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The Effects of Age on Division Related Problems 

Introduction 

This research explores whether or not students' age or grade level affects the various 

problem solving strategies used when answering division-related problems. One of the most 

difficult areas of focus that students face in elementary and middle school is division. The most 

challenging element of learning division is the ability to develop a deep conceptual 

understanding and reasoning. Most students begin to rely on memorization skills once they have 

reached the third and fourth grades and built some procedural knowledge. This knowledge is 

applied mainly to algorithms with little room for student exploration and discussion. It is noted 

that when students are presented with division related problems at ages younger than the third 

grade, they are able to answer questions based on familiarity with concepts such as sharing. 

I was interested in this topic because I felt that division is a computational skill that is 

used for the majority of a student's educational years, yet it is thoroughly misunderstood 

conceptually. There are many factors that play into students' lack of comprehension of division 

within the classroom which are of significance to me. Studies have shown that pre-service and 

in-service teachers do not have a thorough understanding of division and so are ineffective in 

their instruction and assessment in the classroom. Granted the blame cannot always rest upon 

the teachers, but if they are unable to provide believable and concrete responses to students' 

confusion then students will begin to rely strongly on memorization. The recipe-like procedures 

can cause students to be unsure of why they are performing the solution steps used to solve 

division problems and furthermore could inhibit their confidence in their mathematics skills and 

reasomng. 



The Effects of Age on Division Related Problems 2 

I feel that the most intriguing component of my hypothesis is the investigation of whether 

or not age affects the problem solving skills and strategies used when given a variety of division 

problems. 

It is hypothesized that students of different ages and levels of cognitive development will 

invoke diverse problem solving strategies when presented with division related problems. 

Students will generally answer division problems in one of two ways: using either the 

measurement method or the partitioning method. More specifically, students are likely to 

use long division. It is the relationships that students create among different 

representation modes that vary according to age and developmental stage. 

I have always been attracted to the cognitive development of students and its relation to 

their academic performance. Considering the variety of problem solving methods that students 

could employ and the tenden(;y to solve division problems using long division, I was interested 

in analyzing the problem solving strategies used by students of different age groups. In order to 

achieve an optimal age range I assigned an assortment of division problems to students in 

mathematics classes beginning with the seventh grade and ending at the college level. These 

problems focused on the measurement and partitioning methods and did not make use of area 

division of geometric shapes. Within the ten-problem assessment there were three different 

categories which addressed a variety of representation modes in which students were presented a 

problem one way and then asked to translate their answer in another representation mode. One 

example gave students a division problem as a number sentence. They were then asked to create 

a story problem describing the division and finally solve the problem. The assessment was then 

graded such that every problem was worth either 0 or 1 point which produced an overall score 
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out of 10 potential points. Each problem was also individually graded based on a rubric to 

evaluate students' success in answering all components to the questions accurately. 

Literature Review 

The purpose ofthis literature review is to analyze existing research on the effects that age 

and cognitive development can have on problem solving skills used for division related 

problems. There are several different factors that contribute to different levels of understanding 

and problem solving skills that are used in mathematics. These can include, in general, how 

algebraic skills for division are presented and assessed in curriculum and instruction as well as 

by cognitive development at various ages. 

Division is among the four computational operations that children begin to develop at a 

young age. The other three are multiplication, addition, and subtraction. Typically 

multiplication and division are introduced at the third and fourth grades and are progressively 

built upon and used throughout various other strands of mathematics at different levels. When 

taking a closer look at division specifically, there are two major concepts to take into 

consideration in terms of different ways to solve problems: partition or fair-sharing; 

measurement or repeated subtraction (Van de Walle, 2004). This study analyzed students' use of 

these two methods, which are defined in a later section, and draw conclusions based on their 

abilities to solve a series of questions. These problems fit into carefully designed categories that 

encourage students to make connections among different representations. While there are five 

major congnitve areas of focus for problem solving (Post, Behr, & Lesh, 1982), due to the nature 
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ofthis study only three of these were tested: real-world situations, written symbols, and static 

pictures. 

Relationships and Connectivns Between Multiplication and Division 

In early grade levels students develop various problem solving skills necessary for the 

four basic operationss: addition, subtraction, multiplication, and division. While addition and 

subtraction are typically taught earlier than the latter two, the concept of multiplication and 

division can be grasped in simple terms at a similarly young age. Due to their nature, 

straightforward multiplication and division facts with small numbers are generally understood 

conceptually through the idea of sharing and procedurally through memorization (De Brauwer & 

Fias, 2009). 

Most children understand the fundamental concept of sharing objects from a very young 

age. They can physically imagine that if there are three children who want four carrot sticks 

each they must count out twelve carrot sticks in total. If used efficiently, children are able to lay 

the groundwork of a strong foundation for multiplication and in tum will draw upon this 

knowledge when solving division related problems. For example, if asked how many carrot 

sticks each child would receive ifthere are twelve carrot sticks in total and four children, 

determining an answer of three carrot sticks per child has a more direct relation to division. By 

using this approach, students are more likely to develop a number-and-operation sense prior to 

simply using a memorized procedure to compute an answer (Rule & Hallagan, 2006). 

In later years, students are presented with multiplication and division problems 

proceduraly, with little relation to concrete ideas or examples. Generally in the third or fourth 
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grade students are given their multiplication tables to memorize and use for problem solving. 

They no longer face word problems designed to encourage a deeper conceptual understanding 

but are provided computational problems such as 4 x 3 = 12 or inversely 12 + 4 = 3. Out of 

necessity, students then develop a sense of repetition causing them to memorize multiplication 

and division facts. In a study conducted by De Brauwer and Fias (2009) it was proven that the 

connection between multiplication and division is strong in terms of memorization and 

recollection. 

Teachers' Knowledge and Assessment Strategies Regarding Division Instruction 

Division can be one of the most difficult operations for students to successfully grasp at a 

young age. Furthermore, the application of basic division to more complex topics such as long 

division, division with remainders, division of fractions, polynomial division, etc. can be greatly 

compromised if the initial conceptual understanding has not been effectively taught, assessed, 

and practiced in the classroom. If the instructor does not demonstrate a thorough understanding 

of the subject through classroom instruction and fails to properly measure 

students' comprehension as well, then students are more or less deprived of the opportunity to 

develop a deeper perception cfthe concepts being taught (Barlow & Drake, 2008; Campbell, 

Cimen, & Handscomb, 2009; Lee & Sztajin, 2008; Parmar, 2003; Rizvi & Lawson, 2007; 

Rule & Hallagan, 2006; Steen, 2007). 

Students face many challenges on a daily basis at home, amongst peers, and during 

school. Attending school regularly and reaching high levels of achievement can be difficult to 

some students. For instance the school can provide a shelter to students who suffer from 



The Effects of Age on Division Related Problems 6 

unfortunate outside circumstances, but it can also be a source of frustration, stress, and 

confusion. Students of the latter are more likely to lose interest and require strong instructors 

who are both compassionate ::nd knowledgeable. Teachers with a firm mathematics background 

are better able to bridge gaps in students' understanding. Rule and Hallagan (2006) explored 

three central goals that support the idea that pre-service elementary teachers' understanding of 

fractional division is not as developed conceptually as it could be and thus can inhibit instruction 

and student learning. The first goal was to examine how the design of two activities promoted a 

deeper level of understanding of multiplication and division of fractions in pre-service teachers. 

The second goal of the study was to identify the typical mistakes that pre-service teachers make 

while learning multiplication and division of fractions. The last goal was to represent successful 

models through diagrams and hands-on activities that could be useful to other teachers' methods 

of instruction. To encourage a more profound development of multiplication and division by 

fractions, the authors provided useful diagrams and pictures at the end of the article, 

demonstrating pictorial how to physically divide by fractions. These models can then be 

repeated in the classroom to give students the opportunity to visualize the concepts in multiple 

ways and to promote a broader level of understanding. 

By exploring the history of mathematics education we have seen failed attempts by the 

No Child Left Behind law to raise student achievement and close achievement gaps in 

elementary and secondary schools. Each year more American schools are considered "failing" in 

terms ofthe standards established by the NCLB and its idea ofprofiency, (Jehlen, 2011). 

Today's teachers and parents alike are a byproduct of the unfortunate practice ofleaving behind 

students who find concepts incomprehensible. Presently, we know that this is an act that is both 

politically and legally unacceptable; however there is much to be said for those who suffered this 
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injustice and are the leaders in education today. Steen (2007) challenges the issues that many 

adults, teachers included, have when practicing algebraic operations with fractions in 

mathematics curricula. The arguments against fractions support the opinion that since they are 

not an everyday occurrence, fractions should not be addressed within the classroom to such an 

extent. While experts have difficulty establishing an exact reason as to why many children and 

adults have such difficulties with solving problems involving fractions, one theory lies in the 

confusing representations of fractions found in textbooks. This idea will be discussed in a later 

section, but it supports the concern that classrooms lack fundamental strategies for effective 

instruction and assessment. 

The value of quality versus quantity is constantly debated in many disciplines or content 

areas. With regard to mathematics, Parmar (2003) makes a very valid point when it comes to the 

quality of classroom assessment. Evaluations of students' performance should go beyond the 

simple appraisal of solutions being correct or incorrect. Furthermore, this assessment does not 

need to be complicated but can make use of few but strategically planned questions evaluating 

three main aspects of understanding: 

• Observations of students' behavior during the problem solving process should be 

made in order to gain a better understanding of the strategies employed. 

• Students' responses, whether they are written or verbal, should be recorded for error 

analysis. 

• Students' explanations that go beyond a simple response must be investigated as well. 

Exploring students' explanations can give the instructor insights into the quality of 

the problems given, namely that the problems are clear and was the task understood 

by the students. 
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Students' explanations can also indicate whether or not the students are able to make connections 

among various mathematical models. Thus it is the quality of questions used as a form of 

classroom assessment, not quantity of questions, which prove useful. Parmar also includes 

multiple diagrams of potential procedures and responses that students in preschool, elementary, 

and middle school may use when answering questions about division. It is also essential for 

instructors to be aware of alternative solutions their students may use in order to offer 

constructive criticism or encouragement when needed. 

Age and Cognitive Development in Problem Solving Strategies 

From a very young age, students are capable of many ofthe problem solving strategies 

that allow them to successfully answer basic division problems depending on how well they are 

able to relate to real world situations. Since experience is one of the largest contributers to 

growth and development, students who can draw a correlation between a problem they are given 

and a situation they have already encountered are more likely to grasp the concept on a deeper 

level of understanding. Oftentimes, since students at earlier grade levels have not seen 

mathematics in the form of algorithms, they are able to think freely about the problem they are 

given and creatively find a solution. As students progress through school, they are faced with 

procedural mathematics which prompts more memorization skills as opposed to innovative 

problem solving (Bulgar, 2003; Imbo & Vandierendonk, 2007; lung, Kloosterman, & 

McMullen, 2007; Rodriguez, Lago, Hernandez, Jimenez, Guerrero, & Caballero, 2009; Squire 

& Bryant, 2002). 
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All problem solving strategies, whether mathematical or not, require a choice and an 

execution of that choice. Imbo and Vandierendonck (2008) refer to these two components as 

"strategy selection" and "retrieval efficiency" (pg. 3 31 ). They proceed to explain how three 

factors also affect the problem solving process: the size of the problem, the operation required to 

solve the problem, and the memory capabilities of the individual when thinking of strategy 

alternatives. They argue that during elementary and middle school, students are constantly fine 

tuning their arithmetic skills, essentially through exploration and experience, which are then used 

continuously through their adult years. Adults, therefore, rely heavily on their working-memory 

span to recall appropriate strategies to solve their problem known as strategy selection. 

Choosing a strategy to use, which is often affected by the magnititude of the problem, is only 

half the battle. The strategy must then quickly and successfully be carried out, referred to as 

strategy efficiency, in order for the arithmetic concept to be considered understood. In general, 

as age increases from elementary school to high school, students' ability to promptly recall 

useful strategies and effectively utilize them increases. However, it is important to keep in mind 

that while working-memory skills increase, students then begin to count on these skills as 

opposed to continuing to delve into a deeper conceptual understanding. 

As opposed to memorization and algorithmic solutions, we can see real-world 

connections in problem solving as we observe young children. Much of mathematics is based on 

patterns and relationships which are easily relatable to physical objects, pictures, or significant 

real-life applications (Jung, Kloosterman, & McMullen, 2007). It is observed that students in 

primary grades are able to solve word problems on a certain topic, such as division, prior to 

being given any kind of formal instruction. This remark is due to childrens' ablity to use what is 

refered to as "intuition" to brainstorm their own strategies before seeing any proper algorithms. 
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These children who are given the opportunity to use their intuition can develop the ability to rely 

on themselves or their peers to arrive at correct solutions as opposed to constantly using the 

instructor as a resource. If the latter situation begins to occur, students are more likely to lose 

confidence in their problem solving abilities. They will then be less likely to strategize solutions 

to problems that may be above their level of understanding, which is possible when dealing with 

division related problems. Jung, Kloosteman, and McMullen also included a table of examples 

(Figure 1) and typical strategies used to find a solution in particular with measurement division 

and partitive division. 

Figure 1. Examples and strategies used for measurement division and partitive division. Adapted 
from "Research in Review: Young Children's Intuition for Solving Problems in Mathematics," by M. 
Jung, P. Kloosterman, and M. McMullen, 2007, Young Children, 62(5), 50-57. 

CGf Multiplication and Division Problem Types, Examples, and Typical Strategies 

Problem Type ~ Typical Stnlegy 

Hichole hat .. bogs of bNds Each bow hat 
5 bNdt. How many I>Mcls ba .ne twrve 
nil? 

Ntcnole has 20 blldl. She W8nCI enough 
bggs 10 5 bucla In NCh How ITIIfty 

~· doel She need? 

NichoJe has 20 bteds She puta the be-In 
,.. __ Wit! same number of bMdl 

uch box How many baacls are in NCh box? 

~ cAA a trouP of 5 lhtn ano1hef Mt of 5. • lhtd wt. 
end tnt four1h Ml Then ehlidrtn COUM ~not lOIII in ,ell 
MIS. 

Count out 20 CO\A'\IIer'a. Then ~mag a pile o( 5 
counters anochlr pile ot :5, and $0 i'<M1fl Ui'IU I ehe 
oounlen an usod up ~*My eooot lhe non'lbtr of 
P' -ColD out 20 c:cumers n '*'put on. CCU~~~t n UCh 
ot,. arale pill$. Ctlilchn oontinl.le by J)Uiting a uc
Ond counw In H<lh J)te ano then a IUrd. ootii all eoun
tera .. ~ TMn they count the number oteot.r~WS 
~-chpilo 

An awareness of possible solution strategies that could be used by children allows the 
' 

instructor to recognize how a student is attempting to solve a problem and guide them to a 

correct solution with minimal interference or confusion. This knowledge also provides 
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instructors the freedom to create problems that may not be found directly in their curriculum 

textbook. Since there are numerous ways to think about and rationalize division problems, the 

textbook a teacher is required to use may not reach the level of understanding of all students in 

the class. Understanding students' train of thought allows the teacher to guide students' learning 

and conceptualization in a direction that would then coincide with the text. 

Current Textbook Approaches to Division 

As teachers begin their journey through the education system and find themselves in the 

whirlwind that is their first years of teaching, they are often challenged with deciding whether or 

not their resources support their goals and methodology. Oftentimes a school system will 

already have a text.in place that is to be used as an instructional tool in the classroom. However, 

depending on the grade level being taught, some texts may prove to be very useful while others 

require the addition of outside sources to prove effective for instruction. Not all texts incorporate 

multiple representations and ~trategies for problem solving which can facilitate deeper 

conceptual understanding (DeBold, Dunn, Manfre, Petroni-McMullen, & Rogalski, 2004; 

Gantert, 2007; Hodges, Cady, & Collins, 2008; Kaplan, 1998; Kaplan, 2008; Kaplan, Petroni

McMullen, & Manfre, 2000). 

One of the most important decisions a school district can find itself making is what 

textbooks they will use to disseminate their intended curriculum. Because mathematics carries 

such a wide range of representations and potential solution strategies at the elementary and 

middle school levels, it is difficult to expose students to each of these methods, let alone find a 

single text that incorporates them all as well. In order to encourage students' use of multiple 

representations and reflection on their problem solving strategies, it is paramount that a text or 
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form of instruction is used to encourage students' communication of mathematical ideas and the 

many different ways in which they can be conveyed (Hodges, Cady, & Collins, 2008). There are 

three main focuses that are discussed in the article which address the ways in which different 

textbooks concentrate on fractions. These are representation mode, model, and problem context. 

As students learn at a young age, it is crucial that the topics they are learning for the first time are 

presented in a clear and related fashion. The authors also touch upon four representation modes 

that should be mirrored in textbook instruction which are written language, symbols, pictures, 

and real-world contexts. Note their similarity to Lesh's (1982) five major areas of cognitive 

problem representation as briefly discussed in an earlier section. 

To effectively make use of many of these representation modes, a good strategy to have 

as an instructor is to pose questions to students using one mode and require them to answer using 

one or more of the other modes. When solving a problem using the division algorithm and 

estimation, Kaplan (1998) presents the problem using real-world context and then pmceeds to 

demonstrate a solution using both written language and number symbols. 
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Figure 2. Example and solution of a division problem using the measurement method of 
division. Adapted from "Using the Division Algorithm," by A. Kaplan, 1998, Math on Call: 
A Mathematics Handbook, p. 180. Copyright 1998 by the Great Source Education Group, Inc. 

EXAMPlE: You've got 525 players. It takes 8 players to form an 
International Tug of War team. How many teams can you make? 

To solve the problem, divide 525 -:- 8. 

\!) 

"1:5 
~ 

"1:5 \!') IS) 

§ r: ~ 
I ~O 

6 5 R5 
8)5 2 5 

" 4 8 0 

45 
- 4 0 

5 

The quotient is more than 65 but less than 66. You need whole teams, 
'So the answer to the question is, You ca-n make ()5 tea,ms qf 8 if yon 
have 525 players. Maybe the remaining 5 people ean sub. 

Start with the hundreds. 
500-;- 8 =? 

Multiply to estimate. 
8 X 100 = 800 
That's -coo much. So, don't write anything in 
the hundreds place. 

Divide the r c>ns. 
520-;- 8 =? 

~!:ultiply to estimate. 
8 X 6 tens= 480 
8 X'? = 525 
8 X 7 tens = 560 
So, the quo"Gient is between 60 and 70. 
Write a 6 in the tens place and -~DO under· 
the dividend. 

Subtract and comoare. 
525 - 480 = 45 I 
You've now got 60 teams with 45 p'ayers left! 
45 > 8, so you can keep dividing. 

Divide the once>. 
45+8=? 

Multiply to estimate. 
8X5==40 
8 X 7 = 45 
8X6=48 
45 is between 8 X 5 and 8 X 6. 
Write a :s in the ones place and under 
the dividend. 

Subtract and compare. 
45-40=5 
You've now formed 65 'ceams but 5 players 
are still left. 5 < 8, so you· can't- divide any 
more unless you use decimals. 
The remainder is 5 . 

However, when examing an introduction of division in another text, there is little 

connection made among any of the representation modes. The section very briefly describes 

multiplication and division as essentially working inversely of one another by means of diagrams 

and vocabulary terms. There is limited written language and no mention of real-world problems 

for students to gain a concrete understanding (Kaplan, Petroni-McMullen, & Manfre, 2000). 
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Figure 3. Example relating multiplication to division and providing.formatfor long division. 
Adapted from" Multiplication and Division," by A. Kaplan, A. Petroni-McMullen, and E. 
Manfre, 2000, Algebra to Go: A Mathematics Handbook, p. 85. Copyright 2000 by the Great 
Source Education Group, Inc. 

Division is inversely related to multiplication. Reciprocals are inverses, so 
division by a number gives the same result as multiplication by its 
reciprocal. ~30,000 ..;- 40 = 30,000 X :fu 

1~e basic tenns that aTe used in describing division are dividend, divisor, 
and quotient. 

rf.,.- {') 

._---''-'r;:"-')U"- .,.____ quotient 

divisor~ 40 )30,000 .,.____dividend 

30,000 40 =:: 750 

t t t 
dividend divisor quotient 

numerator or dividend ~ 30,000 
denominator or divisor ~ 40 

1 
750 X 46 

..;..;:;.-=---..,....,-.::..:...::- = 750 ........_ quotient 
.~ 
I 

You can see how multiplication and division are related by thinking about 
using the descriptive terms for one operation to describe the other. 

quotient 
X divisor 

dividend 

factor 
factor )product 

This explanation reaffirms the belief that students are presented with many procedural 

methods for solving problems but given few opportunities to explore multiple representations 

within the text. This occurs often in middle school texts where practice problems do not develop 

deeper conceptual understanding. In turn, students are not given the opportunity to create 

solutions and strategies to unconventional problems. 
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Different Problem Solving Strategies Related to Division 

The concept of division can be understood by students in grade levels as early as 

preschool. The presentation of division changes from the idea of sharing objects to actual 

computations as grade levels increase. It can be expected then that several different perspectives 

and strategies exist for division related problems. At younger ages, if given the opportunity, 

students are able to explore their own reasoning along with their peers' reasoning in a self-

teaching approach that allows them to view the given problem from different perspectives. This 

alternative encourages growth beyond the standard algorithms that most curricula rely heavily on 

and has paved the way to various strategies being discovered, analyzed, and modified to help the 

instruction and learning process in schools today (Clarke, 2006; Hickendorff, vanPutten, 

Verhelst, & Heiser, 2010; Kribs-Zaleta, 2006; Kribs-Zaletta, 2008; Martin, 2009; Sharp & 

Adams, 2002; Taber & Canonica, 2008). 

Kribs-Zaleta (2006) found the following: 

Studies of children's invented strategies for division typically distinguish two 
types of problems: Measurement division, also called repeated subtraction, in 
which the group size is known and the number of groups is the unknown; and 
partitive division or fair sharing, in which the number of groups is known but the 
size of each group is unknown. (p. 371) 

The main difference between partitive division and measurement division lies in the purpose of 

the question and its outcome. Partitive division places an emphasis on the number of objects that 

are in each individual group. Measurement division focuses on the number of groups that one is 

dividing a certain quantity into. There are pros and cons to either method when they are 

implemented in the classroom (Van De Walle, 2004 ). 
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The partitive method is the typical model taught in schools when dealing with whole 

numbers as the traditional division algorithm is built upon this idea. However, when students are 

presented with a division problem involving fractions, they have difficulty using the partitive 

method. The partitive method is also known as the sharing method, and so it is tricky for 

students to make sense of sharing objects among a fraction of people or things. For example, if 

asked to divide 12 by 1/.i they are unable to use the partitive method as it is meaningless to share 

12 cookies among a quarter of a person. 

The measurement method is also known as repeated subtraction. This method is used 

when considering division in terms of subtraction. Namely how many groups will you get if you 

take away a certain number over and over again from the total until you are left with nothing or 

not enough? This method begins to make more sense to students when dividing by fractions, 

however, it becomes an issue in situations where the divisor is larger than the dividend (Rizvi & 

Lawson, 2007). 

A major problem American schools face today is the mastery of a thorough 

understanding of division. While there are many contributing factors to this confusion, this study 

is not intended to determine where or why these errors occur. Instead, this analysis examines 

when they may arise. Knowing students' problem solving skills at different age levels may 

provide an insight into their cognitive development and ability to draw connections among 

different representation modes (Post, Behr, & Lesh, 1982) as described in a previous section. 

Using these representation modes in carefully thought out division related problems can give 

insight into students' cognitive capabilities. Teachers can better understand when connections 

are strongest and weakest and what age levels should fine tune their focus or be allowed more 

exploration and self discovery about their problem solving skills. 



The Effects of Age on Division Related Problems 1 7 

Experimental Design 

This experiment was designed to test the hypothesis that age and cognitive development 

can affect the problem solving strategies used when students of different grade levels are 

presented with a variety of division related problems. These questions were separated into three 

general categories which allowed students to draw connections among symbolic, pictoral, and 

written models. They were asked to not only provide accurate answers but also to justify their 

reasoning using symbols and well written sentences. 

Subjects 

This study was conducted at the Fredonia Middle and High Schools as well as at SUNY 

Fredonia, in Fredonia, New York. Located in Western New York, Fredonia is 40 miles 

southwest of Buffalo and has a population of approximately 11,064 people according to the 

Wolfram Research Company. Fredonia is an agricultural community in Chautauqua County 

focusing primarily on grapes and dairy production. It is unique for being the birth of the State 

University College at Fredonia which was originally named Fredonia State Teacher's College as 

well as numerous organizations and clubs that support a close community atmosphere. The 

schools that were asked to participate in the study were chosen based on their proximity to one 

another and availability of grades 7 through 13. A summary of the grade levels and schools in 

which the test was administered is summarized in Figure 4. 
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Figure 4. Participants' grade level, current mathematics course, and school location. 

Grade Level Course Location 
Grade 7 Grade 7 Mathematics Fredonia Middle School 
Grade 9 Algebra 1E Fredonia High School 
Grade 11 Applied Mathematics Fredonia High School 
Secondary Education MATH 11 0 - Math in Action SUNY Fredonia 

Fredonia Central School District serves the Village of Fredonia and the immediate 

surrounding rural area, including the Town of Pomfret. As of2007- 2008 the enrollment was 

established to be approximately 1,685 students for grades Kindergarten through twelfth 

according to the Fredonia Central School District. An academic year at both the Middle and 

High Schools is quarterly, with the second quarter beginning November 15,2010. They both 

follow an A/B day scheduling system of 40 minute periods at the Middle School level and a 

combination of both 40 minute and 80 minute block periods at the High School level, depending 

on whether it is an A orB day. 

At the Fredonia Middle School, Mrs. Pacanowski teaches three sections of ih grade 

math, one of which has 21 students, including both males and females, all in the ih grade. These 

students have all experienced up through sixth grade mathematics and at the completion of the 

following year, they would be required to take the grade 8 exam. Each class section is 40 

minutes long daily. 

ih grade participants in this study: 
• N=21 

o 10 Males, 11 Females 
o 20 Caucasian, 1 Native American 

Algebra IE, taught by Mr. Anderson, is a one year course preparing students for the New 

York State Integrated Algebra Regents exam. Coinciding with the AlB scheduling, classes meet 

on one day for 80 minutes and on the next day for 40 minutes alternating each day of the week. 
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For example, if one week consisted of three A days of eighty minute class periods and two B 

days of forty minutes, then the following week would have two A days of eighty minute class 

periods and three B days of forty minute periods. In the algebra class section which participated 

in this study there were 22 students. All participants were freshmen who had previously 

concluded their eighth grade mathematics course. Students complete exams at the end of each 

unit in addition to a mid-year exam that accounts for one-third ofthe second quarter grade and a 

final exam in the form of the New York State Regents exam which accounts for approximately 

one-fifth of the final grade for the course. 

91
h grade participants in this study: 

• N=22 
o 16 Males, 6 Females 
o 22 Caucasian 

The Applied Mathematics course, also taught by Mr. Anderson, is a one-year course 

designed to teach mathematical concepts related to various aspects of real life. There were 19 

students enrolled in one of the Applied classes and 11 in the other. There ere 23 juniors and 7 

seniors who have, for the most part, taken two years of algebra prior to this class. All students 

had to pass the Integrated Algebra Regents exam as well as earn an additional three math credits 

in order to graduate with a Regents diploma. This course fulfills the need for those three credits. 

The Applied class meets daily for 80 minutes. Grades are based mainly on test, quiz, homework, 

and notebook scores. At the teacher's discretion grades for class participation and other 

assignments such as projects may also be incorporated into the final average. 

11th grade participants in this study: 
• N= 10 

o 7 Males, 3 Females 
o 1 0 Caucasian 
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According to information provided by the New York State Report Card Database 

(latest results from the 2008-09 school year), Fredonia Middle School serves 376 students in 

grades 6- 8. Of these students, 1% are American Indian, 2% are black or African American, 3% 

Hispanic or Latino, 3% Asian or Pacific Islander, and 91% white or Caucasian. There are 128 

students in the seventh grade. Fredonia High School serves 594 students in grades 8- 12. Two 

percent are black or African American, 5% are Hispanic or Latino, 1% is Asian or Pacific 

Islander, and 92% are white or Caucasian. There are 130 students in the ninth grade and 170 

students in the eleventh grade. 

SUNY Fredonia offers non-major required Mathematics courses that fulfill the Core 

Curriculum Requirement in order to graduate, one of these is MATH 110 offered in both the Fall 

and Spring semesters. Known as Math In Action, this course offers real-world applications of a 

wide range of mathematical concepts and assumes students have a background in New York 

State Algebra II a..11d Trigonometry or an equivalent. Class sizes average 35 to 40 students during 

a fifteen week -semester. 

College participants in this study: 
• N=33 

o 13 Males, 20 Females 
o 26 Caucasian, 1 Pacific Islander, 

4 African American, 2 Hispanic 

According to the SUNY at Fredonia, Fredonia State has an enrollment of 5,573 students. 

Of the attending students, 92 are non-resident alien, 154 are black or African American, 158 are 

Hispanic, 71 are Asian or Pacific Islander, 26 are American Indian or Alaskan Native, 5,067 are 

white or Caucasian, and 5 are classified 'race unknown.' SUNY Fredonia also has a full-time 

retention rate of 85% and a part-time retention rate of 33%. 
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Design 

This experiment was designed to assess students' understanding of the concept of 

division using carefully chosen problems that fall into one of three categories shown in Figure 5. 

These categories include Story Problems, Solve-and-Justify, and Static Pictures and Number 

Sentences. 

Figure 5. Assessment design and description of problems. 

Category Number of Questions Requirements Example 
Refer to Figure 2 

Students were given a division 
Story 3 problem as an algorithm and asked 1-3 

Problems to write a word problem 
representing it. 

2 using 2 using Students were asked to justify their 
Solve-and- Partition Measurement solution by describing each step in 4, 5 6, 7 
Describe Method Method a proof column format. They may 

use any method. 
Static Students will be given a number of 

Pictures 3 images and asked to create groups 8-10 
and by circling the images. They then 

Number must create a number sentence 
Sentences describing what they did. 

The representation modes were chosen in order to assess students ' ability to answer all 

parts of the given questions and translate from one representation mode into another. 

• Category 1: Story Problems offered students the freedom to compute division 

problems using either the partitive method or measurement method. The method 

used was determined by whether students referred to the individual count of items 

found within each divided group (partitive) or the number of groups created by 

the division (measurement). 
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• Category 2: Solve-and-Justify problems provided students with a word problem 

to solve as a two column proof. Under 'solve' they showed the steps they used to 

solve the problem and under 'justify" they were required to name and describe the 

method they used. 

• Category 3: Static Pictures and Number Sentences presented students with a 

division word problem and asked them to create a picture representation of it. 

They were also asked to summarize the division as a number sentence 

(computational problem) and give a final answer. 

All grade levels were administered a ten-question test, summarized in Figue 6, that did 

not include a pre- or post-test as the intent was to gather data and draw conclusions about 

previous knowledge and problem solving strategies. 

Figure 6. Division problems used in assessment. 

Directions: Create a story problem using words represented by each of the following 
algorithms (number sentences). Then solve the problem and write your final answer below. 

1. Create a story problem demonstrating 24 + 8. Solve the problem. 

Final~svver: ---------------------

2. Create a story problem demonstrating 56-:- 7. Solve the problem. 

Final ~svver:. ---------------------

3. Create a story problem demonstrating 121 + 11. Solve the problem. 

Final~svver: --------------------
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Directions: In the left hand column under "Solve," solve the problem. In the right hand 
column under "Justify," justify what you did by explaining each step of your solution. You 
may use any solution method you choose as long as you are able to justify in words how 
you solved the problem and answer it correctly. 

4. A class is making cards for the holidays. I want to give four students equal parts of 
a very long piece of ribbon. How can I cut it if it is 64 units long? 

Justify 

5. For a review game there are 78 yellow bingo chips and I want to give each student 
13. Show how many students will get yellow bingo chips? 

Justify 

6. I have 112 beads. I put them in 8 boxes, with the same number of beads in each 
box. How m~ny beads will be in each of the boxes? 

Justify 

7. A florist has 24 roses. She wants to get enough vases to hold 3 roses in each. How 
many vases should she buy? 

Justify 
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Directions: You will be given a number of items in one group and directions on how you 
will be sharing them. Draw a picture of how you would divide the items in your group. 
Then create a number sentence describing the problem and solution. 

8. If you want to make 3 apple pies and have a bag of 12 apples, show how many 
apples each pie would get. 

How many apples are in each pie? __________ _ 

9. As part of a fundraiser you are decorating winter hats using 15 buttons. If you have 
5 hats, how ·many buttons can you sew onto each hat? 

How many buttons are on each hat? __________ _ 

10. As part of a class project 6 students ask the teacher to borrow his markers. If he 
has 84 markers in his container, how many markers does each student get? 

How many markers does each student get? __________ _ 
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The ten problems were used for all assessments, however the order in which the problems 

were asked was different thus creating assessment A and assessment B. Two assessments were 

used to investigate whether or not the length and design of problems asked in a particular order 

affected students' completion of the assessment. 

Students solved problems individually without assistance from the principal investigator, 

teacher, or other students. They could not make use of notes, books, calculators, or any other 

classroom resources and were given at most 30 minutes to complete the questions. 

Data Collection 

The data for this experiment was collected by recording students' responses as correct or 

incorrect as well as analyzing justifications for each individual problem according to a rubric. 

The rubric that was used for this study can be found under the Methods of Data Analysis, Figure 

8. This experiment was a blind study as no students' names were known or used. Instead each 

test was coded and this code was used for any data collection done throughout the study. Each 

assessment was given an overall score out of 1 0 potential points. One point was awarded per 

correct final answer. Percentages were calculated based on the number of correct answers 

provided and are described in the Results section. Each individual question was also graded 

using a rubric and these scores were used to analyze students' performance in each of the three 

categories. 
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METHODS OF DATA ANALYSIS 

The assessment used in this study measured students' performance by assigning a total 

score for the number of correct answers as well as analyzing the problem solving methods used 

according to a rubric found in Figure 8. The analysis created a categorical data set which was 

used to calculate percentages used to compare student achievement at the varying grade levels. 

Since several types of data were collected, there are four tiers of analysis, as described below in 

Figure 7. The comparison of percentages and student responses were performed within each 

individual class and then among all grade levels as the goal of this study was to discover what 

differences existed, if any, in problem solving strategies depending on age and cognitive 

development. 

Figure 7. Levels of analysis used in the study. 

1st Analysis Comparison of the percentage of students from 
each grade level who answered all ten 
problems correctly. 

2"0 Analysis Comparison of the percentage of students from 
each grade level who gave a correct final 
answer for all questions according to the type 
of question and solution method required. 

3ro Analysis Comparison of rubric scores for each question 
for all grade levels. 

4tn Analysis Examples of student work showing any 
anomalies and unique or fascinating responses. 
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Figure 8. Rubric used to analyze students' problem solving skills for each problem. 

Score Justification 
0 Student did not show work and did not give an answer. 

Student did not show work and gave an incorrect answer. 
1 Student did show work and did give a final answer but did not answer all parts of the 

question. 
2 Student answered all parts to the question but had incorrect work and incorrect answer. 
3 Student answered all parts to the question and had incorrect work but correct answer. 
4 Student answered all parts to the question and had correct work but incorrect answer. 
5 Student answered all parts to the question and had correct work and correct answer. 

Analyzing Correct and Incorrect Answers 

At the end of this experiment, there were ten problems completed at each of the four 

grade levels that fell into three categories. Each assessment consisted of three problems for 

Story Problems, fol.rr problems for Solve-and-Justify, and three problems for Static Pictures and 

Number Sentences. Each problem was marked correct or incorrect based on whether the student 

gave the correct numerical final solution. Resulting data was calculated and provided 

percentages for each grade level of correct problems answered for a direct comparison. 

Percentages of students who answered all questions within each of the three categories correctly 

were also compared. 

Analyzing Observations 

For each question in the three categories students were required to draw connections 

between representative modes such as static pictures, symbolic language in the form of division 

algorithms, and written language in the form of real-world situations. They were also asked to 

justify their procedures for the Solve-and-Justify category. These responses were carefully 
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assigned to two major methods of division problem solving methods: the partitioning model also 

known as partitive; and repeated subtraction also known as the measurement method. The 

partitioning model focuses on the number of objects that are in each individual group formed by 

the division. The measurement model places emphasis on the number of groups you are dividing 

a quantity into. Performance for these two methods can be found in the Results section. 

The main objective of the assessment was to encourage students to correctly draw 

connections among the different representation modes established by Lesh (1982) as well as 

successfully implement one of the two division methods to reach a correct solution. The 

percentage of students who gave correct final answers for all ten questions were used to 

distinguish differences, if any, among the varying age groups. The percentage of students who 

answered all problems within each of the three categories correctly provided an understanding of 

which representation mode or modes students excelled in most. The grading rubric supported 

further insight about the students' solution methods and ability to answer all parts to the 

problems completely as well as correctly. 
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RESULTS 

Assessing students' problem solving strategies in any concentration can yield interesting 

results. In mathematics especially, division problems can invoke creativity and unusual solutions 

due to the variety of approaches students may use. Differences in instruction, curriculum, and 

comprehension can affect students' perception of division problems and solution methods. After 

analyzing the data collected from the four different grade levels used in this study the following 

four major results emerged. 

Result 1: Problems in the Story Problems category had the highest percentage of 

students for all grade levels who received the maximum amount of points according 

to the grading rubric. 

Result 2: College students had the highest percentage of students (66.67%) who 

answered all ten problems on the assessment correctly. Seventh grade students were 

ranked second best for the percentage of students ( 61.90%) who answered all ten 

problems on the assessment correctly. 

Result 3: The most popular approach students employed for solving problems was 

long division. There were, however, some very unique methods such as repeated 

subtraction or addition and number grouping that were used in the Solve-and-Justify 

portion of the assessment. 

Result 4: The order in which questions were asked did not strongly influence student 

achievement on either Assessment A or B. 

Through the use of the grading rubric for each individual question it became apparent that 

a wider variety of problem solving methods were used by the ih grade and college level 

students. Students in these two age groups were more willing to use strategies that strayed away 
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from the conventional long division that most recall and implement. Students in these age 

groups also justified their problems more accurately, using specific terminology or showing their 

method clearly through their manipulation of numbers. 

The percentage of students who received 5 out of 5 points according to the grading rubric 

are summarized in Figure 9. Each problem used on the assessment is provided as well as the 

percentages of students from each of the grades who correctly answered the problem and showed 

adequate work or justification. Students were required to show the process they used to solve the 

problem and any other specific conditions stated in the directions. Each of the three categories 

had specific requirements which were discussed previously and can be found in Figure 5. The 

grading rubric that was used was designed to assign more meaning to student answers by 

examining the problem solving process in parts supporting the final answer. Note that for the 

remainder ofthe results section the college level will be referred to as grade 13. 
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Figure 9: Percentage of students per grade who scored 5 out of 5 on the grading rubric per 
problem. 

Category Question Grade 7 Grade 9 Grade 11 
Story 1. Create a story problem 85.71% 54.55% 40.00% 
Problems demonstrating 24 -:- 8. Solve the 

_problem. 
2. Create a story problem 80.95% 50.00% 50.00% 
demonstrating 56-:- 7. Solve the 
problem. 
3. Create a story problem 85.71% 36.36% 60.00% 
demonstrating 121 -:- 11. Solve the 
problem. 

Solve- 4. A class is making cards for the 23.81% 9.09% 10.00% 
and- holidays. I want to give four students 
Justify equal parts of a very long piece of 

ribbon. How can I cut it if it is 64 
units long? 
5. For a review game there are 78 28.57% 4.55% 30.00% 
yellow bingo chips and I want to give 
each student 13. Show how many 
students will get yeilow bingo chips. 
6. I have 112 beads. I put them in 8 33.33% 0.00% 0.00% 
boxes, with the same number of beads 
in each box. How many beads will be 
in each of the boxes? 
7. A florist has 24 roses. She wants to 38.10% 4.55% 0.00% 
get enough vases to hold 3 roses in 
each. How many vases should she 
buy? 

Static 8. If you want to make 3 apple pies and 52.38% 27.27% 30.00% 
Pictures have a bag of 12 apples, show how 
and many apples each pie would get. 
Number 9. As part of a fundraiser you are 57.14% 22.73% 30.00% 
Sentences decorating winter hats using 15 

buttons. If you have 5 hats, how many 
buttons can you sew onto each hat? 
10. As part of a class project 6 students 42.90% 18.18% 10.00% 
ask the teacher to borrow his markers. 
If he has 84 markers in his container, 
how many markers does each student 
get? 

Grade 13 
90.91% 

93.94% 

84.85% 

18.18% 

36.36% 

18.18% 

27.27% 

42.42% 

42.42% 

48.48% 
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Result 1: Problems in the Story Problems category had the highest percentage of students 

for all grade levels who received the maximum amount of points according to the grading 

rubric. 

The first major result was that Story Problems had the highest percentage of students who 

scored 5 points on the grading rubric for all four grade levels. When investigative the percentage 

of students for each grade level who scored 5 points per problem, the greatest achievement was 

on problem 1 (85.71% of seventh grade and 54.55% of ninth grade), problem 3 (60.00% of 

eleventh grade), and problem 2 (93.94% of thirteenth grade). These problems presented students 

with an algorithm and asked them to create a word problem describing the division as well as 

giving a final answer. Students were able to translate between representation modes for these 

types of problems more successfully than the Solve-and-Justify and Static Pictures and Number 

Sentences problems. They did not have to show the work they used to solve the problem but 

were given creative license to compose a short story depicting the mathematics involved. 

Furthermore, the rubric scores for each ofthe problems are summarized in Figures 10, 

11, and 12. The percentages of students who received certain points are shown in the form of bar 

graphs and separated according to category and problem number. 
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Figure 10. Percentage of students for each grade and the rubric scores for each problem in the 
Story Problem category. 
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Figure 11. Percentage of students for each grade level and the rubric scores for each problem in 
the Solve-and-Justify category. 
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Figure 12. Percentage of students for each grade level and the rubric scores for each problem in 
the Static Pictures and Number Sentences category. 
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It is clear that Story Problems had the largest number of students who scored 5 points 

which supports the first result. The most common score for problems in the Solve-and-Justify 

category was 3 points for all grade levels. Since these types of problems specifically asked 

students to describe the problem solving strategies that they used, most students received only 3 

points because they did not use precise terminology and did not describe the steps of their 

problem solving process. Many students simply stated that they divided but did not say which 

type of division they used (long division, repeated subtraction, etc.). Correct answers with 

insufficient work were given three points as the design of this category was to lead students to 

describe the methods they used and justify their answers. 

A similar hindrance to student success was in the Static Pictures and Number Sentences 

category. A rubric score of 1 point was most common among all grade levels because most of 
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the problems were not completely answered. Students were able to give imaginative drawings 

illustrating the division stated in the problem; however the majority of students did not provide a 

number sentence summarizing the division. This component to the problems in the Static 

Pictures and Number Sentences category was intended to further test students' ability to translate 

among different representation modes. The lower rubric scores for these problems, however 

does not reflect students' success in providing correct final answers in the three categories. 

When comparing the percentage of students who provided correct answers for each of the 

questions in the three categories, there is not a dramatic difference. Story Problems and Static 

Pictures and Number Sentences have about the same percentage of students who answered 

problems correctly which is only slightly higher than the percentage of students who answered 

problems correctly in the Solve-and-Justify category. Results for the comparison of student 

achievement in each of the categories are summarized in Figure 13. 

Figure 13. Bar graph of the percentage of students of all grades combined and the number of 
questions they answered correctly per category. 
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Result 2: College students had the highest percentage of students (66.67%) who answered 

all ten problems on the assessment correctly. Seventh grade students were ranked second 

best for the percentage of students (61.90%) who answered all ten problems on the 

assessment correctly. 

The secondresult stated that the grade 7 and 13 students performed better overall on 

completing all ten problems with correct final answers. Figure 14 summarizes the percentage of 

students from all four grades who answered the ten questions correctly and further shows that a 

higher percentage of the grade 7 students answered questions within each category correctly than 

those from the other grade levels. A visual display of the data can be found in Figure 15. 

Figure 14: Percentage of students per grade who gave a correct final answer for all questions 
within each of the following categories. 

Grade 7 Grade 9 Grade 11 Grade 13 
All 10 questions 61.90% 27.27% 40.00% 66.67% 

Story Problems 90.48% 77.27% 50.00% 64.29% 

Solve-and- 90.48% 27.27% 50.00% 42.86% 
Justify 
Static Pictures 76.19% 59.09% 90.00% 71.43% 
and Number 
Sentences 
Partitive 95.25% 40.91% 60.00% 57.14% 

Measurement 90.48% 40.91% 70.00% 64.29% 
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Figure 15. Bar graph summarizing the percentages found in Figure 14. To conserve space Story 
problems has been referred to as category 1, Solve-and-Justify as category 2, and Static Pictures 
and Number sentences as category 3. 
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There is only a difference of 4.77% between the percent of students who answered all ten 

questions correctly in the 13th grade ( 66.67% of students) and ih grade ( 61.90% of students). 

Furthermore, the percentages of students who answered questions correctly among all categories 

are higher for students in the seventh and thirteenth grade. More specifically, the seventh grade 

students performed better in the Story Problem, Solve-and-Justify, and Static Pictures and 

Number Sentences categories than the ninth, eleventh, and thirteenth grades. 

It is riot surprising that seventh grade students had the highest scores. Division is 

generally introduced in the third grade, but it can sometimes be taught as early as the end ofthe 

first or second grade. Instructors and school districts use their discretion when deciding how 
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early students can handle concepts of multiplication and division as student achievement and 

comprehension vary from year to year. Students in the seventh grade are closer to the age that 

they first learned division and so were likely to recall their multiplication and division facts more 

readily than students in older grades who have furthered their mathematics careers beyond basic 

computations. Students in secondary grades have also begun to rely heavily on calculator use in 

their mathematics courses which could have presented a challenge on this assessment as 

calculators were not permitted. 

Using the rubric scores once more for comparison, an analysis of variance and Tukey's 

HSD test at the 0.05 level of significance were used to analyze any significant differences among 

grade levels. Since the p-value was 0.088, which is greater than 0.05, we can reject the null 

hypothesis and conclude that grade level was not significant in students' mean rubric scores. 

Figure 16. Tukey's HSD test of95.0% confidence for grade level. 

grade N Mean Group ing 
7 21 0 3.7 A 

13 33 0 3.5 A 
11 100 2.6 B 

9 2 2 0 2.3 B 

These tests did not produce surprising results. Based on the Tukey test we can conclude 

grades 7 and 13 do not have significantly different means and grades 9 and 11 do not have 

significantly different means. However, these two groupings are significantly different from one 

another. This observation supports the conclusion that the ih and 13th grade students performed 

better than the 91h and 11th grade students. 
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While most students used long division, as shown in Figure 17, to solve the problems 

there were some other interesting strategies that students employed. The second most popular 

problem solving method was repeated addition or subtraction, Figure 18. Other innovative 

strategies such as the one found in Figure 19 support the idea that students with a strong number 

sense can stray from conventional problem solving strategies while still getting a correct answer. 

Furthermore, students who can creatively solve problems are more likely to explain their process 

clearly as they have a deeper conceptual understanding of the computation. 

The following figures are student work examples answering problem 6. The division in 

words is really saying that you want to share 1 hundred, 1 ten, and 2 ones among 8 sets so that 

each set gets· the same amount. Understanding of number sense is often hidden behind the 

structured mathematics which does not allow students to develop a conceptual understanding of 

how the dividend is being divided. 

Figure 17. Seventh grade work sample using long division. 
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The most common problem solving method used by students of all grade levels was long 

division. The seventh grade student who provided the answer in Figure 17 demonstrated a 

thorough justification which was awarded 5 points on the grading rubric. As previously 

discussed, most students received rubric scores of 3 points for the Solve-and-Justify problems 

because they were unable to describe the process they used. This student example in Figure 1 7 

demonstrated an understanding of which numbers were the dividend and divisor and was able to 

find a correct answer. 

Figure 18. Thirteenth grade work sample using repeated addition. 
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The second most common method used for solving division problems was repeated 

subtraction or repeated addition. This thirteenth grade student work example in Figure 18 

demonstrated repeated addition as they started with the divisor and added it to itself until they 

reached their desired dividend. By using this counting method the student created groups of 8 as 

it was the number of items contained in each set, and the student wanted to find the number of 

sets contained in 112. This example modeled measurement division by repeated subtraction. 

The student began with the dividend and subtracted the divisor repeatedly until there was a 
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remainder of zero. While this method may seem primitive, it provides students with the basic 

understanding of taking a particular number away from another number a certain amount of 

times. 

Figure 19. Thirteenth grade work sample using a created method. 
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This thirteenth grade student did not use one specific problem solving method to find an 

answer. He or she relied on the number sense that they had gained throughout their academic 

years to recall the multiplication fact 8 · 10 = 80. They then used repeated addition to find the 

number of sets of 8 that needed to be added to 80 to get 112. By adding 4 more sets of 8 to the 

existing 1 0 they concluded that 14 sets of 8 were needed to result in 112. 

The final result analyzed the influence of the order in which problems were asked. Two 

assessments, A and B, were created using the same set often problems; however the first two 

pages of assessment A were then the last two pages of assessment B and vice versa. This was 

done to infer as to if the order of problems had any impact on the performance of students which 

is summarized in Figure 20. 
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Figure 20. Comparison of the number of correct answers for assessments A and B for all grade 
levels. 
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Assessment A produced slightly better results than assessment B did. The problems in 

assessment A were grouped together according to category: all three problems for Story 

Problems were on the first page, all four problems for Solve-and-Justify were on page 2 and 3, 

and all three problems for Static Pictures and Number Sentences were on page 4. For assessment 

By the first page consisted of two Solve-and-Justify problems (problems 6 and 7 from 

assessment A), the second page were all three Static Pictures and Number Sentences problems, 

the remaining two Solve-and-Justify problems (problems 4 and 5 from assessment A) were on 

the third page, and lastly the Story Problems were on page 4. This was done to assess whether or 

not students performed better when problems of the same nature were presented all at once and 

failed to answer problems correctly because they had previously answered problems of that type 

and lost interest by the end of the assessment. While assessment A did have slightly better 

results, I do hot think this is conclusive evidence to argue one way or the other. 
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It was clear through the analysis of individual questions that most students resorted to 

using the long division method to find a solution. Many did not use specific vocabulary in their 

explanations or were unable to describe the steps they took to reach an answer. Overall students 

in the 7th and 13th grades performed better for finding correct final answers than did the 9th and 

11th grade students. There was also a higher percentage of students overall who answered all 

questions in the Static Pictures and Number sentences section but most failed to score higher 

than a 1 on the grading rubric due to their lack of completing all parts to the questions. 
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IMPLICATIONS FOR TEACHING 

The hypothesis for this study was that students at different grade levels and cognitive 

stages would use various problem solving strategies to achieve a final answer for division 

problems. It was expected that students at a younger grade level would readily recall their 

division facts due to their closeness to the age when multiplication and division are initially 

taught. Interesting results came from students who were able to justify their answers using 

methods that strayed from the typical long division. Students' tendencies to employ similar 

solutions to problems within the same category were also fascinating. This was aparent by the 

majority of students received 3 points on the grading rubric for Solve-and-Justify problems 

because they did not provide sufficient work and students who received 1 point on the Static 

Pictures and Number Sentences portion because they did not answer all parts to the problems. In 

the Results section ·we saw the breakdown of these percentages and the differences found 

between the ih and 13th grade students compared to the 9th and 11th grade students. These results 

gave way to implications that can be explored to improve teaching methodology. 

Classroom Implications 

The implications for classroom instruction fall into three basic areas that parallel the 

principal results from the research discussed in the previous section. 

Grouping and sharing numbers proves to be a reliable problem solving strategy and 

should be encouraged in the classroom. 

The primary implication for teaching in my classroom is that students need to be aware of 

the different strategies that can be used for division related problems. So often the first route 
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students take when they see a division problem is using long division. They know that the 

dividend is the number that is being divided and is placed inside the "box," and the number 

you are dividing into it is the divisor and is placed outside the "box." They then carry out 

their division first deciding if the divisor divides the first digit in the dividend, yielding a 

remainder, dropping down the next digit and so forth. Long division then provides a basic 

recipe for dividing numbers and proves useful when large numbers are involved. It does not, 

however, encourage strong number sense. Very few students were able to accurately 

describe the process oflong division in terms of which number was the dividend or divisor 

which is why there was such a large number of students who scored three points on the 

grading rubric for the Solve-and-Justify portion. 

Students who used alternative methods such as repeated addition or subtraction or 

invented their own strategies were better able to justify their work and thought process. 

Since students as young as first and second grades are capable of understanding the concept 

of sharing, multiplication and division can be taught initially using the idea of grouping 

numbers. Teachers can encourage deeper conceptual knowledge by sharing physical objects 

and creating sets of numbers to truly understand the practice of dividing. Encouraging a 

basic understanding of sharing objects and numbers among sets could enhance students' 

development of number sense and inspire self-discovery in mathematics. 

Encouraging students to translate among different representation modes encourages a 

deeper level of learning and understanding. 

The use of different representation modes, namely number sentences, written language, 

static pictures, and real-world context, can strengthen students' understanding of 
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mathematical concepts in the classroom. Giving students the opportunity to explore a given 

topic in numerous ways opens the door to a multitude of solutions and justifications that 

reach out to a greater number of students. These students may not understand a problem 

because they have been taught only one conventional way. As many teachers with 

experience could agree, a class full of students of different ages and backgrounds both 

educational and social, provides a challenge in terms of providing each individual student 

with the tools they need to not only grasp concepts at their grade level but maintain them for 

the rest of their academic careers. If students can provide meaning to questions for 

themselves and their peers, they are more apt to remember not only what problem solving 

strategies they used but also why they performed them. The assessment I used for this study 

gave students the opportunity to make connections between different representation modes in 

terms of the way the question was presented to them and how they answered it. 

The most intriguing results came from the solve-and-justify section. As we saw in the 

Results section, many students scored three points according to the grading rubric because 

they did not adequately justify the method that they chose to solve the problem. Those 

students who received the maximum possible score gave a correct answer, showed their 

work, and justified in words how they came to a conclusion whether by naming a method 

that they used or by describing the process. While many students struggled in the actual 

explanation of their work, others excelled in creatively describing the development of their 

solution. Student work samples can also be seen in the Results section. 
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Instructions given to students should be clear and easily understood. 

Static Pictures and Number Sentences had a very high percentage of students for all grade 

levels who received one point on the grading rubric for their solution. As I noticed the growing 

trend of relatively low scores, I began to examine why students did poorly for this section of the 

assessment. The foremost cause of these scores was due to the fact that students did not answer 

all parts to the problems. Students were able to draw pictures and conclude with a correct final 

answer but many did not write a number sentence supporting the division. There was a wide 

range of static pictures which included actual dipictions of the objects stated in the problem, tally 

marks used to keep track of the objects being distributed, or charts and diagrams which kept 

track of how many objects were being dispersed to their given destinations. Students were very 

creative in their responses and consequently more of them had a correct final answer for this 

category than for the other two. However, I was unable to assign a full credit score for each 

individual question as students did not fulfill all the requirements. 

In a classroom it is very common for students to overlook instruction or lose focus on the 

task at hand. I was not surprised that ninth and eleventh graders did poorly on most of the 

problems because of their age. Students in these grades were teenagers and were more than 

likely much less enthusiastic about participating in the study than the i 11 and 13111 grade students. 

To make students aware of instruction, directions should be to the point and formatted in such a 

way that attention is drawn to key concepts. Strong vocabulary also helps students see the task at 

hand clearly and could potentially eliminate the loss of instruction. Another way to help draw 

students' attention to the assignment is to use bulleted lists or different fonts such as bold, 

underlined, or italicized lettering. Very often it is easy for details to be overlooked for both the 

teacher and the student, but it is the teacher's job to guide and instruct as best they can. Using 
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key points and indicators can help clarify student work and give them the opportunity to focus on 

the actual computations they are performing. 

Suggestions for Future Research 

Although this research did not yield conclusive results regarding the influence of age and 

cognitive development on problem solving strategies employed by students, further research in 

this area may produce interesting results. Due to the nature of this study and its limited number 

of participants, one may expand the population to a greater number of students. It has been said 

that students who are below the grade level in which multiplication and division are taught can 

still successfully grasp the concept of division through the idea of sharing and grouping. Asking 

students at these elementary levels could provide more contrast in the data results or a greater 

variety of problem solving strategies employed. This study could also provide fascinating 

feedback if a greater number of college students are asked to complete the assessment. The 

students who answered these questions were in a lower level mathematics course designed to 

fulfill a core curriculum requirement for mathematics. Students of different concentrations or 

courses could provide a different point of view on problem solving and more interesting 

justifications of their work. 

Concluding Remarks 

This study was conducted to analyze any differences shown among varying age levels in 

terms of the problem solving strategies students used for division related problems. Students' 

minds function at different cognitive levels according to their age and developmental stage in 

school. Exposure to different representation modes can also affect students' success or failure in 
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problem solving abilities. Students' learning and comprehension can be encouraged by making 

use of different representation modes in instruction. The more familiar students become with 

understanding a question in different modes the more able they are to develop a strong number 

sense. Students also rely heavily on previously learned knowledge as this assessment included 

no pre-test or lesson to prepme students for the questions they were asked. The problem solving 

strategies that students employed came strictly from preceding experiences with similar types of 

problems. In mathematics few topics have the ability to support diverse questions and be applied 

to a wide variety of areas. Division is one of these topics which can be understood at a very 

young age, taught and memorized during the elementary years, and built upon through its use in 

more advanced computations in academic years that follow its initial introduction. 
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Appendix A 

Dear Parents and Guardia.'1.s, 

My name is Megan Larson and I am currently working on my masters in math 
education. As part of completing my graduate work at SUNY Fredonia I am working on 
a project that prompts students to use creativity and problem solving skills that they 
have developed and are comfortable with. Please refer to the following outline 
regarding the purpose, procedure, benefits, and other related information. 

Purpose, Procedure. and Benefits 

o The purpose of this study is to determine if and how age and cognitive 
development has an affect on problem solving strategies used for division 
related problems. 

o Students will be given a ten question test. There will be no preparation done 
within the classroom prior to administering the test in order to assess students' 
previous knowledge. 

o The goal of this study is to conclude whether or not age and grade level have 
any effect on connections made among multiple representations of a problem 
and the strategies employed to find a solution. This is an important study 
because of the potential benefits it may hold, not just for your child, but for 
mathematics education in its entirety. 

Related Information 

o Your child has been asked to participate in this study because he/she is a 
member of Mr. Anderson's Algebra lE class. 

o To maintain confidentiality, neither your child's name nor yours will be used in 
any way. Any name or identification will not be used with any materials related 
to the study. 

o There is no cost (nor any compensation) to participate in this study. 

o Participation in this study is voluntary. Your child may withdraw at any time. 
No penalty can or vvill be assessed to the child or yourself for declining 
participation. Please bear in mind that the assessment used to record and 
analyze data is in the form of a standard test that each child would normally 
receive throughout his/her regular instruction (whether he/she chooses to 
participate or decline). Declining to participate will prevent your child's scores 
from being recorded and analyzed for the purposes of the study. 

o Only minimal risks (if any) are anticipated to the students. Children at any age 
can feel anxieties from any number of sources. At times academics can also 
challenge esteem. Participants will be encouraged to use creativity and problem 
solving strategies that he/she is most comfortable with. This study deals 
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primarily with routine teaching practices when administering exams. It will be 
timed, supervised, and closed book. This method was chosen to limit any stress 
or strain placed on anyone. 

o If children need to speak with someone other than Ms. Larson, the principal has 
been apprised of the study. 

o The potential benefits to you and your child will be to receive more effective 
teaching strategies and an overall improvement in performance within the math 
classroom. 

o Please read over and discuss the information with your child to make sure 
everyone is fully aware of everything involved with this study. 

o For additional information or any questions you might have, please feel free to 
contact Ms. Larson at SUNY Fredonia by phone: 716-673-4811 or by e-mail: 
lars3849@fredonia.edu 

o You may also contact Ms. Larson's college advisor, Dr. Keary Howard, at SUNY 
Fredonia by phone: 716-673-3873 or by e-mail: keary.howard@fredonia.edu 

o Or you may contact the Human Subjects Protection Administrator, Maggie 
Bryan-Peterson, at SUNY Fredonia by phone: 716-673-3528 or by e-mail: 
petersmb@fredonia.edu 

Please complete the consent form below and return the bottom half of this letter with 
your student to their regular math teacher. Remember, this form authorizes the use of 
data from your student's grades for the purposes of research. 

Voluntary Consent:! have read this memo and have been fully apprised of this study 
and all that it entails. My signature indicates that I agree to allow my son/daughter to 
participate in this study. If I withdraw my son/daughter from this study, I understand 
that there will be no penalty assess to him/her. I understand that my son's! daughter's 
condientiality will be maintained. I understand that if I have any questions about this 
study, I may contact Megan Larson at 673-4811 or lars3849 CfNredonia.edu or Dr. Keary 
Howard at Keary.howard@fredonia.edu. 

Parent/Guardian Name (please print): -----------------------------------------

Parent/Guardian Signature: ---- - - ------- --------------- ----------------------

Date: ---------------- --------

Parent/Guardian Contact Information (not required): 

Phone: ---------------- -------------- E-mail: ---------------------------
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Dear Parents and Guardians, 

My name is Megan Larson and I am currently working on my masters in math 
education. As part of completing my graduate work at SUNY Fredonia I am working on 
a project that prompts students to use creativity and problem solving skills that they 
have developed and are comfortable with. Please refer to the following outline 
regarding the purpose, procedure, benefits, and other related information. 

Purpose. Procedure, and Benefits 

o The purpose of this study is to determine if and how age and cognitive 
development has an affect on problem solving strategies used for division 
related problems. 

o Students will be given a ten question test. There will be no preparation done 
within the classroom prior to administering the test in order to assess students' 
previous knowledge. 

o The goal of this study is to conclude whether or not age and grade level have 
any effect on connections made among multiple representations of a problem 
and the strategies employed to find a solution. This is an important study 
because of the potential benefits it may hold, not just for your child, but for 
mathematics education in its entirety. 

Related Information 

o Your child has been asked to participate in this study because he/she is a 
member of Mr. Anderson's Applied Mathematics course. 

o To maintain confidentiality, neither your child's name nor yours will be used in 
any way. Any name or identification will not be used with any materials related 
to the study. 

o There is no cost (nor any compensation) to participate in this study. 

o Participation in this study is voluntary. Your child may withdraw at any time. 
No penalty can or will be assessed to the child or yourself for declining 
participation. Please bear in mind that the assessment used to record and 
analyze data is in the form of a standard test that each child would normally 
receive throughout his/her regular instruction (whether he/she chooses to 
participate or decline). Declining to participate will prevent your child's scores 
from being recorded and analyzed for the purposes of the study. 

o Only minimal risks (if any) are anticipated to the students. Children at any age 
can feel anxieties from any number of sources. At times academics can also 
challenge esteem. Participants will be encouraged to use creativity and problem 
solving strategies that he/she is most comfortable with. This study deals 
primarily with routine teaching practices when administering exams. It will be 
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timed, supervised, and closed book. This method was chosen to limit any stress 
or strain placed on anyone. 

o If children need to speak with someone other than Ms. Larson, the principal has 
been apprised of the study. 

o The potential benefits to you and your child will be to receive more effective 
teaching strategies and an overall improvement in performance within the math 
classroom. 

o Please read over and discuss the information with your child to make sure 
everyone is fully aware of everything involved with this study. 

o For additional information or any questions you might have, please feel free to 
contact Ms. Larson at SUNY Fredonia by phone: 716-673-4811 or by e-mail: 
lars3 849@fredonia.edu 

o You may also contact Ms. Larson's college advisor, Dr. Keary Howard, at SUNY 
Fredonia by phone: 716-673-3873 or by e-mail: keary.howard@fredonia.edu 

o Or you may contact the Human Subjects Protection Administrator, Maggie 
Bryan-Peterson, at SUNY Fredonia by phone: 716-673-3528 or by e-mail: 
petersmb@fredonia.edu 

Please complete the consent form below and return the bottom half of this letter with 
your student to their regular math teacher. Remember, this form authorizes the use of 
data from your student's grades for the purposes of research. 

Voluntary Consent:! have read this memo and have been fully apprised of this study 
and all that it entails. My signature indicates that I agree to allow my son/daughter to 
participate in this study. If I withdraw my son/daughter from this study, I understand 
that there will be.no penalty assess to him/her. I understand that my son's! daughter's 
condientiality will be maintained. I understand that if I have any questions about this 
study, I may contact Megan Larson at 673-4811 or lars3849@fredonia.edu or Dr. Keary 
Howard at Keary.howard@fredonia.edu. 

Parent/Guardian Name (please print):--------------- ----------------- ---- -----

Parent/Guardian Signature: --------------- -----------------·---------- --------

Date: _______________________ _ 

Parent/Guardian Contact Information (not required): 

Phone: ------------------------------ E-mail: ---------------------------
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Dear Parents and Guardians, 

My name is Megan Larson and I am currently working on my masters in math 
education. As part of completing my graduate work at SUNY Fredonia I am working on 
a project that prompts students to use creativity and problem solving skills that they 
have developed and are comfortable with. Please refer to the following outline 
regarding the purpose, procedure, benefits, and other related information. 

Purpose, Procedure. and Benefits 

o The purpose of this study is to determine if and how age and cognitive 
development has an affect on problem solving strategies used for division 
related problems. 

o Students will be given a ten question test. There will be no preparation done 
within the classroom prior to administering the test in order to assess students' 
previous knowledge. 

o The goal of this study is to conclude whether or not age and grade level have 
any effect on connections made among multiple representations of a problem 
and the strategies employed to find a solution. This is an important study 
because of the potential benefits it may hold, not just for your child, but for 
mathematics education in its entirety. 

Related Information 

o Your child has been asked to participate in this study because he/she is a 
member of Mrs. Pacanowski's 7'h grade math class. 

o To maintain confidentiality, neither your child's name nor yours will be used in 
any way. Any name or identification will not be used with ariy materials related 
to the study. 

o There is no cost (nor any compensation) to participate in this study. 

o Participation in this study is voluntary. Your child may withdraw at any time. 
No penalty can or will be assessed to the child or yourself for declining 
participation. Please bear in mind that the assessment used to record and 
analyze data is in the form of a standard test that each child would normally 
receive throughout his/her regular instruction (whether he/she chooses to 
participate or decline). Declining to participate will prevent your child's scores 
from being recorded and analyzed for the purposes of the study. 

o Only minimal risks (if any) are anticipated to the students. Children at any age 
can feel anxieties from any number of sources. At times academics can also 
challenge esteem. Participants will be encouraged to use creativity and problem 
solving strategies that he/she is most comfortable with. This study deals 
primarily with routine teaching practices when administering exams. It will be 
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timed, supervised, and closed book. This method was chosen to limit any stress 
or strain placed on anyone. 

o If children need to speak with someone other than Ms. Larson, the principal has 
been apprised of the study. 

o The potential benefits to you and your child will be to receive more effective 
teaching strategies and an overall improvement in performance within the math 
classroom. 

o Please read over and discuss the information with your child to make sure 
everyone is fully aware of everything involved with this study. 

o For additional information or any questions you might have, please feel free to 
contact Ms. Larson at SUNY Fredonia by phone: 716-673-4811 or by e-mail: 
lars3849@fredonia.edu 

o You may also contact Ms. Larson's college advisor, Dr. Keary Howard, at SUNY 
Fredonia by phone: 716-673-3873 or by e-mail: keary.howard@fredonia.edu 

o Or you may contac~ the Human Subjects Protection Administrator, Maggie 
Bryan-Peterson, at SUNY Fredonia by phone: 716-673-3528 or by e-mail: 
p etersmb@fredonia. edu 

Please complete the consent form below and return the bottom half of this letter with 
your student to their regular math teacher. Remember, this form authorizes the use of 
data from your student's grades for the purposes of research. 

Voluntary Consent:! have read this memo and have been fully apprised of this study 
and all that it entails. My signature indicates that I agree to allow my son/daughter to 
participate in this study. If I withdraw my son/daughter from this study, I understand 
that there will be no penalty assess to him/her. I understand that my son's! daughter's 
condientiality will be maintained. I understand that if I have any questions about this 
study, I may contact Megan Larson at 673-4811 or lars3849@fredonia.edu or Dr. Keary 
Howard at Keary.howard@fredonia.edu. 

Parent/Guardian Name (please print): ----------- - ----------"'"'----------------- -

Parent/Guardian Signature: 

Date: ----------------- -------

Parent/Guardian Contact Information (not required): 

Phone: ------------------------------ E-mail: ------------------------- --



The Effects of Age on Division Related Problems 56 

Dear Student, 

My name is Megan Larson and I am currently working on my masters in math 
education. As part of completing my graduate work at SUNY Fredonia I am working on 
a project that prompts you to use creativity and problem solving skills that you have 
developed and are comfortable with. Please refer to the following outline regarding 
the purpose, procedure, benefits, and other related information. 

o You are being asked to participate in a research project. 

o To participate, you must simply come to class and participate in the same way 
you normally would. 

o By signing the consent form, you are allowing Ms. Larson to use your answers 
from the test and data in the study. 

o The test you will be taking will consist of ten questions. 

o Your name will never be used in any way. The study will not identify you 
personally. 

o Ms. Larson may keep copies of student work from the test for the research 
report. No identifying marks will appear in these copies. To make sure your 
identity is safe a code will be assigned to your test instead of your name. 

o There may not be any risk to you at all. The test will be given to you in your 
regular class setting. It will be 30 minutes long, closed book, and you may not 
use a calculator, other students, or teacher to answer questions. Your creativity 
and problem solving strategies are the main focus of the study to limit anxiety 
over correct or incorrect answers. However, if there is a problem that you 
would like to discuss with someone other than Ms. Larson, the principal is 
aware of the study and will be available to you. 

o Please remember that this study is an attempt to make learning easier and 
improve your grades. · 

o There is no penalty for not signing the consent form. 

o You will not be paid or given rewards (other than the chance for improving your 
grade) for participation. 

o All students will take the test during their regularly scheduled math class. Only 
those who have signed consent will be collected and analyzed in the study. 
Those without consent will be placed in an envelope and sealed. The envelope 
and its contents will then be shredded immediately. 
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Student Consent Form 

Thank you for being a part of this study. Please print and sign your name in the space 
provided to show that you agree to participate and return to your regular math teacher 
as soon as possible. Remember that signing the form allows Ms. Larson to use your 
data for the research project. 

If you are riot 18 years of age then you must also have your parents complete a 
parent/ guardian consent form. 

Voluntary Consent:! have read this memo and I am fully aware of all that this study 
involves. My signature below shows that I freely agree to participate in this study. I 
understand that there will be no penalty for not participating. I understand that I may 
withdraw from the study at any time, also without penalty. I understand that my name 
and any other personal information will be kept out of the study. I understand that if I 
have any questions about this study, I may contact Ms. Larson at 673-4811 or 
lars3849@fredonia.edu or Dr. Keary Howard at Keary.howard@fredonia.edu. 

Please return this original, completed consent form as soon as possible. Thank you for 
your cooperation. 

Circle your class: 7'h - Fredonia Middle g•h- Fredonia High 

11'h - Fredonia High MATH 110- SUNY 
Fredonia 

Student Name (please print): -------------------------------------------------

Student Signature: 

Date: ---------- - -------------

Parent/Guardian Signature: - --------- - --------------------------------------
(witness) 

Date: --------------------- - --
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Appendix B 

I CODE:---------- Assessment A I 
STUDENT: Check: 0 Male 0 Female Circle: Consent Y I N 

Directions: Create a story problem using words represented by each of the following 
algorithms (number sentences). Then solve the problem and write your final answer 
below. 

1. Create a story problem demonstrating 24 + 8. Solve the problem. 

FinalAurrsvver: ---------------------

2. Create a story problem demonstrating 56+ 7. Solve the problem. 

FinalAurrsvver: ____________________ _ 

3. Create a story problem demonstrating 121 + 11. Solve the problem. 

FinalAurrsvver: ---------------------
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Directions: In the left hand column under "Solve," solve the problem. In the right 
hand column under "Justify," justify what you did by explaining each step of your 
solution. You may use any solution method you choose as long as you are able to 
justify in words how you solved the problem and answer it correctly. 

4. A class is making cards for the holidays. I want to give four students equal 
parts of a very long piece of ribbon. How can I cut it if it is 64 units long? 

Justify 

5. For a review game there are 78 yellow bingo chips and I want to give each 
student 13. Show how many students will get yellow bingo chips? 

Justify 
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Directions: In the left hand column under "Solve," solve the problem. In the right 
hand column under "Justify," justify what you did by explaining each step of your 
solution. You may use any solution method you choose as long as you are able to 
justify in words how you solved the problem and answer it correctly . . 

6. I have 112 beads. I put them in 8 boxes, with the same number of beads in each 
box. How many beads will be in each of the boxes? 

Justify 

7. A florist has 24 roses. She wants to get enough vases to hold 3 roses in each. 
How many vases should he buy? 

Justify 
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Directions: You will be given a number of items in one group and directions on how 
you will be sharing them. Draw a picture of how you would divide the items in your 
group. Then create a number sentence describing the problem and solution. 

8. If you want to make 3 apple pies and have a bag of 12 apples, show how many 
apples each pie would get. 

How many apples are in each pie? __________ _ 

9. As part of a fundraiser you are decorating winter hats using 15 buttons. If you 
have 5 hats, how many buttons can you sew onto each hat? 

How many buttons are on each hat? -----------

10. As part of a class project 6 students ask the teacher to borrow his markers. If 
he has 84 markers in his container, how many markers does each student get? 

How many markers does each student get? __________ _ 
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