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Abstract 

This research serves to analyze college students’ misconceptions with regard to 

computations involving radicals and rational exponents. The goal of this study was to attempt to 

explain some misconceptions that students exhibit when simplifying radicals, working with 

rational exponents, and solving equations that contain radical expressions. It was hypothesized 

that college students in introductory mathematics courses would be able to simplify expressions 

containing radicals and rational exponents with little success. These students would experience 

greater success on problems containing radicals than rational exponents and they would use 

factor trees as the main approach to solve problems containing radicals.  The results of this study 

indicate that students performed better on problems containing radicals than those containing 

rational exponents. These results were found to be statistica lly significant with a p- value of 

0.000.  Furthermore, factor trees were the most common method used among students who 

obtained accurate answers to problems containing radicals. Students revealed that radicals and 

rational exponents were difficult to work with and not valuable in their current, day-to-day lives.  
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Introduction 

 This research analyzes college students’ misconceptions regarding computations 

involving square roots and rational exponents. The college students who participated in this 

study were selected from introductory mathematics courses at a regional university in the 

northeast. The goal of this study was to attempt to explain some of the misconceptions that 

students exhibit when simplifying expressions containing radicals and rational exponents. 

Furthermore, suggestions for the improvement of teaching radicals and rational exponents 

aligned with the current Common Core Curriculum Standards will be provided.  When working 

with radicals algebraically, students often use a systematic method or shortcut that lacks true 

understanding of the concepts associated with square roots (Erlandson, 2013). Students learning 

mathematics in this manner and being deprived of the context associated with square roots lack a 

very important foundation for future and more advanced mathematics such as geometric mean, 

complex numbers, irrationality, infinity and various other topics (Crisan, 2012; Elstak, 2007; 

Erlandson, 2013; Pinto & Tall, 1996; Pitta-Pantazi, Christou, & Zachariades, 2007).  

 My interest in this topic began during my graduate assistantship teaching Mathematics in 

Action, an introductory mathematics course at a regional university. In the first few weeks of 

class, a notecard question was asked and students submitted the solution to the question for 

attendance purposes.  An upcoming unit pertained to exponential growth and decay, so the week 

prior to this unit the attendance question read, “Simplify the following: √32 =  ?,    9
1

2 = ?.” 

Upon examining student solutions, the results revealed 22 different responses from 35 students. 

Only 5 students submitted an accurate response. During subsequent office hours, several students 

stopped by to ask about the attendance question, “with the weird symbol,” not knowing the name 
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for the radical. Other students did not believe that a fraction could be an exponent, instead 

reading 9
1

2 as the mixed number 9
1

2
.  

The concept of square roots has a history of confusion associated with it that dates back 

to the Babylonians (Bunt, Jones, & Bedient, 1998; Dunham, 1991; Fowler & Robson, 1998). 

Algebraic manipulations with radicals and rational exponents are abstract in nature and often 

cause confusion for students (Elstak, 2007; Erlandson, 2013). In fact studies show that many 

high school students are unable to accurately perform calculations and estimations with radicals 

(Arbour, 2012; Huntley & Davis, 2008; Ozkan & Ozkan, 2012). These observations have led to 

the development of the following hypothesis statement:  

It is hypothesized that college students in introductory undergraduate mathematics 

courses will experience greater success when simplifying expressions containing radicals 

than expressions containing fractional exponents. Specifically, when students are 

exposed to unfamiliar expressions containing a fractional exponent, they will leave the 

question unanswered. However, when an isomorph is written as an expression containing 

a radical, students will use prime factorization trees to solve the problem. 

 This hypothesis was tested via two questionnaires and an accompanying survey for each 

questionnaire. Questionnaire 1 contained a mixture of seven problems. Six problems required 

students to simplify expressions with radicals and rational exponents, while the last problem was 

written in word form to more closely examine students’ approaches to problem solving in 

context. The questionnaire was followed by a survey related to the problems. Three weeks after 

Questionnaire 1 was administered, Questionnaire 2 was administered which contained the 

isomorphic pairs from Questionnaire 1. Questionnaire 2 was followed by the same survey that 
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accompanied Questionnaire 1. Both Questionnaire 1 and Questionnaire 2 may be found in their 

entirety in Appendix A. 

Presented in the upcoming section is a literature review exploring the history of radicals 

and rational exponents, the presence of these topics in classroom and assessments, as well as 

misconceptions with radicals and rational exponents.  Following the literature review, the 

experimental design and methods of data analysis are discussed followed by the results of this 

study and a discussion of implications for future teaching. 

Literature Review 

 The purpose of this literature review is to examine the existing research pertaining to 

student computations with expressions containing radicals and rational exponents. As this study 

serves to compare student computations with radicals to student computations with rational 

exponents, this literature review has been divided into five sections to provide a thorough 

overview of the current literature. The subheadings are as follows: History of Square Roots and 

Their Uses, Teaching Simplification of Radicals and Rational Exponents, Assessing Student Use 

of Radicals and Rational Exponents, General Research, and Student Misconceptions Concerning 

Radicals and Rational Exponents. This above ordering of the analysis of current research 

provides a logical foundation for the grounds of the presented study that follows this literature 

review.  

History of Square Roots and Their Uses 

 Square roots have been a part of the mathematics curriculum from as early as 2000 BCE 

with the Babylonians (Bunt, Jones, & Bedient, 1988; Dunham, 1991; Fowler & Robson, 1998; 

Sworder, 1989). In order to improve student understanding of this topic it is important that 
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teachers are well versed in the development of the use of radicals throughout history. This 

section discusses early uses of square roots from a historical perspective. 

 The earliest written record of mathematics that provides significant insight is that of the 

Egyptian Rhind Papyrus. Other papyri such as the Moscow Papyrus, Kahun Papyrus, Berlin 

Papyrus and Leather Roll provide some insight into Egyptian mathematics, but the Rhind 

Papyrus provides a wider spectrum of the mathematical calculations and problems that the 

Egyptians solved (Bunt, Jones, & Bedient, 1988). For example, problem 32 of the Rhind Papyrus 

shows an exact calculation of 12 × 12. The method used is that of a repeated doubling and 

adding approach, known as Egyptian Duplation, which is still in use in parts of Russia today. In 

translation, an example of the calculation would be as shown in Figure 1. 

 

 

 

 

 

 

 

The method of Egyptian Duplation shows an understanding of powers of 2 and that every 

number may be represented as a combination of powers of 2.  

The Egyptians also had a geometric understanding of square roots as indicated by the first 

problem of the Berlin Papyrus. The author of the Berlin Papyrus presented a problem that asks to 

find the side of a square when given the area of the square. It is important to note that these 

1 12 

2 24 

\4  48 

\8  96 

Sum 144 

 Figure 1. Egyptian Duplation. This method of multiplication demonstrates an understanding of 

powers of 2.  
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problems and solutions to problems were written in words instead of symbols as the conventional 

exponent and radical notation used today had not yet been developed (1988). 

 Another civilization near the Egyptians was that of the Babylonians. Without the aid of 

modern technology combined with working in a sexagesimal numeral system, it is amazing that 

the Babylonians were able to produce results as accurately as they did. Ordinary operations such 

as addition, subtraction, multiplication and division were performed in a manner similar to that 

of today’s algorithms only with a base of 60 instead of 10 (Bunt, Jones, & Bedient, 1988). 

However, approximations of square roots were a systematic, elaborate and geometric version of 

our modern day ‘guess, check, and correct’ method. In order to understand this method in greater 

detail we can examine the contents of tablet YBC 7289 through the work of Fowler and Robson. 

On Babylonian tablet YBC 7289, which dates back to 2000-1600 BCE, approximations 

of square roots accurate to 4 sexagesimal places are presented (Fowler & Robson, 1988). It is 

believed that these encryptions on the clay tablet are from a trainee scribe performing a school 

exercise. According to Fowler and Robson (1988), “The fact that the handwriting on YBC 7289 

is unusually large (8mm in height) also suggests that the tablet was written by a 

learner…”(p.369).  Tablet YBC 7289 appears in Figure 2. 

 

Figure 2. Tablet YBC 7289 displays a calculation for finding the 

diagonal of the given square.  
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The translation of YBC 7289 represents a calculation of the diagonal of the given square. 

Furthermore, the translation of the Cuneiform writing becomes 1; 24 51 10 which is an accurate 

approximation of √2 to 6 decimal places. 

According to Fowler and Robson, the Babylonians would have considered computing the 

square root of a number as finding the side length of a square with a given area. They then would 

have used their approach to find an over-estimate and an underestimate of the actual value for the 

length of the side of the square. If more accurate approximations were needed, the process could 

be repeated.  A geometric representation of this process is demonstrated in Figure 3.  

 

 Despite the tremendous accomplishments of the Egyptians and the Babylonians, both 

civilizations’ mathematics answered the questions of how calculations were performed as 

opposed to why these calculations provided accurate solutions (Dunham, 1990). It was not until 

the Greek mathematicians Thales and Pythagoras in 600 B.C. – 500 B.C. that we begin to see 

evidence of formal proof. One particular Pythagorean known as Hippasus was said to have 

discovered the incommensurability of numbers and to have proved that √2 was an irrational 

number. As this result was so controversial, legend says that Hippasus was ordered to be dumped 

into the Mediterranean to die for his troubles. After this time, Greek mathematics focused more 

on a geometric approach as opposed to an algebraic approach (Dunham, 1990).   It was not until 

Figure 3. Over and under approximations of square root calculations respectively as the 

Babylonians may have used when computing their extraction of roots. (Fowler & Robson, 1988, 

p.371-372) 
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Euclid came along in approximately 300 B.C. that a rigorous proof of the well-known 

Pythagorean Theorem was established from a system of axioms.  The notation associated with 

square roots today is even newer in comparison to the topic itself. The familiar radical notation 

was first used in published works by Cristoff Rudolff in the 1500s (Sworder, 1989).    

Though a historical perspective of square roots is critical to help students develop these 

important concepts, a strictly historical perspective does not provide insight to how this material 

is presented to students today. In order to shed light on how students currently are exposed to 

square roots and rational exponents we now turn to a textbook review of these concepts. 

Particular attention is paid to the topics introduced before and after square roots and rational 

exponents are presented in the text. Furthermore, the methods that students are taught to use 

when they approach a square root or rational exponent problem are also explored. 

Teaching Simplification of Radicals and Rational Exponents 

 Today, operations with radicals and rational exponents are important in the mathematics 

curriculum. However, this topic is not introduced to students until eighth grade (Blitzer, 2001; 

Dressler & Keenan, 2002; Larson, Boswell, Kanold, & Stiff, 2007; Leschensky, Price, & Rath, 

1992; National Governor’s Association, 2010; Wells & Tilson, 1998).  Shortly after eighth 

grade, students are expected to further develop their knowledge of operations with square roots 

and rational exponents (Larson, Boswell, Kanold, & Stiff, 2007; Leschensky, Price, & Rath, 

1992; National Governor’s Association, 2010). Thus it is important for students to be able to 

perform computations with square roots and rational exponents adequately in order to be 

successful in future mathematics courses. 

Today, calculations involving square roots and rational exponents are considered an 

integral part of the high school curriculum. In the Common Core standards, it is not until grade 8 
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that the words ‘square root’ and ‘radical’ appear. Standard 8.EE 2 states, “Use square root and 

cube root symbols to represent solutions to equations of the form 𝑥 2 = 𝑝 and 𝑥 3 = 𝑝, where p is 

a positive rational number. Evaluate square roots of small perfect squares… know that √2 is 

irrational”(National Governor’s Association, 2010, p. 48). Furthermore 8.G.6 reads, “Explain a 

proof of the Pythagorean Theorem(National Governors Association, 2010, p. 48)”,  8.G.7 reads, 

“Apply the Pythagorean Theorem to determine unknown side lengths in right triangle in real-

world and mathematical problems in two and three dimensions(p. 48)”,  and 8.G.8 reads, “Apply 

the Pythagorean Theorem to find the distance between two points in a coordinate system (p. 

48).”  Students should also be able to find the volumes for cones, cylinders and spheres in 

relation to real-world applications. It is worthy to note that in the 7th grade standards, 7.G.6 

reads, “Solve real-world and mathematical problems involving area, volume, and surface area of 

two and three dimensional objects composed of triangle, quadrilaterals, polygons, cubes, and 

right prisms (p. 43).”  In order to meet this standard, students would need to have some 

understanding of exponents in order to include appropriate units.   

Prior to the Common Core Standards, the New York State Performance Indicators were 

used as the basis of curriculum in New York. One textbook that was commonly used in 

instruction for eighth graders was Pre-Algebra (Larson, Boswell, Kanold, & Stiff, 2007). In this 

text, Chapter 9 describes square roots, perfect squares, and radical expressions in all of two 

pages. Subsequent sections cover simplifying square roots, the Pythagorean Theorem, and 

distance and midpoint formulae. However, according to the teacher outline at the beginning of 

the book, this chapter was not included or required to be covered in the duration of an 8th grade 

course.  If the chapter were included, students would have seen explanations similar to that 

shown in Figure 4.  
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Notice that the notation used in the text indicates that when computing square roots, the 

operation is to find the positive number such that when the number is squared the value under the 

radicand is obtained.  Other textbooks such as Mathematics A and Pre-Algebra: A Transition to 

Algebra describe a similar explanation with an emphasis of only positive values of square roots; 

negative values are not included in their descriptions (Dressler & Keenan, 2002; Leschensky, 

Price, & Rath, 1992).  Neither Mathematics A, Pre-Algebra nor Pre-Algebra: A Transition to 

Algebra gives mention to the history of square roots or includes examples related to the original 

problem of finding the length of a square when given the area of the square (Dressler & Keenan 

2002; Larson, Boswell, Kanold, & Stiff, 2007; Leschensky, Price, & Rath, 1992). 

 Despite lacking the original historical applications of square roots, the text books 

Mathematics A, Pre-Algebra, and Pre-Algebra: A Transition to Algebra provide students with a 

method for approximating square roots (Dressler & Keenan, 2002; Larson, Boswell, Kanold, & 

Stiff, 2007; Leschensky, Price, & Rath, 1992). This method for approximating square roots is 

Figure 4. Excerpt from Pre – Algebra defining square roots and calculations.  
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strikingly similar to the method used by the Babylonians centuries ago (Fowler & Robson, 

1998).  

Furthermore, in Pre-Algebra: A Transition to Algebra, students are presented with a 

method for simplifying square roots (Leschensky, Price, & Rath, 1992). The method requires 

students to find the prime factorization of a number, and then use the product property of square 

roots to completely simplify the expression. In Figure 5, this method is displayed.  

Notice that Pre-Algebra: A Transition to Algebra describes a process of simplifying 

square roots that applies prime factorization and then the Product Property of square roots. In this 

textbook, there is no mention of “factor trees” as a process of simplifying square roots. 

There is no question that instruction is driven by assessment. In the text Pre-Algebra, the 

instructor’s edition includes a curriculum map of information that is required to be covered 

Figure 5. Product Property of Square Roots and method for simplifying square 

roots described.  
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before students take the eighth grade assessment and what is required for students to be 

successful after the exam but before they approach the Algebra I curriculum (Larson, Boswell, 

Kanold, & Stiff, 2007). Thus, naturally the next section of this literature review focuses on New 

York assessments and the appearance of problems that require computations with square roots 

and radicals in these assessments.   

Assessing Student Use of Radicals and Rational Exponents 

Student abilities to perform operations with radicals and rational exponents are assessed 

in a variety of different ways. With the implementation of the Common Core standards, radicals 

and rational exponents make an appearance on exams from Algebra I through Algebra II and 

Trigonometry (NYSED Algebra I, August 2015; NYSED Geometry, August 2015; NYSED 

Algebra II/ Trigonometry, June 2015; NYSED, 2015). Thus it is important for students to have 

an adequate understanding of operations with radicals and rational exponents if they are to 

perform well on these examinations.  

On the Algebra I Common Core exam, out of 35 problems, five contained radical 

expressions, square roots, or required a computation involving a square root (NYSED Algebra I, 

August 2015). This shows that by the completion of Algebra I students should have an 

understanding of square roots and be able to perform computations with radicals and expressions 

containing radicals. One such exam problem from the August 2015 Algebra I Common Core 

exam is shown in Figure 6. This problem requires students to have knowledge of square roots, 

rational numbers and irrational numbers in order to successfully answer this question.  
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Figure 6. Problem from August 2015 Common Core 

Algebra I exam. Students must have knowledge of 

perfect squares, square roots, rational numbers, and 

irrational numbers.  

 

In the Geometry Common Core Examination from 2015, the references to square roots 

are physical and in relation to using the Pythagorean Theorem or formulas such as those used to 

find volumes and areas of figures (NYSED Geometry, 2015). This appearance of square roots is 

similar to the problems that interested ancient mathematicians. When students approach the end 

of the Algebra II/ Trigonometry curriculum, we notice that this physical representation becomes 

more abstract as shown by the problem in Figure 7 that appeared on the Algebra II/ 

Trigonometry examination in June of 2015.  

Figure 7. Problem from Algebra II/ Trigonometry June 2015 exam 

requiring knowledge of roots other than square roots.  
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This problem requires knowledge of roots other than square roots to produce an accurate 

response and requires knowledge of operations with radicals. 

In order to prepare for the New York State Regents assessments, many teachers and 

students alike refer to the released problems from previous years to develop a sense of what they 

can expect to see on the examinations. Questions such as those that appear in Figure 6 and Figure 

7 show that the skill of simplifying radicals is important for students to be able to perform with 

fluency and accuracy (NYSED, 2015; National Governors Association, 2010). Using 

information from these assessments, educators can identify student misconceptions and areas for 

further research regarding student misconceptions. In the following section, we examine research 

pertaining to irrational numbers and symbolic representations of square roots.  

Irrationality and Symbolic Representations 

Irrational numbers 

 Before being formally introduced to square root functions, students often investigate 

irrational numbers. To some students, the irrational number system can spike a difficulty in 

understanding. The difficulty students experience when working with rational and irrational 

numbers has been a growing interest to researchers over the past several decades (Arbour, 2012; 

Numbers, 2004; Pinto & Tall, 1996; Sirotic & Zazkis, 2004; Sirotic & Zazkis, 2007; Marshall 

2003). In particular, pre-service teachers’ conceptions have been of interest to researchers for 

convenience and practical purposes (Sirotic & Zazkis, 2004). If pre-service teachers are 

experiencing difficulties with a particular topic, we can expect similar difficulties from their 

student counterparts. 

Sirotic and Zazkis (2004, 2007) conducted research pertaining to the ability of 46 pre-

service secondary mathematics teachers to perform operations with irrational numbers in 2004 



WRITING RADICAL WRONGS   SIKORA-PRESS 14 
 

and again in 2007. Results from written questionnaires, written surveys, and interviews showed 

that pre-service teachers preferred decimal representations of numbers opposed to their fractional 

counterparts when determining if a number was rational or irrational (2004). Discussions of how 

different representations of real numbers affect what properties are easily “seen” occurred as 

well. The authors concluded that a greater emphasis should be placed on the representation of 

numbers and the properties that those numbers have and what properties can be determined from 

a given representation of the number.  

Furthermore, pre-service teachers also lacked an understanding about the sets of rational 

and irrational numbers (Sirotic & Zazkis, 2007). In their research of 46 participants, 11 

participants recognized that the probability of choosing a rational number at random on the 

interval [0, 1] was 0 or close to 0. However, at least three of these 11 participants stated 

inaccurate reasoning claiming that there are finitely many rational numbers on the interval from 

0 to 1 in comparison to the infinitely many irrational numbers on the interval from 0 to 1. Thus 

intuitively, it would seem that the probability of randomly selecting a rational number would be 

close to 0. This misconception among pre-service teachers can lead to misconceptions among the 

students of these future teachers. With regards to the cardinality of the sets, 22 of the 46 

participants recognized that the set of irrational numbers has a cardinality that is larger than the 

set of rational numbers.  

It has been widely renowned that teachers must have a thorough understanding of the 

mathematics that they teach. When it comes to irrational and rational numbers gaps in teacher 

knowledge seem to become more noticeable. In a study conducted by Pinto and Tall (1996), 

convenience sampling was used to survey 20 pre-service teachers in their third year of teacher 

preparation. Each pre-service mathematics concentration (primary and secondary) teacher was 
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given an assessment to gauge their understanding of rational vs irrational numbers. Of the 20 

pre-service teachers to take the assessment seven were formally interviewed. Participants were 

specifically asked to provide a definition for rational and irrational numbers. Of those seven only 

three gave a partially accurate response, while none gave a completely accurate response. 

Although abilities to work with the rational and irrational number systems show difficulty 

among pre-service teachers, another area of struggle for students and teachers alike is that of 

symbols and mathematical notation associated with radicals. In this next section, we investigate 

peoples’ perspectives of symbolic notation. 

Symbolic representations 

 
 Learning mathematics is often compared to learning a second language. One reason for 

this comparison is the extensive use of symbols in the writing of mathematics. Symbolic 

representation of numbers and inconsistencies in notations have proven to be areas of difficulty 

for students and teachers alike (Crisan, 2012; Gómez & Buhlea, 2009; Huntley & Davis, 2008; 

Joseph, 2014; Katz, 2004; Kissane, Kemp, & Bradley, 1996; Lee & Messner, 2000; Morgan, 

2013; 1996; Schoenfeld, 1995; Zippel, 1985). After all, Babylonians had been using square roots 

thousands of years before Vi𝑒̀te began to use ‘R’ to symbolize the action of taking the square 

root (Katz, 2004). Here we examine some ambiguities with mathematical notation as it relates to 

square roots and radicals. 

 One study by Crissan (2012) involved eight Post Graduate Certificate of Education 

volunteers. In this study, participants were given a set of problems that would result in using the 

square root function. The participants agreed that the solutions to the first problem, 𝑥 2 = 16, 

were 𝑥 = ± 4. However, the explanations as to why these solutions were accurate were unclear. 

Some participants claimed that √𝑥 2 = ±𝑥, while √16 = 4 as the radical symbol signifies the 
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positive square root value only. The negative value would be considered afterwards as 

(−4)(−4) = 16. Other participants claimed that in order to solve the equation, one would need 

to take ±√16. The conclusion among participants was that ambiguity arises because “the radical 

symbol is used for both a process and a concept (Crissan, 2012, p. 45).”  

 Another study performed by Lee and Messner (2000) provided a textbook analysis of 

middle school and 9th grade texts to determine the prevalence of signed numerals versus 

unsigned numerals in textbooks. The results showed that more unsigned numerals were present 

than signed numerals across the texts. However, all 9th grade texts examined showed a 

conceptual development of rational numbers that included signed fractions, mixed numbers, 

decimals, exponential numbers and radicals in particular associated with number lines and 

graphs. Many of the 9th grade texts displayed work with signed numerals as an exercise with an 

accompanying answer, but lacked procedural solutions.  

 According to Lee and Messner (2000), the order of operations should be revised as it is 

taught in schools today. Instead of simply parentheses, exponents, multiplication and division, 

addition and subtraction, a greater emphasis should be placed on specific operations and their 

meanings. For example, instead of saying “parentheses” first we should place all grouping 

symbols including brackets, fraction bars, absolute value, and radicals into this category. 

Furthermore we should explicitly determine the order of towered exponents and operations 

associated with exponents.  

  Huntley and Davis published research in 2008 that explored high school student 

solutions to three posed problems. The study involved 44 pairs of high school students. Students 

were permitted to work in pairs and some groups were allowed to use a calculator while other 
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groups were not provided with a calculator. The researchers examined the student solutions and 

compared the strategies that students used to solve the problems. 

 One problem required students to solve an equation for a variable that appeared under a 

radical. On another problem students we asked to solve an expression that appeared within a 

rational exponent. The third problem asked students to solve an inequality for a variable. The 

findings of this study showed that most students preferred to use symbolic manipulation to solve 

for the designated variables. Also, when allowed to use graphing calculators, many students did 

not use the calculators as tools (Huntley & Davis, 2008). 

These studies shed light on much of the research with pre-service teachers associated 

with the notation used with square roots and fractional exponents today. However, they do not 

explore the critical topic of known student misconceptions associated with square roots and 

fractional exponents. Thus the final section of this literature review explores the known student 

misconceptions in this field. 

Student Misconceptions Concerning Radicals and Rational Exponents 

Research regarding the symbolic notation of mathematics is critical. Another area of 

interest is student misconceptions related to radicals and rational exponents. Research shows that 

students have many different misconceptions related to square roots, radicals, and fractional 

exponents from symbolic and geometric understanding to algebraic manipulations (Abe & 

Khosraviyani, 2009; Erlandson, 2013; Gough, 2007; Ozkan, A., & Ozkan, E., 2012). 

According to John Gough of Deakin University, many words in mathematics have 

alternate meanings in social language (Gough, 2007). In particular, when we refer to computing 

square roots, we assume that the process of squaring has already been taught. Thus computing 

the square root is the reverse of the squaring process. Gough explains that taking a number and 
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referring to the geometry of the number may be a stretch for students who have referred to 

numbers as being on a line. Instead he suggests, “To overcome the mental barriers inherent in 

these more advanced concepts, students might be helped by reverting to…where the 

numbers…can be represented as a strip of stars or dots (Gough, 2007, p. 56).” 

Another article brings the concept of radicals, rational exponents, and fractional 

exponents back to rigorous definitions in mathematics to uncover flaws in our current definitions 

so that we may be able to prevent student misconceptions (Abe & Khosraviyani, 2009). For 

example, many textbooks have the following rules side by side: 𝑏
𝑝

𝑞 = ( √𝑏
𝑞

)
𝑝

, 𝑏
𝑝

𝑞 = √𝑏𝑝𝑞
. Many 

students favor the latter however, we should be more cautious as to use the former instead. When 

rigorously defined, the former definition is well defined and works for both fractional and 

rational powers. According to Abe and Khosraviyani (2009) the latter definition only works for 

fractional powers, not rational powers. Consider the following example: (−1)
2

2 = −11 =  −1 

Under the first definition we have the following correct solution: 

(−1)
2
2 = (√−1)

2
= 𝑖2 = −1 

Under the second definition we have the following inaccurate solution: 

(−1)
2
2 = √(−1)2 = √1 = 1 

Thus the second definition does not hold true for a negative base. As mathematics instructors, we 

should provide such counterexamples to students so that they may not become confused and we 

should adopt the convention of 𝑏
𝑝

𝑞 = ( √𝑏
𝑞

)
𝑝

 as opposed to 𝑏
𝑝

𝑞 = √𝑏𝑝𝑞
.  

In another study, Kyle Erlandson (2013) examined college students’ geometric 

understanding of radicals in addition to simplifying radical expressions, computations with 

radical expressions, and simplification of polynomial expressions. This study implies that 
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students lack a geometric understanding of radicals and struggle to simplify radical expressions. 

In addition, students perform better at combining polynomial terms than simplifying radicals. 

Erlandson believes that students may perform better on questions involving simplification of 

radicals and geometric interpretations of radicals if first exposed to radicals in a geometric way. 

Furthermore, he claims that students will perform better on combining radical terms if they are 

taught to combine radicals in a manner similar to combining polynomial terms.  

 Although Erlandson’s study shows that students lack an understanding of radicals, the 

question remains as to why? If students struggle so greatly with a topic that is important in 

school mathematics, how can we help students develop a better understanding of the topic? 

Further research on this topic could include a similar study to see if results were replicated. In 

addition further research could explore qualitatively students’ understandings with computations 

involving radicals.  

 In a study conducted by Ozkan and Ozkan (2012), the researches examine the results of a 

questionnaire given to forty-five, 10th grade students in Istanbul, Turkey. Student misconceptions 

ranged from an inability to provide an interval for which the square root of a number would be 

located to difficulties expressing a number given in radical form as a fractional exponent.  When 

asked to convert a number from radical form to ‘power’ form some students interchanged the 

powers and the degree of the roots writing √16 = √24 = 2
2

4  instead of 16
1

2 or 2
4

2. Problems on 

the assessment that asked students to perform basic operations, such as adding, subtracting, 

multiplying, and dividing, with radicals experienced greater degrees of difficulties with over 

40% of students answering incorrectly. Many of these inaccuracies occurred due to students 

ignoring the radical symbol, lacking sufficient factoring skills, and lacking the ability to transfer 

from radical form to power form. As such, the researchers suggest that teachers use a student-
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based education approach and allow the students to correct insufficiencies with basic operations 

before introducing the topic of radicals. Furthermore, these topics should be explored in greater 

detail to build a stronger foundation as opposed to a superficial manner. Teachers should also use 

appropriate examples and counterexamples to aid students in their understanding of this 

important topic (Ozkan, A. & Ozkan, E., 2012). 

 As a result, the literature shows that researchers recognize the struggles that students 

exhibit when working with radicals and fractional exponents. This literature provides a 

foundation for the experimental design and data collection that is the topic of the next section.  

Experimental Design and Data Collection 

 This experiment tested the hypothesis that college students in introductory mathematics 

courses would experience greater success when simplifying expressions containing radicals than 

those containing rational exponents. Specifically students would use prime factorization trees as 

a method to solve expressions containing radicals, but would not use the same method to 

simplify expressions containing rational exponents. During the study, students were provided 

with two seven-problem assessments that tested students’ abilities to perform calculations with 

radicals and rational exponents. These assessments were given two weeks apart. The problems 

were obtained as a result of a pilot instrument given to an alternate section of an introductory 

mathematics course at a public university.  Each question was evaluated on a point-based criteria 

to determine the mistakes made and the frequency in which the mistakes were made. These 

results were then compared to an accompanying survey that provided demographic information 

and asked students to rank the difficulty of assessment problems and how they ranked the 

usefulness of square roots and rational exponents in their daily lives.  
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Participants 

Sixty-nine students participated in this study. All participants were enrolled in two of four 

sections of Mathematics in Action, a course designed for non-mathematics majors that fulfills a 

College Core Curriculum (CCC) requirement for graduation at a comprehensive, residential, 

public university in the Northeast. The two semester-long courses were taught by two different 

instructors twice per week for 80 minutes. At the time of this study, the public university had an 

undergraduate enrollment of approximately 4,941 students. The student population 

demographics of the university were as follows: 78.9% White; 5.9% Hispanic; 5.6% Black, non-

Hispanic; 3.9% Asian; 5.7% other. Also, 54.4% of students enrolled at the university were 

female while 45.6% were male.  

The participants’ demographics summarized in Figure 8 were as follows: 21 males, 46 

females, and 2 students that identified with a gender other than male or female. Sixty-six 

students had been enrolled in a previous mathematics course within two years of taking 

Mathematics in Action. Written consent was obtained from all students before assessments and 

surveys were administered. After consent was obtained, written assessments were issued as 

described in the following Design section. 

 

Gender # of students 

Male  21 

Female 46 

Other 2 

  

Years since last math course # of students 

0 - 2 66 

More than 2 3 

  

Figure 8. Student demographics of sample. 
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Design 

 The assessments tested the hypothesis that students would experience greater success 

when simplifying expressions containing radicals than expressions containing rational exponents. 

Furthermore, this research examines the procedural approach that most students use when 

simplifying square roots. Students were aware that their participation was voluntary and that they 

could opt out of the study at any time.  

Students who agreed to participate first signed consent forms verifying that they were at 

least 18 years of age and that the researcher had permission to use the data from the 

questionnaire and survey as part of their research. The consent forms used appear in Appendix B. 

The researcher then read a script containing instructions for the assessment, which may be found 

in Appendix C, while a volunteer distributed the first of two assessments. Three different 

versions of the assessment were administered to ensure that the order in which the problems 

appeared would not impact the results of the study. Students were instructed to place their first, 

middle, and last initials in the upper right hand corner of the page so that assessments could be 

matched after the data was collected. Each assessment contained seven problems followed by a 

nine-question survey during the last 30 minutes of one class period. Three problems appeared in 

radical form, three problems appeared in rational exponent form, and one problem appeared in 

word form. Students were instructed to show all work necessary to compute their answers as 

calculators were not permitted. The second assessment was administered two weeks later and 

contained the isomorphic pair of the questions that appeared on the first assessment. The same 

script was read to provide the instructions and three different versions of this assessment were 

administered as well. 
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A nine-question survey followed the assessment. The survey served to provide 

demographic information and asked students to reflect upon the difficulty of the assessment and 

the use of square roots and rational exponents in their daily lives. Students were also asked if 

they felt anything would improve the ease of working with square roots and rational exponents. 

The design details are summarized in Figure 9. 

Instrument Items and Justification 

 Assessment 2 was issued two weeks after Assessment 1 and contained the isomorphic 

pairs of Assessment 1. Both assessments contained three different versions with identical 

problems arranged in a different order to eliminate problem-order bias. All assessments and 

accompanying surveys appear in their entirety in Appendix A. Below is a complete instrument 

item justification presented by each isomorphic pair.  

 Isomorphic pair 1: Radical form: √42; rational exponent form: 42
1

2 

The problem in radical form appeared on Assessment 1. This problem served to analyze whether 

or not students would attempt to use prime factorization trees to further simplify this expression 

that was already in simplest form. The isomorph in rational exponent form appeared on 

Assessment 2 and served to analyze whether or not students would produce the same response as 

the problem posed in radical form. It was predicted that this problem would have a low success 

Figure 9. Design summary. 

Design Summary: 

 Two different assessments containing isomorphic problem pairs 

 Three different versions of each assessment 

 Script read by researcher to ensure consistency of directions 

 Nine questions survey to provide demographic information 

  Assessment administered to two different sections of Mathematics in Action, a 
semester long course for non-mathematics majors 
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rate as students would attempt to further simplify the expression despite already being in 

simplest form.  

 Isomorphic pair 2: Radical form: √28; rational exponent form: 28
1

2 

This problem required students to use the product property of radicals or rational exponents: 

 √𝑎𝑏 = √𝑎 × √𝑏 or (𝑎𝑏)
1

2 = 𝑎
1

2 𝑏
1

2 . Also, in order to produce a complete simplification, students 

needed to allow one of factor a or factor b to be the largest perfect square that is a factor of 28. It 

was hypothesized that students would use prime factorization trees to find the largest perfect 

square that is a factor of 28. It was also predicted that students would experience a low success 

rate with the rational exponent form of this problem. The radical form of this problem appeared 

on Assessment 2 while the isomorph appeared on Assessment 1.  

 Isomorphic pair 3: Radical form: √543
; rational exponent form: 54

1

3 

This problem required students to take the cube root of a number. Students could generalize the 

method of prime factorization trees to fit the requirements of this problem.  It was predicted that 

this problem would have a low success rate due to inexperience with cube roots. Furthermore, it 

was predicted that the rational exponent form of this problem would be left blank on the majority 

of assessments. The radical form of this problem appeared on Assessment 2 while the rational 

exponent form appeared on Assessment 1. 

 Isomorphic pair 4: Radical form: √124; rational exponent form: 124
1

2 

This question asked students to take the square root of a number that is composed of a perfect 

square multiplied by a prime. Students could have used the method of largest perfect squares or 

prime factorization trees to solve this problem. It was predicted that this question would have a 

moderate success rate. The radical form of this problem appeared on Assessment 1 while the 

rational exponent form appeared on Assessment 2. 
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Isomorphic pair 5: Radical form:√643
; rational exponent form: 64

1

3 

This problem asked students to take the cube root of a perfect cube that is also a perfect square. 

This question served to analyze if students understood what a cube root is and how to properly 

calculate a cube root. It was predicted that this problem have a moderate success rate for both the 

radical form and the rational exponent form. The radical form appeared on Assessment 1 while 

the rational exponent form appeared on Assessment 2.  

 Isomorphic pair 6: Radical form: √16; rational exponent form: 16
1

2 

 This problem asked students to take the square root of a perfect square. It was expected that 

students would have a high success rate with both the radical and rational exponent forms of this 

problem. The radical form of this problem appeared on Assessment 1 while the rational exponent 

form appeared on Assessment 2.  

 Isomorphic pair 7: Square root problem: “A square deck has an area of 144𝑓𝑡2 . What is 

the length of one side of the deck?”; cube root problem: “A Rubik’s cube has a volume of 64 

𝑖𝑛𝑐ℎ𝑒𝑠3. What is the length of one side of the cube?” 

This problem served to analyze the method that students would use to solve a problem in word 

form. It was predicted that students would use either a diagram approach, a guess and check 

approach, or an equation approach. As 144 is a familiar perfect square and 64 is a familiar 

perfect cube, students were expected to have a high success rate with this problem. The square 

root version of this problem appeared on Assessment 1 while the cube root problem appeared on 

Assessment 2.  

All problems on the assessments were specifically chosen to test the different aspects of 

the hypothesis. The survey questions were chosen so that appropriate mean comparisons between 
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gender, age, years since previous math course, and major could be calculated. The following 

provides a justification for each of the survey questions.  

Survey Question: Which gender do you identify with? (Please circle)  Male   Female   

Other____________ 
 

Justification: The purpose of this question was to collect information regarding the gender of the 

participants so as mean comparisons between genders could be calculated. 
  

Survey Question: Which age group do you best fit into? Please circle 
Under 18    18 – 20     20 – 22     22 – 24    24 – 30   30+ 

 

Justification: The purpose of this question was to identify information regarding the participants’ 
age so that generational comparisons could be made if appropriate. 

 

Survey Question: What is your current major?___________________________ 
 

Justification: The purpose of this question was to gather data regarding the participants’ majors 

so that mean comparisons between majors could be calculated if appropriate. 

 

 

Survey Question: How many years has it been since you have taken a math class prior to the one 
you are currently taking? 

 

Justification: This question serves to collect data regarding the participants’ time since taking a 
previous mathematics course. It is predicted that students who have completed a mathematics 

course within two years of the course they are currently taking may perform better on the 
assessment overall. 
 

Survey Question: Which question did you find to be the most difficult? 

 

Justification: The purpose of this question was to collect data on the difficulty of the questions 
and to compare whether or not the accuracy of a question correlated with its’ difficulty rating.  

Furthermore, it is hypothesized that students will interpret the rational exponent problems as 
being more difficult than the radical problems. 
 

Survey Question: Which question did you find to be the least difficult? 
 

Justification: The purpose of this question was to collect data on the difficulty of the questions 
and to compare whether or not the accuracy of a question correlated with its’ difficulty rating. 

Furthermore, it is hypothesized that students will claim that the square root of a perfect square 
and the cube root of a perfect cube were the least difficult. 

 

Figure 10. Demographic survey questions and justifications. 
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Survey Question: On a scale of 1 – 10, how do you rank the usefulness of rational exponents and 

square roots in your life? 
Not useful  1  2  3  4  5  6  7  8  9  10  Very useful 
 

Justification: This question serves to analyze whether or not students find rational exponents and 

square roots useful and practical to their daily lives. Students that find information useful will be 
more likely to recall the information and use it with accuracy. 

 

Survey Question: : On a scale of 1 – 10, how do you rank the difficulty of working with rational 
exponents and square roots? 
Easy  1  2  3  4  5  6  7  8  9  10  Very difficult 

 

Justification: This question serves to analyze whether or not students find working with rational 
exponents easy or difficult. Students who find the information difficult to use and work with 

may be more likely to avoid using that information and will be more likely to approach a 
problem using a different strategy or avoid the problem altogether. 

 

Survey Question: What do you feel, if anything, could improve the ease of working with rational 
exponents and square roots? 
 

Justification: This question serves to analyze whether or not students have any suggestions for 

the improvement of teaching rational exponents and square roots or learning to work with 
rational exponents and square roots. 

 

 

 The experimental design and data collection described the instruments that would be used 

in the data collection process. In the next section, we examine the methods of data analysis used 

to score the assessments and the statistical methods used to analyze the data once the data had 

been collected and scored according to the rubrics. 

Methods of Data Analysis 

 In order to test the hypothesis developed by the researcher, each assessment was scored 

according to a point-based criterion that awarded points for accuracy and steps completed 

towards a solution. Point totals were recorded and the data was analyzed using the statistical 

software, Minitab. In particular, an Analysis of Variance (ANOVA) was conducted to identify 

Figure 11. Assessment survey questions and justifications.  



WRITING RADICAL WRONGS   SIKORA-PRESS 28 
 

mean comparisons followed by a Tukey Multiple Comparison Procedure to further analyze 

specific comparisons such as the use of factor trees, and accuracy of radical problems versus 

rational exponent problems. 

Data Collection and Scoring Rubric 

  Each assessment was scored according to a detailed rubric out of 19 points. Each 

problem was worth either two, three, or four points depending on the steps needed to produce an 

accurate solution. If a student produced an accurate solution and did not show all of the steps, 

full credit was still awarded.  Also, if students used factor trees as a method of solving the 

problem ‘yes’ was written beside the problem and the number was recorded out of seven 

problems. Furthermore, isomorphic pairs were analyzed to determine if students were accurately 

able to solve one problem type more frequently than another question type. A breakdown of the 

scoring rubric appears in Figure 12 below while a complete scoring rubric is located in Appendix 

A.  

Problem Type Points Awarded 

Radical Problem It was possible for student to earn two points. 
Point one was awarded for determining the 

factors of the number using any method. Point 
two was awarded for accurately producing the 

square or cube root. 
 

Rational Exponent Problem It was possible for students to earn three 

points. Point one was awarded for accurately 
converting the rational exponent to a radical in 
the appropriate form. Point two was awarded 

for determining the factors of the number. 
Point three was awarded for accurately 

producing the appropriate square or cube root. 
 

Word Problem It was possible for students to earn four points. 
Point one was awarded for accurately 

determining that the length of one side of the 
object was a root of the area (square or cube). 

Point two was awarded for accurately 



WRITING RADICAL WRONGS   SIKORA-PRESS 29 
 

determining the factors of the area. Point three 
was awarded for accurately determining the 
square or cube root. Point four was awarded 

for accurately labeling the answer in terms of 
the context of the problem.  

 

    

 By scoring each assessment using a point-based system, the researcher was able to draw 

conclusions related to the hypothesis with the aid of Minitab. 

Descriptive and Inferential Statistical Methods 

 Once all of the assessments were graded, the data was coded into an Excel file where it 

was then transferred to the statistical software, Minitab. In Minitab, the data was analyzed in 

relation to the hypothesis. An Analysis of Variance (ANOVA) test performed using Minitab was 

used to determine if students performed better on radical problems as opposed to rational 

exponent problems across the assessments. A p-value was produced and was used to determine if 

the results were statistically significant. Furthermore, a Tukey Multiple Comparison Procedure 

was used to determine where the differences identified by the ANOVA test were located. An 

ANOVA test was also conducted to determine if students left a larger percentage of rational 

exponent questions blank when compared to radical questions. Again, once the p-value was 

obtained, the Tukey Multiple Comparison Procedure was used to identify whether more 

problems containing rational exponents were left blank or more problems containing radicals 

were left blank. Furthermore, an ANOVA test was used to determine if factor trees were used 

more frequently than any other method as a means of producing an accurate solution.  

 In relation to the survey questions, an ANOVA test was conducted to determine if one 

gender outperformed another. Also, the number of times a question was viewed as the most 

difficult was compared to the success rates identified by the Tukey Multiple Comparison 

Figure 12. Data scoring overview. 
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Procedure. Similarly, the number of times a problem was reported as least difficult was 

compared to the success rate on the problem in the Tukey Multiple Comparison Procedure.  

 The overall results were analyzed in relation to the hypothesis. Student work samples 

were also carefully examined to identify student misconceptions. The ANOVA tests and Tukey 

Multiple Comparison Procedures allowed for key results to be deciphered as described in the 

following section.  

Results 

 From this study, the following assessment results developed: 

1) Overall, students performed significantly better on problems containing radicals 

than those containing rational exponents .  

Students were more likely to correctly answer a problem that contained a radical 

than a problem containing a rational exponent (p-value: 0.000, �̅�𝑟𝑎𝑑𝑖𝑐𝑎𝑙𝑠 = 0.34, 

�̅�𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙  𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑠 = 0.13). 

2) Students used factor trees as the most common method for solving a problem 

containing radicals. 

Students were more likely to use factor trees than any other method when 

approached with a problem containing a radical (p-value: 0.000, �̅�𝑓𝑎𝑐𝑡𝑜𝑟 𝑡𝑟𝑒𝑒𝑠 =

0.54). 

3) Although students left more rational exponent problems blank than radical 

problems, there was no significant difference between the number of rational 

exponent problems left unanswered and the number of radical problems left 

unanswered. 
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 There was no significant difference between the number of rational exponent 

problems that were left blank and the number of problems containing radicals that were 

left blank (p-value 0.071; number of rational exponent problems answered, �̅� = 0.686; 

number of radical problems answered, �̅� = 0.731 ). 

Each result is explained in further detail below. 

Result 1: Students performed significantly better on problems containing radicals than those 

containing rational exponents.  

 An ANOVA test produced a p-value of 0.000 indicating that there was a significant 

difference between student performance on radical problem and student performance on rational 

exponent problems. Using a Tukey Multiple Comparison Procedure, the specific differences 

were identified. The average score on the assessment was 31%.  Students performed best on the 

problem that asked them to find the square root of a perfect square written in radical form. This 

problem was met with an 89.8% success rate. The isomorphic pair written in rational exponent 

form was met with only 25.4% accurate points. The question-by-question performance results 

are summarized in Figure 13 which displays each problem, its isomorphic problem, the percent 

of points earned on the problems expressed in radical form, and the percent of points earned on 

the problems expressed in rational exponent form according to the Tukey Multiple Comparison 

Procedure.  
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These results show that students performed better when problems were presented in 

radical form as opposed to the equivalent rational exponent form. Thus, students experience 

difficulty translating an expression in rational exponent form to its’ equivalent radical form. 

 

 

A graph displaying the percent of points answered with accuracy on problems containing 

radicals, problems expressed in word form and problems expressed in rational exponent form 

was constructed. The mean score of 31% accuracy was identified from this graph. Results show 

that students were able to obtain 49.2% of the possible points for the word problem from 

assessment A. Problems containing radicals were answered with the next greatest success rate as 

34% of the total points possible for radical problems were earned. The word problem on 

assessment B was answered with 24.9% of points obtained and the rational exponent questions 

averaged 13% of points earned.    

 Result 2: Students used factor trees as the most common method for solving a problem 

containing radicals  

Problem 

Expressed in 
Radical Form 

Percent of 

Points Earned 
Per Problem in 
Radical Form 

Isomorph 

Expressed in 
Rational 
Exponent Form 

Percent of Points 

Earned Per 
Problem in 
Rational 

Exponent Form  

Difference Between 

Percent Radical Form 
and Percent Rational 
Exponent Form Earned 

Points 

√42 18.1% 
42

1
2 

14.3% 3.8% 

√28 41.6% 
28

1
2 

8.8% 32.8% 

√54
3

 9.0% 
54

1
3 

6.5% 2.5% 

√124 15.2% 
124

1
2 

8.8% 6.4% 

√16 89.8% 
16

1
2 

25.4% 64.4% 

√64
3

 28.7% 
64

1
3 

14.2% 14.5% 

Figure 13. Analysis of the percent of points earned based on question being expressed in 

radical, rational exponent, or word form. 

Word Problem 
Appearing on 

Assessment A 

Percent of  Points 
Earned on Word 

Problem From 
Assessment A 

Word Problem 
Appearing on 

Assessment B 

Percent of  Points Earned 
on Word Problem From 

Assessment B 

Find the length of 

the side of a square 
deck with an area of 
144 𝑓𝑡2  

 

49.2% Find the length of the 

side of a Rubik’s cube 
with a volume of 64 
𝑖𝑛𝑐ℎ𝑒𝑠3 

24.9% 
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 An ANOVA test was conducted to determine whether factor trees were used as the most 

common method for solving a problem containing radicals when the problem was attempted. The 

analysis found that students used factor trees as their primary method of solving a problem 

containing a radical significantly more frequently than any other method with a p-value of 0.000. 

When students approached problems containing radicals, if they attempted the problem, they 

used factor trees to solve the problem 54% of the time. An example of students’ use of factor 

trees is shown in Figure 14. This result confirms the hypothesis that students would use factor 

trees more frequently to solve problems containing radicals.  

When students obtained an accurate answer and did not use factor trees to solve 

problems, they either performed the calculation mentally, or displayed the prime factorization of 

the number and then stated their conclusion. It is important to note that many students that used 

factor trees as part of their solution did not use their factor trees with accuracy. When students 

did not accurately use factor trees, their initial factors were incorrect or their ‘factors’ summed to 

the original number instead of multiplied to the original number. Also, the mean score on the 

assessments combined was 31% indicating that the majority of student responses were incorrect. 

Thus it appears that although students used factor trees most frequently to approach problems 

expressed in radical form, they did not frequently use these factor trees with accuracy. 

Figure 14. Student use of factor trees.  
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Result 3: Although students left more rational exponent problems blank than radical 

problems, there was no significant difference between the number of rational exponent 

problems left unanswered and the number of radical problems left unanswered.  

 It was hypothesized that when students were exposed to expressions containing rational 

exponents, they would leave the problem blank and be unable to produce an answer. Overall, 

58% of problems were left blank. The percent of radical problems unanswered was 27% and the 

percent of rational exponent problems unanswered was 31%. Although the percent of radical 

problems unanswered is less than the percent of rational exponent problems unanswered, an 

ANOVA test found a p-value of 0.071 indicating that there is no significant difference between 

the number of radical problems left unanswered and the number of rational exponent problems 

left unanswered.   

Upon further examination of problems containing rational exponents, a common 

misconception was identified. Figures 15 and 16 show that instead of recognizing the rational 

exponent as an index, students instead thought the fraction signified multiplication or addition. 

  

 

 

 

 In Figure 16, one student demonstrates their interpretation of a rational exponent as an 

indication of multiplication. This student believed that they were being asked to multiply 28 by 

½ which would be the same as dividing by the base of the exponent. The misconception of 

dividing the base by the denominator of the fraction in the rational exponent was a common 

Figure 15. Student interprets rational exponent as a multiplication 

problem.  
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misconception that students made in this problem and other problems containing rational 

exponents. Figure 16 displays another common misconception that students revealed when 

working with rational exponents. 

 

 

 

 

 

 A common misconception that students revealed was that of interpreting the rational 

exponent as a mixed number. Students that had this misconception either produced their answer 

as decimal as indicated in Figure 17, or rewrote the problem clearly indicating a mixed number.  

Survey Results 

After students completed the seven-problem assessment, they were instructed to complete 

the nine-question survey on the back of their page. The first four questions asked basic 

demographic information as seen in the Experimental Design and Appendix A. The next two 

questions asked students to identify the most difficult problem on the assessment and the least 

difficult problem on the assessment. The last three questions asked students to rank the 

usefulness of square roots and radicals, the difficulty of working with square roots and rational 

exponents, and if they felt anything could be done to improve the ease of working with square 

roots and rational exponents. Students identified Problem #3: 54
1

3 = and Problem #4: √124 = 

as the most difficult problems on assessment A closely followed by Problem #7 which was the 

word problem. Figure 17 displays a bar graph of the difficulty ratings of problems on 

Figure 16. Sample of student interpreting 

exponent as a mixed number. 
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Assessment 1. The majority of students indicated all problems being difficult which is indicated 

by the * in the Figure.    

 

 

 

 

Students were also asked to indicate the usefullness of square roots and rational 

exponents in their daily lives. On both assessments more than half of the participants indicated 

on a Lichert scale that they believed square roots and rational exponents were not important in 

their lives. If students believe that a subject is unimportant and difficult, it is not surprising that 

the average score on this assessment was so low.  

 With these results as evidence, it is clear that students have difficulty recognizing the 

equivalence between expressions given in rational exponent form and expressions in radical 

form. The following section explores implications for teaching that may help to improve this gap 

in student understanding.  

 

Figure 17. Bar chart of most difficult problems. Problem 1 represents √42, problem 2 

represents 28
1

2, problem 3 represents 54
1

3, problem 4 represents √124, problem 5 

represents √16, problem 6 represents 64
1

3, problem 7 represents finding the length of one 

side of a deck with an area of 144 𝑓𝑡2  and * represents more than 1 problem as being the 

most difficult 
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Implications For Teaching 

 The hypothesis for this study suggested that students would have difficulty accurately 

simplifying expressions in rational exponent form. Furthermore, students would use factor trees 

as the dominate method for solving problems containing radicals. The results supported this 

portion of the hypothesis and thus the following implications for teaching have been developed. 

When teaching students about square roots, be sure to introduce the equivalent rational 

exponent form and use the equivalent rational exponent form in calculations. 

 As was explored in the literature review, the concept of finding a square root existed long 

before the notation we have today was developed. Both notations are equally important in the 

mathematics curriculum, and should both be used when performing computations. The radical 

symbol and the fractional exponent notation are both notations that were created centuries after 

the concept was being used (Sworder, 1989). The familiar radical notation signifies both the 

physical quantity of a square root and the operation of computing a square root. This notation is 

useful for solving quadratics, which is a required skill from the Algebra 1 Common Core 

Standards (National Governors Association, 2010). The 2010 Common Core Standards also 

identify operations with complex numbers as being an important skill for students to have. In 

order to perform calculations with complex numbers, it is critical that students are familiar with 

radical notation.  

The fractional exponent notation indicates the power of the base and the index of the 

radical. This notation is useful when students need to perfom calculations using radicals as 

students can apply their power rules from Laws of Exponents. According to the Common Core 

Standards (2010), in Grade 8 students learn about the Laws of Exponents. These exponent laws 

allow students to perform calculations with exponents efficiently. If students realize that they can 
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apply their previously learned Laws of Exponents to operations with radicals, they will become 

more proficient with both topics. Furthermore, the rational exponent notation is used in upper 

level mathematics when students begin to calculate derivatives. In calculus, the power rule is 

commonly used and students should be able to efficiently translate between radical notation and 

rational exponent notation. Thus it is believed that first students should learn the physical 

concept of a square root, followed by the symbolic operation in radical form and then students 

should be exposed to the rational exponent form. When performing calculations, students should 

use both symbolic notations with equal frequency so that they are fluid and familiar with using 

both notations.  

When introducing square roots to students begin with a tangible represention. 

 From this research it is clear that students struggle when simplifying square roots by hand 

to produce exact values. When asked what could improve the difficulty of working with square 

roots many students simply replied with “a calculator.” This shows that students find it easy to 

locate a button on a calculator that indicates an operation, but may not understand what that 

operation actually represents in terms of a physical quanitity. Furthermore, this demonstrates that 

students lack an understanding of the term ‘exact value.’ Non-computer algebra system 

calculators do not provide the exact values of square roots of non perfect squares. Therefore, 

students should be aware of exact values versus approximate values prior to performing 

computations with square roots.  

 In order to address the notion of a square root representing a physical quantity, students 

should first be exposed to problems such as the contextual problems solved by the Babylonians. 

According to Katz (2004), the Babylonian mathematicians performed calculations related to 

physical problems that occurred in their daily lives such as finding the length of a square pasture 
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that will have a known area.  Problems posed in a context provide students with a purpose and 

reasoning as to why they should be engaged. The notation of square roots should be introduced 

afterwards, so that it is clear to students that their solution represents a physical quantity namely 

the side length of a square with the given area. Furthermore, students should be exposed to a 

variety of methods for calculating the roots of their figure. These methods may include but may 

not be limited to: factor trees, prime factorizations, and method of largest squares.  

When students use factor trees, be sure that they understand why the method works. 

 Students used factor trees as the most common method for approaching a problem that 

contained radicals on the Writing Radical Wrongs assessments, but did not always do so with 

accuracy. One reason that students may prefer this method is due to the graphic organizer 

structure of the method. In the textbooks analyzed: Mathematics A, Pre-Algebra, and Pre-

Algebra: A Transition to Algebra, factor trees were not used in the explanations (Dressler & 

Keenan, 2002; Larson, Boswell, Kanold, & Stiff, 2007; Leschensky, Price, & Rath, 1992). These 

textbooks presented methods that resembled prime factorizations and the method of the largest 

square. When students used factor trees, many students did not realize that when multiplied 

together, the factors should have a product equal to the radicand. This indicates that students 

lacked an understanding of the Fundamental Theorem of Arithmetic.  

Some students identified numbers as ‘factors,’ that were instead addends. This shows that 

students do not understand that the radicand represents a physical quantity (namely area). 

Furthermore, students may not realize that when constructing a factor tree they are utilizing the 

Fundamental Theorem of Arithmetic. The Fundamental Theorem of Arithmetic is why the 

construction of a factor tree, as well as the prime factorization method and method of the largest 

square, are successful methods for computing the exact value of a square root. Because students 
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used factor trees most often on the Writing Radical Wrongs assessment, it is implied that 

students find this method to be the most memorable. However the inaccurate implementation of 

the method suggests that the explanation of the method should be more clear. Thus students 

should develop an understanding of the Fundamental Theorem of Arithmetic prior to computing 

the exact value of square roots using any of the aforementioned methods. 

By executing these implications for teaching within the classroom, it is believed that 

students will develop a greater understanding of square roots and rational exponents. With 

multiple representations of the concept, a tangible introduction, and an explanation of the “why” 

behind the mathematics, students will have a solid foundation that they can apply to their lives 

and future mathematics courses.  

Concluding Remarks 

 The motivation for this study began by examining student misconceptions to a formative 

assessment in one section of a Mathematics in Action course at a public university. With 69 

participants from two different sections of Mathematics in Action, the results were replicated 

indicating that students lack an understanding of radicals and rational exponents. The 

implications for teaching provide some guidance as to how these misconceptions can be 

addressed, but further research could provide a more in-depth understanding of the various 

misconceptions. Specifically, further research could examine if students were given an 

assessment with problems all represented in radical form and then an isomorphic assessment 

with problems all represented in rational exponent form would the results be varied? 

Furthermore, if students were asked to solve equations that contained radicals and fractional 

exponents, would students perform better? Also, with different populations of students, would 

similar results be experienced?  Further research in these areas could help to develop a more 
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concise model of students’ conceptions in relation to square roots so that we as educators can 

guide students more effectively through their mathematical journeys.  
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Appendix A 

Instruments  

Assessment 1 

Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) √42 =       2) 28
1

2 = 

 

 

 

 

 

3) 54
1

3 =       4) √124 = 

 

 

 

 

 

5) √16 =       6) 64
1

3 = 

 

 

 

7) A square deck has an area of 144 𝑓𝑒𝑒𝑡2. What is the length of one side of the deck? 

 

AAA 
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Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) A square deck has an area of 144 𝑓𝑒𝑒𝑡2. What is the length of one side of the deck? 

 

 

 

2) √124 =       3) 64
1

3 = 

 

 

 

 

 

4) 54
1

3 =       5) √42 = 

 

 

 

 

 

6) √16 =       7) 28
1

2 = 

 

 

 

 

ABA 
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Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) √16 =       2) 54
1

3 = 

 

 

 

 

 

3) 64
1

3 =       4) √42 = 

 

 

 

 

5) A square deck has an area of 144 𝑓𝑒𝑒𝑡2. What is the length of one side of the deck? 

 

 

 

 

 

6) √124 =       7) 28
1

2 = 

 

 

 

ACA 
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Assessment 1 Key 

1) √42 =       2) 28
1

2 = 

 

 

 

 

 

3) 54
1

3 =       4) √124 = 

 

 

 

 

 

5) √16 =       6) 64
1

3 = 

 

 

 

7) A square deck has an area of 144 𝑓𝑒𝑒𝑡2. What is the length of one side of the deck? 

 

 

 

 

 

 

1 point: Determine factors of 16 

1 point: Conclude 4 

All points awarded for an answer of 4 

1 point: Recognize 54
1

3 = √543
 

1 point: Determine factors of 54 

1 point: Conclude 3 √23
 

 

1 point: Determine factors of 42 

1 point: Conclude Not Reducible 

All points awarded equivalent answers 

1 point: Recognize 28
1

2 = √28 

1 point: Determine factors of 28 

1 point: Conclude 2√7 

 

1 point: Determine factors of 124 

1 point: Conclude 2√31 

 

1 point: Recognize 64
1

3 = √643
 

1 point: Determine factors of 64 
1 point: Conclude 4 

All points awarded for an answer of 4 

1 point: Recognize the length of one side of the deck is equal to √144 
1 point: Determine factors of 144 

1 point: Conclude 12 
1 point: Include proper units of feet 

All points awarded for an answer of 12 feet, 3 of 4 points awarded for 12 
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Assessment 2 

Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) 16
1

2 =       2) √28 = 

 

 

 

 

3) √643 =       4) 42
1

2 = 

 

 

 

 

5) 124
1

2 =        6) √543 = 

 

 

 

 

 

7) A Rubik’s cube has a volume of 64 𝑖𝑛𝑐ℎ𝑒𝑠3 . What is the length of one side of the cube? 

 

 

 

BBB 
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Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) A Rubik’s cube has a volume of 64 𝑖𝑛𝑐ℎ𝑒𝑠3 . What is the length of one side of the cube? 

 

 

 

 

 

 

2) 16
1

2 =       3) 42
1

2 = 

 

 

 

 

4) √643 =       5) 124
1

2 = 

 

 

 

 

6) √28 =       7) √54
3

= 

 

 

 

BCB 
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Answer the following questions to the best of your ability. Please show any work needed to 

obtain your answers. 

Rewrite the following, if possible, to an equivalent, reduced expression. 

1) 42
1

2 =       2) √543 = 

 

 

 

 

 

3) √28 =       4) 124
1

2 = 

 

 

 

 

5) A Rubik’s cube has a volume of 64 𝑖𝑛𝑐ℎ𝑒𝑠3 . What is the length of one side of the cube? 

 

 

 

 

 

6) √643 =       7) 16
1

2 = 

 

 

 

BDB 
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Assessment 2 Key 

1) 16
1

2 =       2) √28 = 

 

 

 

 

3) √643 =       4) 42
1

2 = 

 

 

 

 

5) 124
1

2 =        6) √54
3

= 

 

 

 

 

 

7) A Rubik’s cube has a volume of 64 𝑖𝑛𝑐ℎ𝑒𝑠3 . What is the length of one side of the cube? 

 

 

 

 

 

 

1 point: Recognize 124
1

2 = √124 
1 point: Determine factors of 124 

1 point: Conclude 2√31 

 

1 point: Determine factors of 54 

1 point: Conclude 3 √23
 

 

1 point: Recognize the length of one side of the cube is  √643
 

1 point: Determine factors of 64 

1 point: Conclude 4 

1 point: Include proper unit of inches 

1 point: Recognize 16
1

2 = √16 

1 point: Determine factors of 16 
1 point: Conclude 4 

All points awarded for an answer of 4 

1 point: Determine factors of 28 

1 point: Conclude 2√7 

1 point: Determine factors of 64 

1 point: Conclude 4 

All points awarded for an answer of 4 

1 point: Recognize 42
1

2 = √42 

1 point: Determine factors of 42 
1 point: Conclude Not Reducible 

Equivalent answers receive full 

credit 
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Survey: 

Which gender do you identify with? (Please circle)    Male  Female 

 Other:__________________ 

What is your current 

major?___________________________________________________________________ 

Which age group do you best fit into? (Please circle) 

Under 18 18-20  20-22  22-24  24-30  30+ 

How many years has it been since you have taken a math class prior to the one you are currently 

taking?______ 

Which question did you find to be the most difficult?______________________________ 

Which question did you find to be the least difficult?______________________________ 

On a scale of 1-10, how do you rank the usefulness of square roots and rational exponents in 

your life? 

Not useful 1 2 3 4 5 6 7 8 9 10 Very 

useful 

On a scale of 1-10, how do you rank the difficulty of working with square roots and rational 

exponents? 

Easy 1 2 3 4 5 6 7 8 9 10 Very difficult 

 

What do you feel, if anything, could improve the ease of working with square roots and rational 

exponents? 

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________

______________________________________________________________________________ 
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Appendix B 

Student Consent Form 

SUNY Fredonia 

Memo 

Your instructor Mrs. Collene M. Sikora-Press is conducting a research investigation pertaining to 

information that college students have been previously exposed to in high school. She is 

requesting your permission to use information from an in class assessment for the purpose of her 

research. To participate, you must simply answer questions on a written assessment and survey. 

By signing this consent form, you are allowing Mrs. Press to use the information obtained from 

the questionnaire and survey as data in the study.  

Your name and identifying information will never be used in any way. The study will not 

identify you personally. Examples of your work may be included in the study, but your name and 

identifying information will never be disclosed.  

There are no risks associated with participating in this study and there is no penalty for not 

signing the consent form.  

Please remember that this study is being conducted so as to attempt to improve teaching of topics 

presented in high school and college.  

Voluntary Consent: Thank you for being a part of this study. Please print and sign your name in 

the space provided to show that you agree to participate. Remember that signing the form allows 

Mrs. Press to use your data for the research project.  

 I have read this memo and am fully aware of all that this study involves. My signature below 

shows that I freely agree to participate in this study. I understand that there will be no penalty for 

not participating. I understand that if I have any questions, I may contact Mrs. Press at 

collene.sikora-press@fredonia.edu. 

Please return this original, completed consent form as soon as possible. Thank you for your 

cooperation. 

Student Name (please print): _____________________________________________________ 

 

Student Signature:______________________________________________________________ 

  

mailto:collene.sikora-press@fredonia.edu
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Appendix C 

Script for Assessment Directions for Writing Radical Wrongs  

Thank you for choosing to complete this voluntary assessment. Please write your first, middle, 

and last initial, using capital letters, on the upper right corner of the page that contains the math 

problems. If you do not have a middle initial please write your first initial and the first two letters 

of your last name in capital letter format. (Example: CSI) Please complete this now while I wait 

(Wait 5 seconds) You are not permitted to use a calculator on this assessment. Please show all of 

your work and calculations needed to answer the questions. Begin on the side containing the 

math problems, there is a survey on the back. You have 30 minutes to complete both sides 

starting now.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 




