Unit Circle and Parent Function f(x)=sin(x) in the First Quadrant 

 
Note. The light blue dashed function represents the entire parent function of 𝑓(𝑥) = sin 𝑥 while 

the dark blue function represents the function on the domain [0, 𝜃]. While not shown in this 

figure, the graph of the parent function can be set to display any domain on the interval 

(−∞, ∞). The domain of the function shown in the figure is restricted solely for the purpose of 

simplicity. 
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Figure 16 

Unit Circle and Parent Function f(x)=sin(x) in the Third Quadrant 

 

Since each value of the output of 𝑓(𝑥) = sin 𝑥 is equal to the value of the trigonometric 

ratio at the reference angle on the unit circle, the segment length representing the value of sine 

can be toggled to track the value of 𝑓(𝑥) = sin 𝑥 on the graph as shown in Figure 17 (this toggle 

is referred to as “trackers” within Desmos). While not as necessary with a display such as 

𝑓(𝑥) = sin 𝑥, each of the six parent functions also has the option to toggle a highlight to show 

the direct connection between the segment length on the unit circle and the value of the function 

output at that value of 𝜃 as shown in Figure 18 (this toggle is referred to as “highlights” within 

Desmos). The domain of the output can be easily manipulated within Desmos to show the 

connection between values of sin 𝜃 on the unit circle for values of 𝜃 beyond [0,2𝜋] to 

demonstrate the cyclical nature of trigonometric functions. For example, Figure 19 shows the 

display of 𝑓(𝑥) = sin 𝑥 with a domain of [0,4𝜋]. Allowing students to manipulate the values of 

𝜃 on their own while viewing the animation of the values on the unit circle directly relating to 
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the values of the output of 𝑓(𝑥) = sin 𝑥 helps students make a direct connection between the 

trigonometric ratio displayed on the unit circle and the output of the parent function shown at any 

value of 𝜃. 

Figure 17 

Unit Circle and Parent Function f(x)=sin(x) with Trackers 

 
Note. While not shown in the figure, Desmos can be set to display a numerical value of the sine 

ratio that corresponds to the value of the output of the parent function at any given value of 𝜃. 
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Figure 18 

Unit Circle and Parent Function f(x)=sin(x) with Highlights 

 

Figure 19 

Unit Circle and Parent Function f(x)=sin(x) on a Domain of [0,4π] 
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 For the parent function 𝑓(𝑥) = cos 𝑥, the values of the trigonometric ratio on the unit 

circle that is used for the function value is a value of 𝑥 rather than a value of 𝑦 like 𝑓(𝑥) = sin 𝑥. 

While Desmos still operates functionally the same when displaying values of 𝑓(𝑥) = cos 𝑥 from 

the unit circle as shown in Figure 20, the trackers and highlights have extra options to help 

students build the connection between the actual length of the line segment on the unit circle that 

represents cos 𝜃 and the output of 𝑓(𝑥) = cos 𝑥. On Desmos, there is a toggle to display the line 

𝑦 = 𝑥 since the length of the reflection of the line segment representing cos 𝜃 over this line will 

be equivalent in value, but the display will show the output as values of 𝑦 rather than values of 𝑥 

(see Figure 21). There are separate toggles for the trackers and highlights for the reflection of the 

line segment and the segments directly connecting the value of cos 𝜃 to the parent function. 

Figure 20 

Unit Circle and Parent Function f(x)=cos(x) in the First Quadrant 

 
Note. While not shown in the figure, Desmos can be set to display a numerical value of the 

cosine ratio that corresponds to the value of the output of the parent function at any given value 

of 𝜃. 
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Figure 21 

Unit Circle and Parent Function f(x)=cos(x) with Trackers 

 
Note. While shown in this figure, the line 𝑦 = 𝑥 can be toggled to be hidden in Desmos and is 

only shown here to display the reflection of the line segment representing the cosine ratio over 

the line to correspond with the trackers on the parent function. 

 While there are multiple representations of tan 𝜃, csc 𝜃, sec 𝜃, and cot 𝜃 on the unit 

circle, the line segments formed with the similar triangles shown in Figures 9, 10, and 11 that 

will be used for display purposes are the segments parallel/perpendicular to the 𝑥- and 𝑦-axes 

since it is a more direct and intuitive connection between the lengths of the segments as values of 

𝑦 (like 𝑓(𝑥) = sin 𝑥) or values of 𝑥 reflected over the line 𝑦 = 𝑥 to display as values of 𝑦 (like 

𝑓(𝑥) = cos 𝑥). While the user of Desmos has the option of using any representation of these 

ratios taken from the unit circle, for the sake of simplicity the more intuitive versions are used for 

the Figures shown. To show the cyclic nature of these parent functions, the Figures shown will 

display a domain of [0,4𝜋] for these four trigonometric parent functions. 
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 For the parent function 𝑓(𝑥) = tan 𝑥, the similar triangle shown in Figure 12 is used to 

show the direct connection between the values of the ratio of tan 𝜃 on the unit circle and the 

value of the parent function. Figure 22 shows the direct connection between the length of the line 

segment formed by the intersection of the normal line through the terminal side and the tangent 

line fixed at (1,0) (representing the value of tan 𝜃) with the output of the parent function 

𝑓(𝑥) = tan 𝑥. Desmos has the option to toggle trackers and highlights allowing students to make 

a direct connection between the trigonometric ratio of tan 𝜃 from the unit circle to the output of 

the function 𝑓(𝑥) = tan 𝑥 using similar triangles. 

Figure 22 

Unit Circle and Parent Function f(x)=tan(x) with Trackers 

 
Note. While trackers and highlights are displayed in the figure, they can be toggled to hide or 

display in Desmos. While the parent function is shown for all values where it exists on the 

domain [0,4𝜋], the domain may be set to display any interval. While not shown in the figure, the 

user can toggle vertical asymptotes to display for 𝑥 =  + 𝑛𝜋 (where 𝑛 ∈ ℤ) where the parent 

function does not exist. 
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For the parent function 𝑓(𝑥) = csc 𝑥, the line segment with a length equal to the ratio of 

csc 𝜃 as displayed in Figure 10 is used. Similar to 𝑓(𝑥) = sin 𝑥, the line segment used from the 

intersection of the line tangent to the intersection of the terminal side and the unit circle and the 

𝑦-axis has a length displayed as values of 𝑦. Figure 23 shows the Desmos output for 

𝑓(𝑥) = csc 𝑥. 

Figure 23 

Unit Circle and Parent Function f(x)=csc(x) with Trackers 

 
Note. While trackers and highlights are displayed in the figure, they can be toggled to hide or 

display in Desmos. While the parent function is shown for all values where it exists on the 

domain [0,4𝜋], the domain may be set to display any interval. While not shown in the figure, the 

user can toggle vertical asymptotes to display for 𝑥 = 𝑛𝜋 (where 𝑛 ∈ ℤ) where the parent 

function does not exist. 

For the parent function 𝑓(𝑥) = sec 𝑥, the line segment with a length equal to the ratio of 

sec 𝜃 as displayed in Figure 10 is used. Figure 24 shows the graph of the parent function of 

𝑓(𝑥) = sec 𝑥 in relation to the unit circle. Similar to 𝑓(𝑥) = cos 𝑥, the line segment used from 
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the intersection of the line tangent to the intersection of the terminal side and the unit circle and 

the 𝑥-axis has a length as value of 𝑥. While not shown in Figure 24, Desmos allows the user to 

display the line 𝑦 = 𝑥 (like in Figure 21) and the reflection of the line segment so its length is 

given as a value of 𝑦 to directly correspond to the output of the parent function. 

Figure 24 

Unit Circle and Parent Function f(x)=sec(x) with Trackers 

 
Note. While trackers and highlights are displayed in the figure, they can be toggled to hide or 

display in Desmos. While not shown in the figure, the line 𝑦 = 𝑥 can be toggled to display to 

show the reflection of the line segment representing the secant ratio over the line to correspond 

with the trackers on the parent function. While the parent function is shown for all values where 

it exists on the domain [0,4𝜋], the domain may be set to display any interval. While not shown in 

the figure, the user can toggle vertical asymptotes to display for 𝑥 =  + 𝑛𝜋 (where 𝑛 ∈ ℤ) 

where the parent function does not exist. 

For the parent function 𝑓(𝑥) = cot 𝑥, the unit circle uses the line segment of a length 

equal to cot 𝜃 from the similar triangle used in Figure 14 to represent the value of the function 
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(see Figure 25). Since the length of the segment is a value of 𝑥 on the unit circle, the user can 

display the line 𝑦 = 𝑥 (similar to 𝑓(𝑥) = cos 𝑥 and 𝑓(𝑥) = sec 𝑥) and the reflection of the line 

segment so its length is given as a value of 𝑦 to directly correspond to the output of the parent 

function. 

Figure 25 

Unit Circle and Parent Function f(x)=cot(x) with Trackers 

 
Note. While trackers and highlights are displayed in the figure, they can be toggled to hide or 

display in Desmos. While not shown in the figure, the line 𝑦 = 𝑥 can be toggled to display to 

show the reflection of the line segment representing the cotangent ratio over the line to 

correspond with the trackers on the parent function. While the parent function is shown for all 

values where it exists on the domain [0,4𝜋], the domain may be set to display any interval. 

While not shown in the figure, the user can toggle vertical asymptotes to display for 𝑥 = 𝑛𝜋 

(where 𝑛 ∈ ℤ) where the parent function does not exist. 
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The Dynamic Circle 

Beyond the use of Desmos to allow students to explore the connection between right 

triangle trigonometry and parent trigonometric functions using similar triangles and the unit 

circle, Desmos allows the users to go into a deeper exploration of this connection between 

triangular trigonometry and circular trigonometry by using a dynamic circle to show the 

connection between right triangle trigonometry and transformations of parent trigonometric 

functions. For the transformations of trigonometric functions, Desmos will use the general form 

of 𝑓(𝑥) = 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑 for all six trigonometric functions. While the unit circle and parent 

trigonometric functions only had one slider for students to use to adjust and set values of 𝜃, for 

the dynamic circle and transformations of trigonometric functions, Desmos has five sliders for 

students to use to adjust and set values for 𝜃, 𝑎, 𝑏, 𝑐, and 𝑑. This allows students to explore how 

each of these constants change the behavior of the parent function and how they relate to one 

another. 

In order to show a direct connection between right triangle trigonometry and 

transformations of trigonometric functions, one must first understand how the dynamic circle 

works. Depending on which trigonometric function you are working with, there are two different 

possibilities for the dynamic circle that may be used. The first dynamic circle (referred to as the 

“𝑦-axis dynamic circle”) is in the form 𝑥  + (𝑦 − 𝑑)  = 𝑎 . The 𝑦-axis dynamic circle is used 

for the transformations of 𝑓(𝑥) = sin 𝑥, 𝑓(𝑥) = tan 𝑥, and 𝑓(𝑥) = csc 𝑥. The second dynamic 

circle (referred to as the “𝑥-axis dynamic circle”) is in the form (𝑥 − 𝑑)  + 𝑦  = 𝑎 . The 𝑥-axis 

dynamic circle is used for the transformations of 𝑓(𝑥) = cos 𝑥, 𝑓(𝑥) = sec 𝑥, and 𝑓(𝑥) = cot 𝑥. 

For both dynamic circles, each transformation of 𝑎, 𝑏, 𝑐, and 𝑑 has a specific effect on the 

behavior of the circle. 
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While the equation for the unit circle is 𝑥  + 𝑦  = 1, there are two differences in the 

general form of the 𝑦-axis dynamic circle (𝑥  + (𝑦 − 𝑑)  = 𝑎 ). The first difference from the 

unit circle is the replacement of 𝑦 with 𝑦 − 𝑑. Since 𝑑 is an additive transformation to a 

trigonometric function that is directly affecting the function value, the output of the function is 

increased by 𝑑. In the 𝑦-axis dynamic circle, 𝑦 − 𝑑 is used instead of 𝑦 since the values of 𝑦 

would have to increase by 𝑑 to satisfy the equation to account for the corresponding 

transformation in the trigonometric function. Graphically, this causes the circle to have a vertical 

translation of 𝑑 units along the 𝑦-axis (see Figure 26). The center of the circle will then have the 

same 𝑦-value as the midline of the transformed trigonometric function. Since this translation is 

an isometry, all of the side lengths of the right triangle within the circle are equivalent to the 

corresponding side lengths of the right triangle drawn within the unit circle, the only difference 

being that the 𝑦-coordinate of the point of intersection of the terminal side and the circle has 

been increased by 𝑑 which corresponds to the output of a trigonometric function with the same 

additive transformation. Due to this relationship, the length of the segments drawn in the new 

circle in relation to the midline (𝑦 = 𝑑) will be equal to the distance of the value of the 

transformed trigonometric function from the midline. 
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Figure 26 

The y-Axis Dynamic Circle with a Vertical Translation 

 
Note. The unit circle is displayed as the solid circle while the dynamic circle is the dashed circle. 

The dynamic circle displayed represents the graph of the equation 𝑥  + (𝑦 − 3)  = 1. 

 The second difference in the general form of the 𝑦-axis dynamic circle and the unit circle 

is the replacement of 1 with 𝑎. In the equation for the unit circle, 1 represents the radius of the 

circle which is equivalent to the length of the terminal side. Since 𝑎 is a multiplicative 

transformation of a trigonometric function directly affecting functions value (independent of 𝑑), 

the output of the function is multiplied by 𝑎. The justification for using 𝑎 as the length of the 

terminal side in the 𝑦-axis dynamic circle comes from the geometric concept that if a side length 

of a triangle (in this case, the right triangle drawn in the dynamic circle) is multiplied by a 

constant, to maintain the values of the trigonometric ratios of the triangle, all of the sides must 

scale equivalently. If cos 𝜃 =  and 𝑥 is multiplied by 𝑎, then 𝑟 must also be multiplied by 𝑎 to 
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maintain the value of cos 𝜃: cos 𝜃 =  = 
⋅

⋅
. Likewise, sin 𝜃 =  = 

⋅

⋅
. Geometrically, this is 

represented as a dilation of the triangle within the circle by a scale factor of 𝑎 as seen in Figure 

27. In Desmos, the radius of the 𝑦-axis dynamic circle will scale by a factor of 𝑎 which scales the 

𝑥- and 𝑦-components by a factor of 𝑎 giving the resulting segment lengths a value that is scaled 

by the same factor as the values of their corresponding trigonometric functions. 

Figure 27 

The y-Axis Dynamic Circle with a Dilation and Vertical Translation 

 
Note. The dynamic circle displayed represents the graph of the equation 

𝑥  + (𝑦 − 3)  = (1.5) . 

 While the transformations of 𝑎 and 𝑑 directly affect the size and location of the circle, the 

transformations of 𝑏 and 𝑐 will not directly transform the 𝑦-axis dynamic circle. Since, in the 

general form of 𝑓(𝑥) = 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑, the transformations of 𝑏 and 𝑐 are performed directly 

on the input rather than the function value, on the 𝑦-axis dynamic circle, they will affect the 
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value of 𝜃. For the multiplicative transformation of 𝑏, this directly multiplies the radian measure 

by a factor of 𝑏. On the 𝑦-axis dynamic circle, this results in the radian measure of the terminal 

side to rotate 𝑏𝜃 radians for every 𝜃 radians on the unit circle (see Figure 28). The resulting 

transformation of the corresponding trigonometric function will have to include all values of the 

function output for 𝑏𝜃 radians within a domain of 𝜃 radians resulting in a frequency of 𝑏 on the 

transformation of the trigonometric function. 

Figure 28 

The y-Axis Dynamic Circle with a Multiplicative Transformation on θ 

 
Note. The dynamic circle displayed represents the graph of the equation 𝑥  + (𝑦 − 3)  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃. 

 The final transformation is the additive transformation of 𝑐 on the input of the 

trigonometric function. On the 𝑦-axis dynamic circle, this results in increasing the radian 

measure of the rotation of the terminal side by 𝑐 radians compared to the unit circle (see Figure 
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29). Due to the input increasing by 𝑐 units compared to the parent function, the resulting 

transformation of the trigonometric function will be translated horizontally −𝑐 units since the 

output for the transformed function is taken from an input 𝑐 units greater than the input to the 

parent function. 

Figure 29 

The y-Axis Dynamic Circle with a Multiplicative and Additive Transformation on θ 

 
Note. The dynamic circle displayed represents the graph of the equation 𝑥  + (𝑦 − 3)  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃 + 3. 

 While Figures 26, 27, 28, and 29 all show positive values for the multiplicative and 

additive transformations on the 𝑦-axis dynamic circle, Desmos allows users to input negative 

values as well. For 𝑑, this results in a negative vertical translation as shown in Figure 30. While 

not shown in these figures, a negative input for 𝑎 results in a reflection of the 𝑦-axis dynamic 
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circle through its center, a negative value for 𝑏 will change the direction of rotation of the 

terminal side, and a negative value for 𝑐 will rotate the terminal side clockwise 𝑐 radians.  

Figure 30 

The y-Axis Dynamic Circle with a Negative Vertical Translation 

 
Note. The dynamic circle displayed represents the graph of the equation 𝑥  + (𝑦 + 3)  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃 + 3. 

 For the 𝑥-axis dynamic circle, the key difference in the general equation of 

(𝑥 – 𝑑)  + 𝑦  = 𝑎  from the general equation of the 𝑦-axis dynamic circle 

(𝑥  + (𝑦 – 𝑑)  = 𝑎 ) is that the value 𝑑 is being subtracted from 𝑥 rather than 𝑦. Since the 𝑦-

axis dynamic circle is used for trigonometric functions whose values are taken from segment 

lengths with values of 𝑦 representing their length, using 𝑦 – 𝑑 accounts for the additive change in 

output value for the function by changing the 𝑦-coordinate of the point of intersection of the 

terminal side and the circle that represents the function value. For the 𝑥-axis dynamic circle, each 



  48 
 

of the trigonometric functions takes their values for function output from segments with values 

of 𝑥 representing their length. These 𝑥-values on the circle correspond to output values of the 

function. Due to this relationship, the 𝑥-axis dynamic circle accounts for additive transformations 

of function values by translating horizontally 𝑑 units so the 𝑥-coordinate representing the 

corresponding value of the trigonometric function will account for this increase in function value 

by 𝑑 (see Figure 31). While not shown here, there is a toggle on the 𝑥-axis dynamic circle to 

reflect the relevant segment length over the line 𝑦 = 𝑥 so the output for the function will 

correspond to the 𝑦-coordinate of the reflected segment to directly show the relationship between 

the specific segment and the function output. 

Figure 31 

The x-Axis Dynamic Circle with a Horizontal Translation 

 
Note. The unit circle is displayed as the solid circle while the dynamic circle is the dashed circle. 

The dynamic circle displayed represents the graph of the equation (𝑥 − 3)  + 𝑦  = 1. 
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 Apart from the transformation of 𝑑, the transformations of 𝑎, 𝑏, and 𝑐 affect the 𝑥-axis 

dynamic circle in the exact way they affect the 𝑦-axis dynamic circle. The transformation of 𝑎 is 

shown in Figure 32, the transformation of 𝑏 is shown in Figure 33, and the transformation of 𝑐 is 

shown in Figure 34. Each of these transformations will take negative inputs just as the 𝑦-axis 

dynamic circle takes negative inputs with the only difference in transformation to the 𝑥-axis 

dynamic circle in comparison to the 𝑦-axis dynamic circle is that a negative value for 𝑑 will 

result in a negative horizontal translation rather than a vertical translation (see Figure 35). 

Figure 32 

The x-Axis Dynamic Circle with a Dilation and Horizontal Translation 

 
Note. The dynamic circle displayed represents the graph of the equation 

(𝑥 − 3)  + 𝑦  = (1.5) . 
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Figure 33 

The x-Axis Dynamic Circle with a Multiplicative Transformation on θ 

 
Note. The dynamic circle displayed represents the graph of the equation (𝑥 − 3)  + 𝑦  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃. 
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Figure 34 

The x-Axis Dynamic Circle with a Multiplicative and Additive Transformation on θ 

 
Note. The dynamic circle displayed represents the graph of the equation (𝑥 − 3)  + 𝑦  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃 + 3. 
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Figure 35 

The x-Axis Dynamic Circle with a Negative Horizontal Translation 

 
Note. The dynamic circle displayed represents the graph of the equation (𝑥 + 3)  + 𝑦  = (1.5)  

while the radian measure of the terminal side is equal to 2𝜃 + 3 

Transformations of Trigonometric Functions 

 Once students have a basic understanding of how the dynamic circles work, they can be 

used in Desmos to directly connect right triangular trigonometry to transformations of 

trigonometric functions. Depending on which of the six trigonometric functions the user is 

working with, the corresponding dynamic circle will be used to show the relevant 

transformations to each function. The display has both the unit circle and parent trigonometric 

function showing to the user can make a direct comparison between the unit circle and dynamic 

circle as well as the parent functions and transformed function. For each of the figures used, the 

parent functions are shown as the faded purple and the transformed function is shown in orange. 
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The trackers and highlights are toggled for the transformed function. Unless stated otherwise, the 

following figures use the additive transformation of 𝑑 so the transformed function is vertically 

translated and will not lie on top of the parent function so more detail can be shown. 

 For the function 𝑓(𝑥) = 𝑎 sin(𝑏𝑥 + 𝑐) + 𝑑, Figure 36 shows the multiplicative 

transformation of 𝑎 = 2 (𝑔(𝑥) = 2 sin 𝑥) which results in a dilation of the 𝑦-axis dynamic circle 

so the value of the length of the segment representing sin 𝜃 is multiplied by 2 resulting in an 

increase in amplitude from 1 to 2 on the transformed function. While the values of the output of 

the function are being multiplied by 2, allowing the student to use Desmos to show the direct 

connection between right triangle trigonometry and the transformation of the parent function will 

allow the student to better develop a conceptual understanding of the relationship between 

trigonometric ratios and the value of the output of the transformed function. 

Figure 36 

The Dynamic Circle and Transformed Function g(x)=2sin(x) 

 
Note. While displayed in this figure, the unit circle can be toggled to be hidden. While trackers 

and highlights are displayed in the figure, they can be toggled to hide or display in Desmos. The 
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parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed function 

𝑔(𝑥) = 2 sin 𝑥 is displayed in orange. 

Figure 37 shows the transformation of 𝑑 = 3 which results in a vertical translation of the 

parent function up three units (𝑔(𝑥) = sin 𝑥 + 3). Again, this allows the student to visualize the 

direct connection between the 𝑦-value of the point of intersection of the terminal side with the 𝑦-

axis dynamic circle and the value of the output of the trigonometric function as well as the 

relationship between the length of the segment and the midline of the transformed function. If the 

student wanted to see both of these transformations performed on the function simultaneously, 

the sliders on Desmos can be used to set values for 𝑎 and 𝑑 independently to show how both of 

these transformations will affect the parent function (see Figure 38). 

Figure 37 

The Dynamic Circle and Transformed Function g(x)=sin(x)+3 

 
Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = sin 𝑥 + 3 is displayed in orange. 
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Figure 38 

The Dynamic Circle and Transformed Function g(x)=2sin(x)+3 

 
Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sin 𝑥 + 3 is displayed in orange. 

 The transformation of 𝑏 = 2 is shown in Figure 39. When the student either uses the play 

button or the slider on Desmos to loop through values of 𝜃, they will be able to visualize the 

change in frequency of the function 𝑔(𝑥) = sin(2𝑥) on the transformed function and will see 

that the 𝑦-axis dynamic circle will complete two full rotations for every one rotation of the 

original unit circle. While it is important to be able to see the unit circle in comparison to the 

dynamic circle, the student may toggle the unit circle off to just view the dynamic circle since it 

is difficult to see the difference in circles lying directly on top of each other. Figure 40 shows the 

display for the student if all three transformations shown in Figures 36, 37, and 39 are performed 

on the parent function, resulting in the function 𝑔(𝑥) = 2 sin(2𝑥) + 3. 
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Figure 39 

The Dynamic Circle and Transformed Function g(x)=sin(2x) 

 
Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = sin(2𝑥) is displayed in orange. 
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Figure 40 

The Dynamic Circle and Transformed Function g(x)=2sin(2x)+3 

 
Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sin(2𝑥) + 3 is displayed in orange. 

 The fourth transformation on the parent function is shown in Figure 41 where 𝑐 =  

resulting in the transformed function of 𝑔(𝑥) = sin(𝑥 + ) resulting in horizontal translation or 

phase shift of the parent function left by  units. On the dynamic unit circle, the student will see 

a rotation of the terminal side by  radians. If the student uses the slider or toggles the play 

button on 𝜃, they will see that the terminal side of the dynamic circle will rotate at the same rate 

as the terminal side of the unit circle separated by a radian measure of  allowing the student to 

make a direct connection between the rotation of the dynamic circle and the transformation 

performed on the parent function. 
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Figure 41 

The Dynamic Circle and Transformed Function g(x)=sin(x+3π/4) 

 

Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = sin(𝑥 + ) is displayed in orange. 

 To visualize all of the transformations of the parent function, the student can 

independently change all of the values of 𝑎, 𝑏, 𝑐, and 𝑑 to see the direct relationship between the 

triangular trigonometry on the 𝑦-axis dynamic circle and all four transformations performed on 

the parent function (see Figure 42). 
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Figure 42 

The Dynamic Circle and Transformed Function g(x)=2sin(2x+3)+3 

 

Note. The parent function 𝑓(𝑥) = sin 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sin(2𝑥 + 3) + 3 is displayed in orange. 

 Transformations for the other five trigonometric functions can be found in Appendices A-

E (𝑓(𝑥) = cos 𝑥 in Appendix A, 𝑓(𝑥) = tan 𝑥 in Appendix B, 𝑓(𝑥) = csc 𝑥 in Appendix C, 

𝑓(𝑥) = sec 𝑥 in Appendix D, and 𝑓(𝑥) = cot 𝑥 in Appendix E). Note that functions whose 

values are taken from line segments parallel to the 𝑥-axis use the 𝑥-axis dynamic circle rather 

than the 𝑦-axis dynamic circle shown in the figures in this section (see Appendix A, D, and E). 

For each of these three trigonometric functions, the line 𝑦 = 𝑥 is displayed with the relevant 

segment length reflected over the line and highlighted to directly show the relationship between 

the segment length and transformed trigonometric function. Like the unit circles on the parent 

functions, the dynamic unit circles for 𝑓(𝑥) = tan 𝑥, 𝑓(𝑥) = csc 𝑥, 𝑓(𝑥) = sec 𝑥, and 

𝑓(𝑥) = cot 𝑥 display the relevant tangent and normal lines in relation to their positions on the 
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dynamic unit circle (see Appendix B, C, D, and E). For negative values of the multiplicative 

transformation 𝑎, the tangent and normal lines reflect through the center of the dynamic unit 

circle with the rest of the points and segments drawn within the circle.  

How to Use this Desmos Project in the Classroom 

 Teachers who would like to implement this Desmos project in their classrooms should 

use this as a supplemental resource to help build students build a strong conceptual 

understanding of the unit circle, trigonometric functions, and transformations of these 

trigonometric functions. The Desmos graphing software is unique from other graphing software 

due to the simplistic implementation of dynamic features one can utilize to create virtual 

manipulatives for students. Using this dynamic software allows students to directly manipulate a 

graph and visualize how their manipulation changes the behavior of their graph. The 

implementation of a dynamic circle to display transformations of trigonometric functions is a 

unique method of visualization of the direct connection between right triangle trigonometry and 

transformations of trigonometric functions that has not been utilized in depth as a method of 

teaching transformations of trigonometric functions due to the limitations of graphing technology 

and the complexity of implementation of the concept of a dynamic circle within a mathematics 

classroom without dynamic, manipulative software that is free to use like Desmos. Using this 

software as a supplement to instruction allows for unique ways to build conceptual 

understanding of mathematical ideas that have not been thoroughly explored due to the 

technological limitation of implementing these concepts in a way that is simplistic enough for 

students to utilize for their own learning. 

While there are many ways to use this Desmos project as a supplemental resource to 

teach trigonometric functions, the different features of this project can be modified and utilized 
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within an Algebra II, Precalculus, or Calculus classroom to fit the needs of the students. Whether 

specifically exploring the unit circle or using the unit circle to graph trigonometric functions, this 

project helps builds conceptual understanding of trigonometry through building on concepts 

learned in Geometry including similar triangles, transformations of geometric shapes and right 

triangle trigonometric ratios by allowing students to utilize this prior knowledge to explore why 

trigonometric functions behave in their respective manners rather than a surface-level 

exploration of how to draw trigonometric functions and what each transformation does to the 

parent function. While this Desmos project can be modified to allow students to build a 

procedural knowledge of calculating values trigonometric ratios at specific radian measures to 

draw parent trigonometric functions, this project is best used to supplement this procedural 

fluency by building an underlying conceptual understanding of trigonometric function behavior. 

Depending on which level of mathematics students are learning, this project can be 

utilized to address the following New York State Common Core Learning Standards (NYSED, 

2012): 

 CCSS.MATH.CONTENT.F.IF.7.e – Graph trigonometric functions showing 

period, midline, and amplitude. 

 CCSS.MATH.CONTENT.F.TF.1 – Understand radian measure of an angle as the 

length of the arc on the unit circle subtended by the angle. 

 CCSS.MATH.CONTENT.F.TF.2 – Explain how the unit circle in the coordinate 

plane enables the extension of trigonometric functions to all real numbers, 

interpreted as radian measures of angles traversed counterclockwise around the 

unit circle. 
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 CCSS.MATH.CONTENT.F.TF.3 – (+) Use special triangles to determine 

geometrically the values of sine, cosine, tangent for , , and , and use the unit 

circle to express the values of sine, cosine, and tangent for 𝜋 − 𝑥, 𝜋 + 𝑥, and 

2𝜋 − 𝑥 in terms of their values for 𝑥, where 𝑥 is any real number. 

 CCSS.MATH.CONTENT.F.TF.4 – (+) Use the unit circle to explain symmetry 

(odd and even) and periodicity of trigonometric functions. 

 CCSS.MATH.CONTENT.F.TF.5 – Choose trigonometric functions to model 

periodic phenomena with specified amplitude, frequency, and midline. 

 CCSS.MATH.CONTENT.F.TF.6 – (+)Understand that restricting a trigonometric 

function to a domain on which it is always increasing or always decreasing allows 

its inverse to be constructed. 

 CCSS.MATH.CONTENT.F.TF.7 – Use inverse functions to solve trigonometric 

equations that arise in modeling contexts; evaluate solutions using technology, 

and interpret them in terms of the context. 

 CCSS.MATH.CONTENT.F.TF.8 – Prove the Pythagorean identity 

sin 𝜃 + cos 𝜃 = 1 and use it to calculate trigonometric ratios. 

 CCSS.MATH.CONTENT.F.TF.9 – (+) Prove the addition and subtraction 

formulas for sine, cosine, and tangent and use them to solve problems. 

Beyond the use of this Desmos project as outlined in this paper, Desmos has a separate 

section of its website dedicated to teacher-specific activities that allow for teachers to add 

specific questions and various other manipulative tools within the program to create a guided, 

interactive lesson for students to use. Teachers can see student responses to the questions and 

receive class feedback from the lesson. To create a teacher activity, the teacher can copy graphs 
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they have created into the activity builder for students to use within the activity. While the 

process becomes more involved to create a lesson, if a user would like to make a specific activity 

more interactive, the activity builder allows for an extra layer of documentation on graphs with a 

language built on LaTeX that allows for endless possibilities for manipulatives within a graph. 

By utilizing these features, this Desmos project could be utilized to create a guided lesson or 

implement other possibilities for manipulatives within the project that were not used here. 

Conclusion 

 Using this Desmos project, students can interact with the graphing software to build a 

better understanding of the relationship between right triangle trigonometry and trigonometric 

functions through visualization. The dynamic abilities of Desmos allow a unique way for 

students to explore these concepts and their relationship to one another using the unit circle. 

Using Desmos, more complex representations of mathematical ideas, such as the use of a 

dynamic circle to build a conceptual understanding of transformations of trigonometric 

functions, can be implemented into a mathematics classroom as a beneficial supplement to 

enhance student understanding of complex mathematical concepts. 
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Appendix A 

Transformations of 𝑓(𝑥) = cos 𝑥 in Desmos 

Figure A1 

The Dynamic Circle and Transformed Function g(x)=cos(x)+3 

 
Note. While shown in this figure, the line 𝑦 = 𝑥 can be toggled to be hidden in Desmos and is 

only shown here to display the reflection of the line segment representing the cosine ratio from 

the dynamic circle over the line to correspond with the trackers on the transformed function. The 

parent function 𝑓(𝑥) = cos 𝑥 is displayed in light purple while the transformed function 

𝑔(𝑥) = cos 𝑥 + 3 is displayed in orange. 
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Figure A2 

The Dynamic Circle and Transformed Function g(x)=3/2cos(x)+3 

 
Note. The parent function 𝑓(𝑥) = cos 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = cos 𝑥 + 3 is displayed in orange. 
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Figure A3 

The Dynamic Circle and Transformed Function g(x)=3/2cos(3x)+3 

 
Note. The parent function 𝑓(𝑥) = cos 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = cos(3𝑥) + 3 is displayed in orange. 
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Figure A4 

The Dynamic Circle and Transformed Function g(x)=3/2cos(3x+5/2)+3 

 
Note. The parent function 𝑓(𝑥) = cos 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = cos(3𝑥 + ) + 3 is displayed in orange.  
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Appendix B 

Transformations of 𝑓(𝑥) = tan 𝑥 in Desmos 

Figure B1 

The Dynamic Circle and Transformed Function g(x)=tan(x)+4 

 
Note. The parent function 𝑓(𝑥) = tan 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = tan 𝑥 + 4 is displayed in orange. 
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Figure B2 

The Dynamic Circle and Transformed Function g(x)=2tan(x)+4 

 
Note. The parent function 𝑓(𝑥) = tan 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 tan 𝑥 + 4 is displayed in orange. 
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Figure B3 

The Dynamic Circle and Transformed Function g(x)=2tan(3x)+4 

 
Note. The parent function 𝑓(𝑥) = tan 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 tan(3𝑥) + 4 is displayed in orange. 
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Figure B4 

The Dynamic Circle and Transformed Function g(x)=2tan(3x+3)+4 

 
Note. The parent function 𝑓(𝑥) = tan 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 tan(3𝑥 + 3) + 4 is displayed in orange.  
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Appendix C 

Transformations of 𝑓(𝑥) = csc 𝑥 in Desmos 

Figure C1 

The Dynamic Circle and Transformed Function g(x)= g(x)=csc(x)+4 

 
Note. The parent function 𝑓(𝑥) = csc 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = csc 𝑥 + 4 is displayed in orange. 
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Figure C2 

The Dynamic Circle and Transformed Function g(x)=2csc(x)+4 

 
Note. The parent function 𝑓(𝑥) = csc 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 csc 𝑥 + 4 is displayed in orange. 
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Figure C3 

The Dynamic Circle and Transformed Function g(x)=2csc(3x)+4 

 
Note. The parent function 𝑓(𝑥) = csc 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 csc(3𝑥) + 4 is displayed in orange. 
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Figure C4 

The Dynamic Circle and Transformed Function g(x)=2csc(3x+3)+4 

 
Note. The parent function 𝑓(𝑥) = csc 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 csc(3𝑥 + 3) + 4 is displayed in orange.  
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Appendix D 

Transformations of 𝑓(𝑥) = sec 𝑥 in Desmos 

Figure D1 

The Dynamic Circle and Transformed Function g(x)=sec(x)+4 

 
Note. The parent function 𝑓(𝑥) = sec 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = sec 𝑥 + 4 is displayed in orange. 
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Figure D2 

The Dynamic Circle and Transformed Function g(x)=2sec(x)+4 

 
Note. The parent function 𝑓(𝑥) = sec 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sec 𝑥 + 4 is displayed in orange. 
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Figure D3 

The Dynamic Circle and Transformed Function g(x)=2sec(3x)+4 

 
Note. The parent function 𝑓(𝑥) = sec 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sec(3𝑥) + 4 is displayed in orange. 



  81 
 

Figure D4 

The Dynamic Circle and Transformed Function g(x)=2sec(3x+3)+4 

 
Note. The parent function 𝑓(𝑥) = sec 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 sec(3𝑥 + 3) + 4 is displayed in orange.  
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Appendix E 

Transformations of 𝑓(𝑥) = cot 𝑥 in Desmos 

Figure E1 

The Dynamic Circle and Transformed Function g(x)=cot(x)+4 

 
Note. The parent function 𝑓(𝑥) = cot 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = cot 𝑥 + 4 is displayed in orange. 
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Figure E2 

The Dynamic Circle and Transformed Function g(x)=2cot(x)+4 

 
Note. The parent function 𝑓(𝑥) = cot 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 cot 𝑥 + 4 is displayed in orange. 
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Figure E3 

The Dynamic Circle and Transformed Function g(x)=2cot(3x)+4 

 
Note. The parent function 𝑓(𝑥) = cot 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 cot(3𝑥) + 4 is displayed in orange. 
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Figure E4 

The Dynamic Circle and Transformed Function g(x)=2cot(3x+3)+4 

 
Note. The parent function 𝑓(𝑥) = cot 𝑥 is displayed in light purple while the transformed 

function 𝑔(𝑥) = 2 cot(3𝑥 + 3) + 4 is displayed in orange. 


