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SINGQUANDLES, PSYQUANDLES AND SINGULAR KNOTS: A SURVEY

JOSE CENICEROS, INDU R. CHURCHILL, MOHAMED ELHAMDADI, AND MUSTAFA HAJIJ

Abstract. In this short survey we review recent results dealing with algebraic structures
(quandles, psyquandles, and singquandles) related to singular knot theory. We first explore the
singquandles counting invariant and then consider several recent enhancements to this invariant.
These enhancements include a singquandle cocycle invariant and several polynomial invariants
of singular knots obtained from the singquandle structure. We then explore psyquandles which
can be thought of as generalizations of oriented signquandles, and review recent developments
regarding invariants of singular knots obtained from psyquandles.
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1. Introduction

The goal of this article is to summarize some recent works on some algebraic structures
related to singular knot theory. In this article “A quick trip through knot theory”[18], Fox
introduced in 1961 a diagrammatic definition of colorability of a knot by the set of integers
modulo n. This notion of colorability is obviously one of the simplest invariant of knots, see
for example [28]. For a natural number n > 1, a diagram of a knot is n-colorable if at every
crossing, the sum of the colors of the under-arcs is twice the color of the over arc modulo n.
This integer valued invariant has been generalized to give quandle coloring-counting invariant
and applied to many knotted objects such as tangles, braids, knots etc, see [16].

In early 80s, the notion of a quandle was introduced independently by Joyce [20] and Matveev
[22] and used it to construct representations of the braid groups and thus invariants of knots
and links. Since then there has been lot of work on quandles and their ramifications by both
topologists and algebraists.

The theory of singular knots was introduced in the 90s by V. A. Vassiliev in [29] as an exten-
sion of classical knot theory. Since then several classical knot invariants have been extended to
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singular knots. Birman in [2] investigated the braid theory for singular knots. She conjectured
that the monoid of singular braids maps injectively into the group algebra of the braid group.
A proof of this conjecture was given by Paris in [27]. Kauffman state models of the Alexan-
der and Jones polynomials were investigated by Fiedler in the context of singular knots [17].
Quandle theory was extended to the context of non-oriented singular knots in [13] in order to
provide invariants for singular knots. Further work was carried by the authors in [10] in which
we introduced the notion of quandle cocycle invariant for oriented singular knots and links
using algebraic structures called oriented singquandles and assigning weight functions at both
regular and singular crossings. One of this enhanced invariant’s main application was to show
that it distinguishes some singular knots with the same number of colorings by an oriented
singquandle, thus making it a stronger invariant.

In [24], a two-variable polynomial invariant of finite quandles was introduced. It encodes
a set with multiplicities arising from counting trivial actions of elements on other elements of
the quandle. It was further generalized in [23]. In [8], the authors introduced a six-variable
polynomial invariant of finite singquandles which extended the quandle polynomial to oriented
singquandles. Furthemore, a subsingquandle was introduced and a subsingquandle polynomial
was also defined. The polynomial defined for subsingquandles can be thought of as the contribu-
tions to the singquandle polynomial coming from the subsingquandles considered. Using these
subsingquandle polynomials, an invariant of singular knots, that generalizes the singquandle
counting invariant, was constructed in [8].

A cohomology theory of quandles was investigated in [7] and low dimensional cocycles were
applied to study state-sum invariants of knots in the 3-space and knotted surfaces in 4-space. In
particular, a Boltzmann weight was defined using 3-cocycles while considering shadow colorings
(called also region colorings) in addition to arc colorings thus giving a state sum invariant for
knotted surfaces [7]. In [9] shadow structures for singular knot theory were investigated and
used to define invariants of singular knots and links. A notion of an action of a singquandle on
a set was introduced to define a shadow counting invariant of singular links which generalize
the classical shadow colorings of knots by quandles. Then a shadow polynomial invariant was
defined for shadow structures. The shadow counting invariant was enhanced by combining both
the shadow counting invariant and the shadow polynomial invariant.

This article is organized as follows. In Section 2, we review the necessary ingredients of
quandles and biquandles and give examples. Section 3 surveys oriented singquandles and defines
the singquandle counting invariant of singular links. In Section 4, we explain how 2-cocyles
can be obtained from the generalized Reidemeister moves of singular knots and give examples.
This allows us in Section 5 to define state-sum invariant of singular knots. Section 6 gives an
overview of the construction of the singquandle polynomial, the subsingquandle polynomial, and
the polynomial invariant of singular links. In Section 7, we survey recent enhancements to the
signquandle counting invariant through the use of the singquandle polynomial and the shadow
singuqandle polynomial. We end Section 8 with discussing psyquandle counting invariants
of oriented singular links and pseudolinks [25] and enhancements of the psyquandle counting
invariant [12].

2. Review of Quandles

In this section we give a very brief review of quandles and biquandles with some examples. We
start with the following definition of a quandle whose axioms come from the three Reidemeister
moves on knot diagrams.

Definition 2.1. A quandle, X, is a set with a binary operation (a, b) 7→ a ∗ b such that
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(I) For any a ∈ X, a ∗ a = a.
(II) For any a, b ∈ X, there is a unique c ∈ X such that a = c ∗ b.
(III) For any a, b, c ∈ X, we have (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c).

A rack is a set with a binary operation that satisfies (II) and (III). Racks and quandles have
been studied extensively in, for example, [20, 22]. For more details on racks and quandles see
[16].

The following are typical examples of quandles:

• The set Zn of integers modulo n is a quandle with the binary operation x∗y = −x+2y,
called dihedral quandle of order n.
• Any Z[t, t−1]-module M is a quandle with a∗b = ta+(1− t)b, for a, b ∈M , and is called

an Alexander quandle. The previous example corresponds to M = Zn and t = −1.
• A group G with conjugation as the quandle operation: a ∗ b = b−1ab, denoted by X =

Conj(G), is a quandle.
• Any group G with the quandle operation: a ∗ b = ba−1b is a quandle called Core(G).

Biquandles are generalizations of quandles and are motivated by colorings of semi-arcs in a
knot or link diagram. A biquandle is an algebraic structure with two binary operations. We
recall the definition below and provide examples.

Definition 2.2. A set (X,�,�) is called a biquandle structure if the following three identities
are satisfied.

(I) For all a ∈ X, a� a = a�a.
(II) The maps αa, βa : X → X and S : X×X → X×X defined by αa(b) = b�a, βa(b) = b�a

and S(a, b) = (b�a, a� b) are invertible, and
(III) The exchange laws are satisfied:

(a� b) � (c� b) = (a� c) � (b�c),

(a� b)�(c� b) = (a�c) � (b�c),

(a�b)�(c�b) = (a�c)�(b� c).

The following are two typical examples:

• For any set X and bijection σ : X → X the operations a � b = a�b = σ(a) define a
biquandle structure called a constant action biquandle. If σ is the identity then we have
a trivial biquandle.
• Let X be any module over Z[t±1, s±1]. Then X is a biquandle with operations

a� b = ta+ (s− t)b, a�b = sa

known as Alexander biquandle.

3. Oriented Singular Knots and Singquandles

Recently, algebraic structures related to singular knot theory were introduced in [1, 14, 25].
In [1], generating sets of singular Reidemeister moves were introduced with the goal of defining
an invariant of singular links. Refer to Figure 1 for the generating set of the generalized
Reidemeister moves used in [1] to define oriented singquandles.

The generating set of Reidemeister moves allows one to introduce four functions as shown in
Figure 2 and are used in the definition of an oriented singquandle. The defining axioms of an
oriented singquandle were derived from the generalized set of singular Reidemeister moves in
Figure 1 following the crossing rule in Figure 2.
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Figure 1. Generating set of singular Reidemeister moves

Figure 2. Colorings of classical and singular crossings

Definition 3.1. [1] Let (X, ∗) be a quandle. Let R1 and R2 be two maps from X ×X to X.
The triple (X, ∗, R1, R2) is called an oriented singquandle if the following axioms are satisfied

R1(x∗̄y, z) ∗ y = R1(x, z ∗ y) (3.1)

R2(x∗̄y, z) = R2(x, z ∗ y)∗̄y (3.2)

(y∗̄R1(x, z)) ∗ x = (y ∗R2(x, z))∗̄z (3.3)

R2(x, y) = R1(y, x ∗ y) (3.4)

R1(x, y) ∗R2(x, y) = R2(y, x ∗ y). (3.5)

The notion of a homomorphism and isomorphism of oriented singquandles are natural and
are given in the following definition.
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Definition 3.2. A map f : X → Y is called a homomorphism of oriented singquandles
(X, ∗, R1, R2) and (Y, ., R′1, R

′
2) if the following conditions are satisfied for all x, y ∈ X

f(x ∗ y) = f(x) . f(y) (3.6)

f(R1(x, y)) = R′1(f(x), f(y)) (3.7)

f(R2(x, y)) = R′2(f(x), f(y)). (3.8)

An oriented singquandle isomorphism is a bijective oriented singquandle homomorphism. We
say two oriented singquandles are isomorphic if there exists an oriented singquandle isomor-
phism between them.

The following example can be found in [1] and provides a useful family of oriented singquandles
over Zn.

Example 3.3. Let n be a positive integer, let a be an invertible element in Zn and let b, c ∈ Zn
such that (1−a)(1−b−c) = 0. Then the binary operations x∗y = ax+(1−a)y, R1(x, y) = bx+cy
and R2(x, y) = acx+[b+c(1−a)]y make the triple (Zn, ∗, R1, R2) into an oriented singquandle.

Furthermore, the idea of a coloring of a singular link by an oriented singquandle was introduced
in [1].

Definition 3.4. A coloring of an oriented singular link L is a function C : R → X, where X
is a fixed oriented singquandle and R is the set of semiarcs in a fixed diagram of L, satisfying
the conditions given in Figure 2.

The set of colorings of L by an oriented singquandle S, denoted ColS(L), was shown to be
an invariant of singular links in [1]. From the set of colorings of a singular link by an oriented
singquandle we get the singquandle counting invariant of the singular link L with respect to the
oriented singquandle S, denoted #ColS(L), by simply computing the cardinality of ColS(L)
(see [1] for more details). We will now explore recent enhancements to the signquandle counting
invariant, which futher extract information from the set of colorings of a singular link by an
oriented singquandle.

4. Two Dimensional Cocycles from Singular Knots

Quandle 2-cocycles proved to be very powerful in constructing state-sum invariant of classical
knots and knotted surfaces [7]. Similar ideas were developed by the authors in [10]. The
following will be an overview of the results obtained through the use of the state-sum invariant
defined using oriented singquandles. For a detailed construction of the state-sum invariant, see
[10].

Let (X, ∗) be a quandle and A be an abelian group. At crossings (first and second) of Figure
3 we assign a Boltzmann weight φ(x, y) to the positive crossing and the weight −φ(x, y) to the
negative crossing. One then obtains a 2-cocycle of X on A as a function φ : X ×X → A that
satisfies some conditions coming from Reidemeister moves. Precisely, the function φ satisfies
the so called 2-cocycle condition for all x, y, z ∈ X,

φ(x, y) + φ(x ∗ y, z) = φ(x, z) + φ(x ∗ z, y ∗ z).

This condition is derived from Reidemeister move III. Moreover, Reidemeister move I implies
the condition φ(x, x) = 0 on a 2-cocycle. Finally, Reidemeister move II imposes that the total
Boltzmann weight is zero only for the crossings in the move; this condition is automatically
satisfied due to the weight at a positive and negative crossing canceling each other (see Figure 3).
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Naturally, one wants to extend this definition to singular knots and links. To this end, we
define a function φ′ : X ×X → A that represents the Boltzmann weight at a singular crossing
(see the third diagram in Figure 3).

x y

φ(x, y) x y−φ(x, y)

x y

φ′(x, y)

Figure 3. Boltzmann weights at classical and singular crossings.

x y

x∗̄y
y y

R1(x∗̄y, z) ∗ y y R2(x∗̄y, z) R1(x, z ∗ y) y R2(x, z ∗ y)∗̄y

z x y z

−φ(x∗̄y, y) φ(z, y)

φ′(x, z ∗ y)φ′(x∗̄y, z)

−φ(R2(x, z ∗ y)∗̄y, y)φ(R1(x∗̄y, z), y)

Figure 4. The Boltzmann weights and Reidemeister move Ω4a.

The two functions φ and φ′ satisfy the conditions under singular Reidemeister moves. Using
Figure 4 we obtain the following condition:

− φ(x∗̄y, y) + φ′(x∗̄y, z) + φ(R1(x∗̄y, z), y) = φ(z, y) + φ′(x, z ∗ y)− φ(R2(x, z ∗ y)∗̄y, y). (4.1)

x (y∗̄R1(x, z)) ∗ x

x

φ(y∗̄R1(x, z), x) −φ((y ∗R2(x, z))∗̄z, z)

φ′(x, z)φ′(x, z)

φ(y,R2(x, z))−φ(y∗̄R1(x, z), R1(x, z))

y∗̄R1(x, z) y ∗R2(x, z)

R1(x, z) y R2(x, z) R1(x, z) y R2(x, z)

z x (y ∗R2(x, z))∗̄z z

Figure 5. The Boltzmann weights and Reidemeister move Ω4e.

Figure 5 implies the following equation:

φ(y∗̄R1(x, z), x)− φ(y∗̄R1(x, z), R1(x, z)) = −φ((y ∗R2(x, z))∗̄z, z) + φ(y,R2(x, z)), (4.2)

while Figure 6 implies the following equation:

φ′(x, y) + φ(R1(x, y), R2(x, y)) = φ(x, y) + φ′(y, x ∗ y). (4.3)
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yx

φ′(x, y)

φ(R1(x, y), R2(x, y))

φ(x, y)

φ′(y, x ∗ y)

R2(y, x ∗ y)R2(x, y)

x y

R1(y, x ∗ y)R1(x, y) ∗R2(x, y)

Figure 6. The Reidemeister move Ω5a and colorings

5. Cocycle Invariants of Singular Knots and Links

The definition of the cocycle invariant was extended by the authors to singular knots [10]
where it was proved that it is indeed an invariant for singular knots. We start by recalling that
given an abelian group A and a quandle (X, ∗), a 2-cocycle is a function φ : X ×X → A that
satisfies the following for all x, y, z ∈ X

φ(x, y) + φ(x ∗ y, z) = φ(x, z) + φ(x ∗ z, y ∗ z) and φ(x, x) = 0. (5.1)

In order to construct our invariant we need to solve the system made of equations (4.1),
(4.2), (4.3) and (5.1). First we need to recall the notion of coloring of a knot diagram by
an oriented singquandle. Let D be a diagram of a singular knot and let (X, ∗, R1, R2) be an
oriented singquandle, then a coloring of D by (X, ∗, R1, R2) is defined in a similar way to the
case of colorings of classical knots by quandles. To be precise, the colorings at positive, negative
and singular crossings are given by Figure 2. As in the case of classical knots we will assign the
weights φ(x, y) and −φ(x, y) at a positive and negative crossing respectively as shown Figure 3.
Furthermore, we associate the weight φ′(x, y) at a singular crossing as shown in Figure 3. Now,
given an abelian group A (denoted multiplicatively) and cocycles φ, φ′ : X ×X → A, we define
the state sum in exactly the same manner as state sum for classical knots (see [7] page 3953).
It will be clear below that the state sum does not depend on the choice of a diagram of a given
knot or link.

Definition 5.1. [10] Let (X, ∗, R1, R2) be an oriented singquandle and let A be an abelian
group. Assume that φ, φ′ : X ×X → A satisfy the equations (4.1), (4.2), (4.3) and (5.1). Then

the state sum for a diagram of a singular knot K is given by Φφ,φ′(K) =
∑
C

∏
τ

ψ(x, y), where

the product is taken over all classical and singular crossings τ of the diagram of K, the sum is
taken over all possible colorings C of the knot K.

Notice that in this definition ψ(x, y) = φ(x, y)±1 at classical positive or negative crossing
and ψ(x, y) = φ′(x, y) at a singular crossing as in Figure 3. The following theorem stating that
Φφ,φ′(K) is an invariant of singular knots was proved in [10].

Theorem 5.2. Let φ, φ′ : X×X → A be maps satisfying the conditions of Definition 5.1. The
state sum associated with φ and φ′ is invariant under the moves listed in the generating set of
singular Reidemester moves in Figure 1, so it defines an invariant of singular knots and links.

We provide an example of singquandles and their 2-cocycles. We then use the cocycle invariant

introduced in Definition 5.1 written in the form Φφ,φ′(K) =
n−1∑
i=0

aiu
i to distinguish a pair of

singular knots and links. For more examples the reader can consult [10].
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Example 5.3. Let (Z6, ∗, R1, R2) be the oriented singquandle with x ∗ y = −x+ 2y = x∗̄y and
R1(x, y) = 3 + 2x− y and R2(x, y) = 3 and weight functions φ(x, y) = 2x+ 3x2− 2y−xy− 2y2

and φ′(x, y) = 3 +x+x2 + 2y−xy. In [10], the state-sum invariant was used to distinguish the
following singular knots listed as 5k6 and 5k7 in [26].

x

y

w

z

Figure 7. Diagram for 5k6.

x
y

w

z

Figure 8. Diagram for 5k7.

The two singular knots have 6 colorings by this given oriented singquandle. On the other
hand, the state-sum invariant can be used to distinguish them, Φφ,φ′(5

k
6) = 6u3 6= 6 = Φφ,φ′(5

k
7).

6. Singquandle Polynomial and the Singular Link Invariant

The authors of [8] took a different approach to extract additional information from the
singquandle coloring set. In [8], the authors defined the singquandle polynomial, the subs-
ingquandle polynomial and a polynomial invariant of singular links. These polynomials were
used to study how subsingquandles of a singquandle sit in the singquandle. In this section, we
will give an overview of the construction of the singquandle polynomial, the subsingquandle
polynomial, and the polynomial invariant of singular links. We will follow the construction and
notation introduced in [8].

Definition 6.1. Let (X, ∗, R1, R2) be a finite singquandle. For every x ∈ X, define the following
sets

C1(x) = {y ∈ X | y ∗ x = y} and R1(x) = {y ∈ X |x ∗ y = x},
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C2(x) = {y ∈ X |R1(y, x) = y} and R2(x) = {y ∈ X |R1(x, y) = x},

C3(x) = {y ∈ X |R2(y, x) = y} and R3(x) = {y ∈ X |R2(x, y) = x}.

Let ci(x) = |Ci(x)| and ri(x) = |Ri(x)| for i = 1, 2, 3. Then the singquandle polynomial of X is
defined by

sqp(X) =
∑
x∈X

s
r1(x)
1 t

c1(x)
1 s

r2(x)
2 t

c2(x)
2 s

r3(x)
3 t

c3(x)
3 .

We note that the value ri(x) is the number of elements in X that act trivially on x, while
ci(x) is the number of elements of X on which x acts trivially via ∗, R1 and R2. Furthermore,
if Y ⊂ X is a subsingquandle we can define the following singquandle polynomial for Y as a
subsingquandle of X.

Definition 6.2. Let (X, ∗, R1, R2) be a finite singquandle and S ⊂ X a subsingquandle. Then
the subsingquandle polynomial is

Ssqp(S ⊂ X) =
∑
x∈S

s
r1(x)
1 t

c1(x)
1 s

r2(x)
2 t

c2(x)
2 s

r3(x)
3 t

c3(x)
3 .

The subsingquandle polynomial can be thought of as the contribution to the singquandle
polynomial coming from the subsingquandle we are considering. Using the subsingquandle
polynomial it was shown that the following polynomial is an invaraint of singular links in [8].

Definition 6.3. Let L be a singular link, (X, ∗, R1, R2) a finite singquandle. Then the multiset

ΦSsqp(L,X) = {Ssqp(Im(f) ⊂ X) | f ∈ Hom(SQ(L), X}

is the subsingquandle polynomial invariant of L with respect to X. We can also represent
this invariant in the following polynomial-style form by converting the multiset elements to
exponents of a formal variable u and converting their multiplicities to coefficients:

φSsqp(L,X) =
∑

f∈Hom(SQ(L),X)

uSsqp(Im(f)⊂X).

The authors of [8] used the subsingquandle polynomial invariant to distinguish several pairs
of singular knots with the same singquandle counting invariant. The following example and
several others examples with explicit computations can be found in [8].

Example 6.4. Consider the singquandle X = Z8 with operations x ∗ y = 5x + 4y = x∗̄y and
R1(x, y) = 6 + 5x + 6xy, and R2(x, y) = 6 + 5y + 6xy. The knot K1, Figure 9, and the knot
K2, Figure 10, both have 8 colorings by the given oriented singquandle.

However, the subsingquandle polynomial invariants

φSsqp(K1, X) = 4us
4
1t

4
1s

2
2t

2
2s3t3 + 4u2s41t

4
1s

2
2t

2
2s3t3

and

φSsqp(K2, X) = 4u4s41t
4
1s3t3 + 4us

4
1t

4
1s

2
2t

2
2s3t3

distinguish the singular knots K1 and K2.
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x

y

z

wl

k

Figure 9. Diagram of K1.

x

y

z

w

k

Figure 10. Diagram of K2.

7. Singquandle Shadows, Singquandle Shadow Polynomial and the Singular
Link Invariant

The ideas introduced in [8] were further studied and generalized in [9]. Precisely, in [9],
shadow structures for singular knot theory were investigated and used to define invariants of
singular knots and links. A notion of an action of a singquandle on a set was introduced to define
a shadow counting invariant of singular links which generalize the classical shadow colorings
of knots by quandles. Then a shadow polynomial invariant was defined for shadow structures.
The shadow counting invariant was enhanced by combining both the shadow counting invariant
and the shadow polynomial invariant. The following is a brief summary of the results from [9].

Definition 7.1. [9] Let (S, ∗, R1, R2) be a singquandle. An S-set is a set X and a map · :
X × S → X satisfying the following conditions:

(I) For all s ∈ S, ·s : X → X mapping x to x · s is a bijection.
(II) For all s1, s2 ∈ S and x ∈ X,

(x · s1) · s2 = (x · s2) · (s1 ∗ s2) (7.1)

(x · s1) · s2 = (x ·R1(s1, s2)) ·R2(s1, s2). (7.2)

The meaning of these two equations will become clear from Figure 12.

Definition 7.2. [9] A singquandle shadow or S-shadow is the pair of an oriented sinquandle
(S, ∗, R1, R2) and a S-set (X, ·), denoted by (S,X, ∗, R1, R2, ·) or simply by (S,X). Let S ′ be a
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s1 = f(u1)

s2 = f(o1)

s1 ∗ s2 = f(u2)
φ(x1) φ(x2) = φ(x1) · f(a)

f(a)

f(a1) f(a2)

f(a4) = R2(f(a1), f(a2))f(a3) = R1(f(a1), f(a2))

Figure 11. Arcs and regions of diagram D.

s1 s2

s2 s1 ∗ s2

x

x · s1
(x · s1) · s2

x · s2
(x · s2) · (s1 ∗ s2)

=

s1 s2

s2 s1 ∗ s2

x

x · s2
(x · s2) · (s1 ∗ s2)

x · s1
(x · s1) · s2

=

s1 s2

R1(s1, s2) R2(s1, s2)

x

x · s1
(x · s1) · s2

x ·R1(s1, s2)

(x ·R1(s1, s2)) ·R2(s1, s2)

=

Figure 12. Shadow coloring at positive, negative, and singular crossings.

subsingquandle of S. A subset Y of X closed under the action of S ′ is an subshadow of (S,X),
which we will denote by (S ′, Y ) ⊂ (S,X).

As in the case of classical knot theory, the authors of [8] introduced the idea of a fundamental
singquandle associated with a singular link to define the notion of colorings of that singular
link by a singquandle. Thus leading to invariants of singular links. We give the definition of a
homomorphism of singquandle shadows.

Definition 7.3. [9] A homomorphism of sinquandle shadows between (S,X, ∗, R1, R2, ·) and
(S ′, Y, ., R′1, R

′
2, •) is a pair of maps φ : (X, ·) → (Y, •) and f : (S, ∗, R1, R2) → (S ′, ., R′1, R

′
2),

such that f is a singquandle homomorphism, that is the identities (3.6), (3.7) and (3.8) are
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satisfied and for all x ∈ X and s ∈ S, we have

φ(x · s) = φ(x) • f(s). (7.3)

Furthermore, if φ and f are bijections then we have a singquandle shadow isomorphism.

This definition implies that (Im(f), Im(φ), ., R′1, R
′
2, •) is a subshadow of (S ′, Y, ., R′1, R

′
2, •).

Let L be an oriented singular link and D be its diagram. The set of arcs of D will be denoted
by A(D) and the set of connected regions of R2 \D by R(D). Definition 3.2 of a singquandle
homomorphism allows to define the following notion of colorings by singquandles.

Definition 7.4. [9] Let (S, ∗, R1, R2) be an oriented singquandle. An S-coloring of D is a map
f : A(D) → S such that at a crossing with u1, u2, o1 ∈ A(D) and at a singular crossing with
a1, a2, a3, a4 ∈ A(D) the following conditions are satisfied,

f(u2) = f(u1) ∗ f(o1), (7.4)

f(a3) = R1(f(a1), f(a2)), (7.5)

f(a4) = R2(f(a1), f(a2)). (7.6)

The conditions above are illustrated in Figure 11.

Definition 7.5. [9] Let (S,X, ∗, R1, R2, ·) be a shadow singquandle. An (S,X)-coloring of D
is a map f × φ : A(D)×R(D)→ S ×X satisfying the following conditions,

• f is an S-coloring of D.
• φ(R(D)) ⊂ X.
• For a ∈ A(D) and x1, x2 ∈ R(D) the following

φ(x1) · f(a) = φ(x2). (7.7)

The condition above is illustrated in Figure 11.

When there is no confusion we will refer to an (S,X)-coloring by a shadow coloring of D.
The region coloring will be denoted by a box around the shadow element while the arc

coloring by an element of a singquandle without a box. Notice that the conditions required for
the set X to be an S-set for some oriented sinquandle, are the conditions needed to guarantee
that shadow colorings are well defined at crossings, see Figure 12.

The following results were introduced and proved in [9].

Proposition 7.6. Let L be a singular link diagram and (S,X, ∗, R1, R2, ·) be a singquandle
shadow. Then for each singquandle coloring of L by S and each element of X there is exactly
one shadow coloring of L.

For a singular link diagram L and a singquandle shadow (S,X). The shadow counting
invariant, #Col(S,X)(L), was defined in [9] to be the number of shadow colorings of L by
(S,X). From Proposition 7.6 and the definition of the shadow counting invariant one obtains
the following result.

Corollary 7.7. The shadow counting invariant of a singular link L by the S-shadow (S,X) is
given by

#Col(S,X)(L) = |X|#ColS(L),

where #ColS(L) is the singquandle counting invariant.
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This means that the shadow counting invariant is determined by the singquandle counting
invariant. Therefore, the following polynomial was defined for a singquandle shadow to extract
more information from the singquandle shadow coloring set.

Definition 7.8. [9] The shadow singquandle polynomial, denoted by sp(S,X), of the shadow
singquandle (S,X, ∗, R1, R2, ·) is the sum

sp(S,X) =
∑
x∈X

tr(x),

where r(x) = |{s ∈ S ; x · s = x}|. Furthermore, If (S ′, Y ) is a subshadow of (S,X), then the
subshadow singquandle polynomial of (S ′, Y ) is

Subsp((S ′, Y ) ⊂ (S,X)) =
∑
x∈Y

tr(x),

where r(x) = |{s′ ∈ S ′ ; x · s′ = x}|.

The authors of [9] were able to prove that the shadow singquandle polynomial is an invariant
of singquandle shadows.

Proposition 7.9. Let (S,X) and (S ′, Y ) be two singquandle shadows. If (S,X) and (S ′, Y )
are isomorphic, then they have equal shadow polynomials, sp(S,X) = sp(S ′, Y ).

The shadow polynomial can be used as a tool distinguish and classify singquandle shadows.
The following example is taken from [9].

Example 7.10. Let (S, ∗, R1, R2) be a singquandle with S = Z8, x ∗ y = 5x − 4y = x∗̄y,
R1(x, y) = 3x + 4y, and R2(x, y) = 4x + 3y. Let X = Z4. Consider the following singquandle
shadow (X, ·) with ·s : X → X for each s ∈ S defined by x · s = x+ 2s+ s2. The singquandle
shadow (S,X, ∗, R1, R2, ·) has the follow the following shadow polynomial

sp(S,X) = 4t4.

On the other hand, the singquandle shadow (X, •) with •s : X → X for each s ∈ S defined
by x • s = 3x+ 2s+ 2s2. The singquandle shadow (S,X, ∗, R1, R2, •) has the following shadow
polynomial

sp(S,W ) = 2 + 2t8.

The subshadow singquandle polynomial and the shadow coloring invariant were combined in
order to produce an invariant of singular links. This polynomial invariant detected different
information than the shadow counting invariant and that the previous defined singquandle
polynomial invariant.

Definition 7.11. [9] Let f × φ be a shadow coloring of an oriented singular link diagram D.
The closure of the set of shadow colors under the action of the image subsingquandle Im(f) ⊂ S
of f × φ is a subshadow called the shadow image of f × φ, which we denote by om(f × φ).

Definition 7.12. Let (S,X) be an S-shadow and let L be an oriented singular link with
diagram D. The singquandle shadow polynomial invariant of L with respect (S,X) is

SP (L) =
∑

f×φ∈shadow coloring

uSubsp(om(f×φ)⊂(S,X)).
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The following example from [9] was used to test the strength of the singquandle shadow
polynomial invariant of L. Precisely, the following pair of singular knots have the same number
of singquandle colorings and the same singquandle polynomial invariant, but are distinguished
by their singquandle shadow polynomial invariant.

Example 7.13. Let (S,X, ∗, R1, R2, ·) be the shadow singquandle with S = Z8, X = Z6 and
operations x∗y = 3x−2y = x∗̄y, R1(x, y) = 7x+6y, R2(x, y) = 2x+3y, and shadow operation
·s : X → X for all s ∈ S defined by x · s = x+ 3s.

The pair of singular knots in Figure 13 have the same singquandle counting invariant #ColS(4k1) =
16 = #ColS(5k4). Therefore, by Theorem 7.7 we obtain that the two singular knots have the
same shadow counting invariant #Col(S,X)(4

k
1) = 96 = #Col(S,X)(5

k
4). Furthermore, the two

singular knots have the same singquandle polynomial φSsqp(4
k
1) = 4us

2
1t

2
1s

2
2t

2
2s3t3 + 4u2s21t

2
1s

2
2t

2
2s3t3 +

8u4s21t
2
1s

2
2t

2
2s3t3 = φSsqp(5

k
4). However, the singquandle shadow polynomial invariant distinguishes

the two singular knots:

s1

s2

s3 s4

s5

s6

x

SP (4k1) = 24ut
2

+ 24ut + 48u2

s1

s2

s3

s4s5 s6

s7

x

SP (5k4) = 48ut
4

+ 24ut
2

+ 24ut

Figure 13. Singular knots 4k1 and 5k4 and corresponding SP invariant.

8. Psyquandles and Singular Link Invariants

In [25], the authors introduced the notion of psyquandle as an algebraic generalization of the
notion of biquandle that entails the topological moves characterizing both singular links and
pseudolinks. The authors showed that the corresponding notion of psyquandle colorings of an
oriented singular link, or pseudolink, determines a counting invariant. Furthermore, in [12], the
authors gave a cocycle enhancement theory to the case of psyquandles. Precisely, they defined
enhancements of the psyquandle counting invariant via pairs of a biquandle 2-cocycle and a
new function satisfying some conditions. As an application they defined new single-variable and
two-variable polynomial invariants of oriented pseudoknots and singular knots and links. In
this section we will provide an overview of results obtained for signular knots from psyquandles.
The following definition was initially introduced in [25], but was reformulated in [12]. We will
present the reformulated version of the definition.

Definition 8.1. [12] Let X be a set. A psyquandle structure on X is set of four binary
operations . , . , • , • : X ×X → X satisfying the conditions
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(I) All four operations are right-invertible,i.e. there exist binary operations . −1, . −1, • −1, • −1 :
X ×X → X such that

(x . y) . −1y = (x . −1y) . y = x
(x . y) . −1y = (x . −1y) . y = x
(x • y) • −1y = (x • −1y) • y = x
(x • y) • −1y = (x • −1y) • y = x,

(II) For all x ∈ X, x . y = x . y,
(III) For all x, y ∈ X, the maps S, S ′ : X ×X → X ×X defined by

S(x, y) = (y . x, x . y) and S ′(x, y) = (y •x, x • y)

are invertible,
(IV) For all x, y, z ∈ X,

(x . y) . (z . y) = (x . z) . (y . z)
(x . y) . (z . y) = (x . z) . (y . z)
(x . y) . (z . y) = (x . z) . (y . z)

(V) For all x, y ∈ X we have

x • ((y . x) • −1x) = [(x . y) • −1y] . [(y . x) • −1x]
y • ((x . y) • −1y) = [(y . x) • −1x] . [(x . y) • −1y],

and
(VI) For all x, y, z ∈ X we have

(x . y) . (z • y) = (x . z) . (y • z)
(x . y) . (z • y) = (x . z) . (y • z)
(x . y) • (z . y) = (x • z) . (y . z)
(x . y) • (z . y) = (x • z) . (y . z)
(x . y) • (z . y) = (x • z) . (y . z)
(x . y) • (z . y) = (x • z) . (y . z).

A psyquandle which also satisfies x •x = x •x for all x ∈ X is said to be pI-adequate.

A pI-adaquate psyquandle is an invariant of pseudolinks. For more details and results re-
garding pI-adaquate psyquandles the reader is referred to [12, 25]. In this paper we will focus
on the results for singular links obtained from psyquandles. The axioms of a psyquandle struc-
ture are motivated by the generalized Reidemeister moves for singular knots and the semi-arc
coloring rules in Figure 14. This motivation is different from the singquandle axioms which are
motivated by the arc coloring rules in Figure 2.

x

y

y . x

x . y

x

y

x . y

y . x

x

y

y •x

x • y

Figure 14. Semiarc coloring rule at classical and singular crossings.

The following examples and additional examples can be found in [12,25].

Example 8.2. Every biquandle is a psyquandle by setting x • y = x . y and x • y = x . y.
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Example 8.3. The psyquandle structure on the set X = {1, 2, 3, 4, 5, 6}, can be specified by
explicitly listing the operation tables of . , . , • , • . In practice it is convenient to put these
together into an 6×24 bock matrix, so the psyquandle structure on X = {1, 2, 3, 4, 5, 6} specified
by 

2 4 4 6 6 2 2 6 2 6 2 6 2 4 2 6 2 2 2 6 4 6 6 6
3 5 5 1 1 3 1 5 1 5 1 5 3 5 5 5 1 5 1 5 1 1 1 3
4 6 6 2 2 4 6 4 6 4 6 4 6 6 6 2 6 4 4 4 6 4 2 4
5 1 1 3 3 5 5 3 5 3 5 3 5 3 1 3 3 3 5 1 5 3 5 5
6 2 2 4 4 6 4 2 4 2 4 2 4 2 4 4 4 6 6 2 2 2 4 2
1 3 3 5 5 1 3 1 3 1 3 1 1 1 3 1 5 1 3 3 3 5 3 1

 .

Furthermore, the psyquandle structure was used to define an invariant of singular knots
called psyquandle counting invariant, denoted by ΦZ

X(L), where X is a finite psyquandle, L is
an oriented singular knot or link in [25]. The psyquandle counting invariant is the cardinality
of C(X,L), the set of colorings of the singular link L by a finite psyquandle X. The authors
of [12, 25] refer to an element of C(L,X) as an X-coloring of L. The authors of [12] defined
an enhancement of the psyquandle counting invariant by generalizing the biquandle cocycle
invariant to the case of psyquandles.

Definition 8.4. [12] Let X be a psyquandle and R a commutative ring with identity. A
Boltzmann weight for X is a pair of maps φ, ψ : X ×X → R satisfying

(I) For all x ∈ X, φ(x, x) = 0
(II) For all x, y ∈ X,

φ(x, y) + ψ(y, (x . y) • −1y) = φ((y . x) • −1x, (x . y) • −1y) + ψ(x, (y . x) • −1x).

(III) For all x, y, z ∈ X,

φ(x, y) + φ(y, z) + φ(x . y, z . y) = φ(x . z, y . z) + φ(x, z) + φ(y . x, z . x)

ψ(x, y) + φ(y, z) + φ(x • y, z . y) = ψ(x . z, y . z) + φ(x, z) + φ(y •x, z . x)

ψ(z, y)− φ(x, y)− φ(x . y, z • y) = ψ(z . x, y . x)− φ(x, z)− φ(x . z, y • z).

We say that φ and ψ are strongly compatible if we also have
(IV) For all x, y, z ∈ X,

ψ(x, y) = ψ(x . z, y . z) and ψ(z, y) = ψ(z . x, y . x).

The Boltzmann weight axioms are motivated by generalized Reidemeister moves and using
the contribution rule in Figure 15.

x y

+φ(x, y) x y−φ(x, y)

x y

+ψ(x, y)

Figure 15. Boltzmann weights at classical and singular crossings.



SINGQUANDLES, PSYQUANDLES AND SINGULAR KNOTS: A SURVEY 17

Definition 8.5. [12] Let X be a psyquandle, R a commutative ring with identity and (φ, ψ) a
Boltzmann weight. Let L be an oriented singular knot or link.

(I) For each X-coloring Lc of L, we define the Boltzmann weight of Lc, denoted BW (Lc), to
be the sum of contributions over all crossings in Lc.

(II) We define the single-variable Boltzmann-enhanced psyquandle polynomial to be

Φφ,ψ
X (L)

∑
Lc∈C(L,X)

wBW (Lc).

(III) If φ and ψ are strongly compatible, we define the partial Boltzmann weights BWφ(Lc)
and BWψ(Lc) to be the sums of φ contributions and ψ contributions respectively; then we
define the two-variable Boltzmann-enhanced psyquandle polynomial to be

Φφ,ψ
X (L)

∑
Lc∈C(L,X)

uBWφ(Lc)vBWψ(Lc).

Furthermore, both the single-variable Boltzmann-enhanced psyquandle polynomial and the
two-variable Boltzmann-enhanced psyquandle polynomial were shown to be an invariant of
singular links. The following example and other examples can be found in [12]. A link to the
custom Python code used to compute the examples can be found in [12].

Example 8.6. In this example the single-variable Boltzmann-enchanced psyquandle poly-
nomial for the 2-bouquet graphs of type L (with choice of orientation) in [26] are collected.
The psyquandle structure in Example 8.3 was used along with Boltzmann weight function
φ : X ×X → Z2 given by the matrix

0 1 0 1 0 1
0 0 0 0 0 0
0 1 0 1 0 1
0 0 0 0 0 0
0 1 0 1 0 1
0 0 0 0 0 0


and weight function ψ : X ×X → Z2 given by the matrix

1 0 1 0 1 0
1 1 1 1 1 1
1 0 1 0 1 0
1 1 1 1 1 1
1 0 1 0 1 0
1 1 1 1 1 1

 .
The results are collected in the table

2-bouquet graph of type L ΦZ
X(L) Φφ,ψ

X (L)
5l2, 6

l
1 12 12w

3l1, 4
l
1, 5

l
3, 6

l
2, 6

l
6 6w + 6

6l3, 6
l
8, 6

l
9, 6

l
10, 6

l
11 24 24w

5l1, 6
l
5, 6

l
7 6w + 18

1l1 18w + 6
6l4, 6

l
12 36 18w + 18.

Acknowledgements Mohamed Elhamdadi was partially supported by Simons Foundation
collaboration grant 712462.



SINGQUANDLES, PSYQUANDLES AND SINGULAR KNOTS: A SURVEY 18

References

[1] Khaled Bataineh, Mohamed Elhamdadi, Mustafa Hajij, and William Youmans, Generating sets of Reide-
meister moves of oriented singular links and quandles, J. Knot Theory Ramifications 27 (2018), no. 14,
1850064, 15. MR3896310

[2] Joan S. Birman, New points of view in knot theory, Bull. Amer. Math. Soc. (N.S.) 28 (1993), no. 2, 253–287.
MR1191478 (94b:57007)

[3] J. Scott Carter, Alissa S. Crans, Mohamed Elhamdadi, and Masahico Saito, Cohomology of categorical
self-distributivity, J. Homotopy Relat. Struct. 3 (2008), no. 1, 13–63. MR2395367

[4] J. Scott Carter, Mohamed Elhamdadi, Matias Graña, and Masahico Saito, Cocycle knot invariants from
quandle modules and generalized quandle homology, Osaka J. Math. 42 (2005), no. 3, 499–541. MR2166720

[5] J. Scott Carter, Mohamed Elhamdadi, Marina Appiou Nikiforou, and Masahico Saito, Extensions of quandles
and cocycle knot invariants, J. Knot Theory Ramifications 12 (2003), no. 6, 725–738. MR2008876

[6] J. Scott Carter, Mohamed Elhamdadi, and Masahico Saito, Homology theory for the set-theoretic Yang-
Baxter equation and knot invariants from generalizations of quandles, Fund. Math. 184 (2004), 31–54.
MR2128041

[7] J. Scott Carter, Daniel Jelsovsky, Seiichi Kamada, Laurel Langford, and Masahico Saito, Quandle cohomology
and state-sum invariants of knotted curves and surfaces, Trans. Amer. Math. Soc. 355 (2003), no. 10, 3947–
3989.

[8] Jose Ceniceros, Indu R. U. Churchill, and Mohamed Elhamdadi, Polynomial Invariants of Singular Knots
and links, J. Knot Theory Ramif. https://doi.org/10.1142/S0218216521500036.

[9] , Singquandle Shadows and Singular knot Invariants arXiv:2101.08775.
[10] Jose Ceniceros, Indu R. U. Churchill, Mohamed Elhamdadi, and Mustafa Hajij, Cocycle Invariants and

Oriented Singular Knots, to appear in Mediterranean J. Math. arXiv:2009.07950.
[11] Jose Ceniceros and Sam Nelson, Virtual Yang-Baxter cocycle invariants, Trans. Amer. Math. Soc. 361

(2009), no. 10, 5263–5283, doi: 10.1090/S0002-9947-09-04751-5. MR2515811
[12] , Cocycle Enhancements of Psyquandle Counting Invariants, arXiv:2009.14802 (2020).
[13] Indu R. U. Churchill, Mohamed Elhamdadi, Mustafa Hajij, and Sam Nelson, Erratum: Singular knots

and involutive quandles [ MR3735400], J. Knot Theory Ramifications 27 (2018), no. 14, 1892001, 4, doi:
10.1142/S0218216518920013. MR3896323

[14] , Singular knots and involutive quandles, J. Knot Theory Ramifications 26 (2017), no. 14, 1750099,
14, doi: 10.1142/S0218216517500997. MR3735400

[15] Mohamed Elhamdadi, Jennifer Macquarrie, and Ricardo Restrepo, Automorphism groups of quandles, J.
Algebra Appl. 11 (2012), no. 1, 1250008, 9. MR2900878

[16] Mohamed Elhamdadi and Sam Nelson, Quandles—an introduction to the algebra of knots, Student Math-
ematical Library, vol. 74, American Mathematical Society, Providence, RI, 2015. MR3379534

[17] Thomas Fiedler, The Jones and Alexander polynomials for singular links, J. Knot Theory Ramifications
19 (2010), no. 7, 859–866. MR2673687 (2012b:57024)

[18] R. H. Fox, A quick trip through knot theory, Topology of 3-manifolds and related topics (Proc. The Univ.
of Georgia Institute, 1961), Prentice-Hall, Englewood Cliffs, N.J., 1962, pp. 120–167. MR0140099

[19] Bernd Gemein, Singular braids and Markov’s theorem, J. Knot Theory Ramifications 6 (1997), no. 4,
441–454. MR1466593 (98i:57008)

[20] David Joyce, A classifying invariant of knots, the knot quandle, J. Pure Appl. Algebra 23 (1982), no. 1,
37–65. MR638121
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