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Polynomial Multiplication 1 

Introduction 

This research explores how students have been taught to find the product of two 

binomials and what effect this has on student performance of finding the product of two 

polynomials containing more than two terms. Several ways the topic of multiplying binomials 

can be taught are the following: the FOIL method, a vertical and crosswise approach, an 

illustration ofhow it is simply a use of the distributive property, using Algebra Tiles, a box or 

table approach, or a vertical method similar to the standard algorithm for whole number 

multiplication. It is important for students to be able to conceptualize ideas in mathematics, as in 

other disciplines. With this ability, a student would be able to perform similar tasks in the future, 

whether it has been a month or even a year since they were first exposed to the topic. In addition, 

a student would be able to apply the conceptualized idea to several different situations, in order 

to solve a problem. In mathematics it is often necessary to find the product of two polynomials 

containing more than two terms. Since the FOIL method can only be applied to fmding the 

product of two binomials, the primary aim of this research is to determine if college students 

have been able to conceptualize the idea of polynomial multiplication or ifthey just simply 

remember FOIL. 

During seven years of teaching at the high school level, on a block schedule in a South 

Carolina high school, from 2000-2007, my interest in this topic continued to grow with every 

passing semester. Throughout those seven years, I taught everything from Pre-Algebra to 

Calculus but never taught the FOIL method, since I believe it does not promote understanding of 

polynomial multiplication. I always focused on the distributive property idea. However, on 

several occasions I taught the vertical approach, similar to the standard algorithm for whole 
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number multiplication, as well. When I taught upper level high school courses, such as Pre

Calculus and Calculus, most of the students who had learned the FOIL method from another 

teacher were unable to multiply two polynomials containing more than two terms. In contrast, 

most of my former students were able to generalize the methods learned and perform this task. 

My interest in this topic intensified while teaching a Survey of Pre-Calculus and a Survey 

of Calculus I class at the State University of New York at Fredonia during the fall semester of 

2010. During a particular lesson, most of my students were able to readily recall how to find the 

product of two binomials. Their method of doing so was the FOIL method. However, when 

posed with a similar task, one involving a binomial and a trinomial, only a select few could 

achieve success. When I inquired about their method of solution, some explained the box 

method, which was new to me, while the others explained the vertical approach, similar to the 

standard algorithm for whole number multiplication. This experience has further solidified my 

belief that the FOIL method does not promote understanding of the concept of polynomial 

multiplication and actually hinders students from performing multiplication in more complex 

problems. 

This study focuses on non-mathematics major college students' ability to perform 

multiplication of polynomials. In this study, there is a specific interest in the method that 

students use to find the product of two binomials and whether or not students are able to perform 

multiplication on polynomials involving trinomials. 

It is hypothesized that college students who initially learned the FOIL method to find the 

product of two binomials, have not conceptualized the general idea of polynomial 

multiplication, and hence they experience dif.ficulties in finding products involving 

trinomials. Specifically, it is expected that students who did not learn the FOIL method 
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will outperform students who did learn the FOIL method on trinomial multiplication 

problems. 

Literature Review 

This literature review investigates polynomials. More specifically, it illustrates how they 

are multiplied and in particular the use of the FOIL method to multiply two binomials. This 

literature review begins with an historical background from the first recorded appearance and use 

of polynomials to the notation presently used. Following this section is an in-depth investigation 

into how several textbooks introduce polynomial multiplication. In addition, there is a review of 

how polynomials have been represented on past New York State Regents Exams. This literature 

review concludes with an extensive review of several articles, published in various mathematical 

journals, on the topic of multiplying polynomials. It is this researcher's opinion that students' 

who are over exposed to the use of the FOIL method only remember the pneumonic and cannot 

generalize the procedure to fmd the product of polynomials involving trinomials in future 

mathematics courses. 

Polynomials: An Historical Perspective 

The idea of a polynomial to represent quantities dates back to 1600 B.C. in Egypt, 

Babylonia, Greece, and other countries (Eves, 1958; Katz, 1998; Smith, 1951; Smith, 1953). It 

appears as if these ideas may have come from geometrical representations. One of the earliest 

mathematical writers was Ahmes, from Egypt in about 1550 B.C. He used recipes given in words 
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to describe his ideas; however he made use of a small number of symbols (Smith, 1953). There is 

evidence that Ahmes used rules similar to what we would write as ( d - ~i to calculate the area 
9 

of a circle with diameter d (Smith, 1953). There is also evidence the Egyptians used formulas for 

area and volume. With modern notation they would look like the following; K = (a+c)(b+d) used 
4 

h(a2 +ab+ b 2 ) 
as an area formula and V = 

3 
used as a volume formula (Eves, 1958). 

The Babylonians also had a well-developed, word based, algebra system by around 1600 

B.C. which is based on evidence of solutions to equations similar to x3 + x2 = b in modern 

notation (Eves, 1958). Other evidence discovered were tablets containing hundreds of systems of 

equations that were unsolved, such as xy = 600, 150(x- y)- (x + Yi = -1000, (Eves, 1958), and 

x + y = b, xy = c where b and c are constants (Katz, 1998). These findings suggest the 

Babylonians were interested in dealing with the relationship between the area and perimeter of a 

rectangle (Katz, 1998). In addition, there is evidence to suggest the Babylonians had knowledge 

of laws for the expansion of such quantities as (a+ b)2 (Smith, 1951). 

The Greeks were able to geometrically solve algebraic problems of considerable 

difficulty. Hippocrates, in 460 B.C., solved the equivalent ofx2 + .ftax = a2
, using geometrical 

constructions. The equivalent ofx2 +ax= a and x2 +ax= b2 were solve by Euclid in 300 B.C. 

simply by completing a geometric square. Euclid did however neglect the negative roots of the 

equation. Diophantus, in 275, was the first to produce a series of purely algebraic problems, 

using symbolism, treated with analytical methods. Diophantus' work was the first devoted 

primarily to algebra and hence he is often referred to as the father of the science (Smith, 1953). 

The general, modern day notations first began appearing in 1456 in Germany. The word 

"et" was used for addition, in typical writing it closely resembled a + symbol. Therefore, there 
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seems little doubt for the use of the symbol,+, to represent addition. The minus sign,-, and its' 

origin have been the subject of quite some debate, which we will not discuss here. The Dutch 

mathematician Vander Boecke was the first to use the + and- signs within algebraic expressions 

in 1514. The multiplication symbol, x, was developed around 1600 in England. The symbol was 

not readily adopted and did not become a popular symbol in elementary arithmetic until the 

second half of the 19th century. The division symbol, +, was first introduced in print by the 

Italian algebraist Johann Heinrich Rahn in 1659. Finally, the equal sign,=, was credited to the 

English mathematician Robert Recorde. His first printing of the symbol was in 1557, however it 

was not immediately popular and did not become so until the late 18th century (Smith, 1953). 

The development of modem symbolism cannot be credited to any one person or specific time as 

it was a long developing process. 

Treatment of Polynomials in Textbooks and New York State Regents Exams 

Multiplication of polynomials can be introduced in a variety of ways. Most textbooks 

proceed through a fairly logical progression beginning with an explanation of multiplying two 

monomials. In this section the authors 

introduce the concept of adding the exponents 

when multiplying like bases. lbis leads to the 

use of the distributive property to illustrate 

how a binomial can be multiplied by a 

monomial (Blitzer, 2007; Gantert, 2007, 2009; 

Keenan & Gantert, 1991 ; Larson, Boswell, 

Mttlllpl~ (, + .\)(' - :') 
1·11<..: f 11",1 h..'! Ill'( olh..' .\ <IIHI \ -rh\!11 p.-,,,Jtu.:ll-.. \ 

l IH.' ) nh•~k t~..·r~lh ·"": , .• uH.J ~- l h .. ·i•· pnH.ith,:l 1-. -;>. '· 

Th~..· n-..u.f.: h:nn..: ~tfo.! -~ oiiH.I ' Thc ... ir· ptiHhn.:l .... -~ \' 

111<.: t .1 .. 1 tcnn-. .an: 3 .111d- ~- Th.:ir p!i.h..lu..:l • .., ·--15. 

C,•nlhllh .. ' lht.: hko: h.'l"lll' Ill \ - ."i' + ; \ - I$. 

___ { \ + .'•)(\ ~) = ,. - ::-__ ,_-_,5 __ ----

r
l!j f i::i!ItJ 1 , Multiplying Using the FOtL Method 

1'-lult1ph u-.HII: tho.! llHI llll'lhod 

E"·l (a+ :<)(.1 ') 

SOLUTION 

I: "· .r .. ,,J. (): o • ( -5)- -::'o<J 1: :-> • c1-== :-iu I: S • l-:0) -4 11 

.:::. t1 ' - 5o~ + :-;a - -'C I Cornbtnc ltkc tenns. 

(!0 (2, - :l}{.J, + 2) 

SOLU TION 

1":2., ·3\ (n 0:2\•l=·h 1: -:.:t •.J\ --9\ 1.:-.\ · 2--fo 

-= I• \ -~ - -1 ~ - •J' - C• M~tllrply 

-=. 6': - :' ,. h Conlbcne hke ten11s. 

Figure I: FOIL Method. Saxon. (2009). Algebra 2. USA: 
Saxon, p. 129 
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Kanold, & Stiff, 2007a, 2007b; Saxon, 2009). However, moving forward to multiplying 

polynomials that do not include \lulr lpl -: (2.t - '; . ). 

luti n 

a monomial is where many of 

the similarities fade away. 

Saxon (2009) introduces 

multiplying two binomials using 

the FOIL method. This is done 
Figure 2: Distribution. Blitzer, R. (2007). 
Precalculus essentials (200 ed. ). Upper Saddle 
River, NJ: Prentice Hall, p. 45 

by simply stating the letters in FOIL 

represent the location of each term in the 

binomials. The author then gives 3 examples 

detailing each letter of the pneumonic FOIL; 

see Figure 1, followed by one example of 

1: 

x (x2 + Bx + 9) = 
- 4 2 + Bx "t" 9 = 

.4 nswer: 

x- + Bx + 9 

~--------~~~~ 

Figure 3: Vertical Approach. Keenan, E., & Gantert, A. 
(1991). Integrated mathematics: Course III (200 ed.). New 
York, NY: Amsco School Publications, p. 51 

multiplying a binomial and a trinomial. It is of interest to note that the author does not mention 

that the FOIL method is not applicable to this situation or how it makes use of the distributive 

property. Rather the solution is simply given 

by instructing the reader to multiply every 

term in the binomial by every term in the 

trinomial. However, the next example is multiplying 

I ~ l I 

l ol l • I 

Figure 4: Vertical Approach, Blitzer, R. (2007). 
Precalculus essentials (Zncted.). Upper Saddle River, NJ: 
Prentice Hall, p. 46 

three binomials. Interestingly the reader is reminded of the Associative Property of Equality for 

multiplication and the fact that it holds true for polynomials. The author then illustrates two 

different solutions using the Associative Property of Equality. During the illustrations, the reader 

is instructed to use the FOIL method to multiply the two binomials however only directed to 

multiply the remaining binomial and the resulting trinomial from the use of the FOIL method. 



Contrary to that is an approach 

where the first exposure to multiplying . . 
two polynomials, neither being a 

monomial, is a binomial times a 

trinomial. Explained as distribution of the frrst term 

r l 

I l 
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II 

~. " 
I 

lu'~ 

Figure 5: FOIL Method, Blitzer, R (2007). Precalculus 
essentials (2nded.). Upper Saddle River, NJ: Prentice 
Hall. n.4h 

of the binomial throughout the trinomial, the second term of the binomial in a similar manner, 

and then combining like terms to arrive at the final product (Blitzer, 

2007), see Figure 2. A vertical approach is illustrated, set up like 

traditional multiplication of a three digit by a two digit number; however, 

the multiplication is done from left to right showing a direct connection 

to the distributive property (Keenan & Gantert, 1991), see Figure 3. 

A vertical approach, 

mimicking multiplication of 

a three and a two digit 

number is displayed 

(Blitzer, 2007), see Figure 

4. The two textbooks show 

a horizontal approach for 

multiplying two binomials, 

3:c - 10 
I I 

x + ~) (3x - 5) 

L! _j 
2 X 10 . n 

Figure 6: Multiply, Keenan, 
E., & Gantert, A. (1991). 
Integrated mathematics: 
Course III (2nd ed.). New 
York, NY: Amsco School 
Publications, p. 51 

very similar in nature, one illustrating the FOIL 
Figure 7: Algebra Tiles, Larson, R, Boswell, L., 
Kanold, T., & Stiff, L. (2007b ). Pre-algebra. 
Evanston, II: McDougal Littell, p. 667 

method (Blitzer, 2007), see Figure 5, and one simply stating to multiply the first terms ofthe 

binomials, the first term of each by the last of the other, adding these together, and multiplying 

the last terms (Keenan & Gantert, 1991), see Figure 6. 
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Two other textbooks, Math: Course 3 and Pre-algebra, written by Larson, Boswell, 

Kanold, & Stiff 

(2007a, 2007b), 

present a hands on 

approach first and 

save FOIL as their 

last illustration. 

first illustration is 

using Algebra Tiles. Arrangement of the tiles, with one 

binomial representation across the top and one vertically on 

the left side, illustrates a rectangle, followed by filling in the 

Figure 8: Algebra Tiles, 
Larson, R., Boswell, L., 
Kanold, T., & Stiff, L. 
(2007a). Math: Course 3. 
Evanston, II: McDougal 
Littell, p. 733 

region with the appropriate tiles. The tiles covering the 

rectangular region represent the product of the 

Figure 9: Algebra Tiles, Larson, R., Boswell, L., 
Kanold, T., & Stiff, L. (2007a). Math: Course 3. 
Evanston, II: McDougal Littell, p. 734 

binomials (Larson et al., 2007b), see Figure 7. 

Adding the rectangular areas inside the model 

gives the total area and hence the product of the 

binomials (Larson et al., 2007a), see Figure 8. 

Both textbooks illustrate multiplying binomials 

Figure 10: Algebra Tiles and Table Method, Larson, R., 
Boswell, L., Kanold, T., & Stiff, L. (2007b). Pre-algebra. 
Evanston, II: McDougal Littell, p. 668 

using the distributive property and using a table. Since both are written by the same authors, it is 

of interest to note there are some differences between the two. 

Following the Algebra Tile illustration, a similar model is 

shown using x's and 1 'sin place oftiles, then the table method is 

Figure 11: FOIL Method, Gantert, 
A. (2009). Algebra 2 and 
trigonometry. New York, NY: 
Amsco School Publications, p. 18 

shown (Larson et al., 2007a), see Figure 9. In contrast, the table approach is illustrated as 
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being similar to using algebra tiles, with the two side by side (Larson et al., 2007b ), see Figure 

10. In addition, multiplying binomials using a vertical ( - - rl 

approach, mimicking the vertical approach of Figure 12: FOIL Method, Gantert, A. (2007). Integrated algebra 1. 
New York, NY: Amsco School Publications, p. 183 

multiplying two, two digit numbers, is presented (Larson et al., 2007a). Finally, the FOIL 

method is described in the traditional 

manner, First, Outer, Inner, Last. However 

(Larson et al., 2007b ), directly links the 

distributive property to producing these four products being added. 

Figure 13: Geometrical Illustration, 
Gantert, A. (2007). Integrated 
algebra 1. New York, NY: Amsco 
School Publications, p. 183 

Further investigation of textbooks 

leads to another pair, written by the same 
Figure 14: Distributive Property, Gantert, A. (2007). Integrated 
alaebra 1. New York, NY: Amsco School Publications, p. 184 

author, having subtle differences in the presentation ot multiplymg polynomials. tlegmnmg with 

a demonstration using the distributive property to multiply two binomials they are similar. 

Directly linking this distribution to the 

FOIL method (Gantert, 2009), see 

Figure 11, differs from how the words Figure 15: Product of Two Trinomials, Gantert, A. (2009). Algebra 2 and 
trigonometry. New York, NY: Amsco School Publications, p. 19 

are just written above each term (Gantert, 2007), see Figure 12. In addition, a geometrical 

illustration, see figure 13, and a vertical approach are displayed (Gantert, 2007). The vertical 

approach is similar to the one in figure 3 (Keenan & Gantert, 1991 ). Both of these textbooks 

-· 

conclude with a demonstration of the use of the distributive property, multiplying a trinomial and 

a binomial (Gantert, 2007), see Figure 14, and two trinomials (Gantert, 2009), see Figure 15. 

Final assessment for high school mathematics courses in New York State, along with 

other disciplines, is the New York State Regents Exam. Over the last two years, New York State 

has transitioned from a Math A and Math B curriculum to an Integrated Algebra, Geometry, and 
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Algebra 2/Trigonometry curriculum. A review ofthe New York State Regents Exams in 

mathematics given over the last 10 years was conducted to find out how often polynomial 

multiplication and factoring appeared on the assessment. The June administration of the 2001-

2008 Math A, 2009-2010 Integrated Algebra, 2001-2009 Math B, and 2010 Algebra 

2/Trigonometry exams were reviewed. 

The exams consisted of34 to 39 questions, 20 to 30 ofthe questions were multiple choice 

with the remaining questions being free response. Of the eight Math A exams reviewed, all eight 

included one or two questions which required the students to factor a quadratic expression, while 

the 2009 and 2010 Integrated Algebra exams included two and three questions respectively. Four 

of the Math A exams included one question which required the students to find the product of 

two binomials, while the other four and both Integrated Algebra exams did not contain any 

questions requiring the students to find the product of two binomials. As for the Math B exams, 

six contained one or two questions on which the students were expected to factor a quadratic 

expression, one included three such questions, and two did not include any. Three of the exams 

did not include any questions requiring the student to fmd the product of two binomials, one 

exam contained one question, while the other five contained two questions. The 20 10 Algebra 

2/Trigonometry exam included two of each type of question. The students were not required to 

perform polynomial multiplication involving a trinomial on any of these exams. The rare 

occurrence of binomial multiplication and the non-existence of trinomial multiplication on New 

York State Regents Exams may be the leading cause to the excessive use ofthe FOIL method in 

high school mathematics classrooms 

(http:/ /www.jmap.org/htmlsupport/JMAP _MATH_ AB _ ARCHIVES.htm; 

http://www.jmap.org/JMAP _REGENTS_ EXAMS.htm). 
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Using Students' Prior Knowledge, Informal Thinking and Reasoning to Enhance Learning 

Some may believe there is too much to learn in mathematics and that is why many 

students have a difficult time with the subject. This is true, in some sense there are several fields 

of mathematics, as in any subject though. Teachers can decrease the stress on 

students by focusing on students' reasoning and informal thinking (Jones & 

Johnston, 2010; Wu & Wang, 2008). In addition, the number of 
Figure 16: Exampling Method, Wu, Y., & 
Wang, Y. (2008). Experimental study on 
effect of different mathematical teaching 
methodologies on students' performance. 
journal of Mathematics Education, 1(1), p. 
165 

procedures a student must learn to be successful in 

mathematics could be reduced if teachers take students' 
Out~rtenn Inner term lnnertenn Outerteml 
(3x ..- 2) (2x I) 

Firstterm Outertcrm Firsttcrm Out~rtem1 

prior knowledge into COnsideration and ShOW them how Remo,ingtheparm!heses, wecangrt: 

to apply it to multiple settings (Hsu, Kysh, Ramage, & 

Resek, 2007; Tanner & Hale, 2007). 

One study, based on Chinese mathematics 

teaching, focused on four methods of teaching 

multiplying two binomials (Wu & Wang, 2008). The 

methods are as follows: (1) the exampling method, 

uses lines to show the distribution of each term, 

(2) the labeling method, similar to foil, (3) the 

3xX:x +1 X! + •' X.'x+3xXJ 

so, (3x- 2) i.'x- i) = 6.,~-i:\" - 2 

Figure 17: Labeling Method, Wu, Y., & Wang, Y. (2008). 
Experimental study on effect of different mathematical 
teaching methodologies on students' performance. 
journal of Mathematics Education, 1(1), p. 165 

•• l 
Figure 18: Diagram Method, Wu, Y., & Wang, Y. (2008). 
Experimental study on effect of different mathematical 
teaching methodologies on students' performance. 
journal of Mathematics Education, 1(1), p. 166 

\_1 q;r f r'TJ 'JI1 I . ' ' ' . I . ' }\' hti. 

diagram method, uses a geometric 
fonuul ' e 1..' n •~: t 

representation, and (4) the equation method, 

uses an equation, as illustrated in Figures 16- 19. Figure 19: Equation Method, wu, Y., & Wang, Y. 
(2008). Experimental study on effect of different 
mathematical teaching methodologies on 

The study was conducted using four different classes, students' performance. journal of Mathematics 
Education, 1(1), p. 166 

each receiving a different method, and all students being above average grade level. The results 
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showed that teachers preferred the exampling method with students who lacked a strong 

foundation since it promotes calculating skills. Furthermore, teachers preferred the equation 

method for students who were strong in mathematics because it is easy for these students to 

remember the formula and it helps students refine their symbol operation skills. The student 

performance results showed the diagram method to be the most effective, the exampling method 

a close second, the labeling method a distant third, and the equation method being the least 

effective. These results were due to the diagram method being easy for students to accept since it 

allows students the opportunity to see the relationship between area and the symbolic operations. 

Although the exampling method does not provide the students with an area relationship to 

polynomial multiplication, it does provide a visual roadmap ofthe use of the distributive 

property (Wu & Wang, 2008). 

For many students, learning mathematics may seem similar to learning a foreign 

language, with multiple rules and definitions to remember. If the students are able to connect the 

new concepts to prior knowledge then it may reduce the anxiety so commonly reported by 

students when presented with new material (Tanner & Hale, 2007). Several examples were 

given, and one involved the multiplication of polynomials. When teachers present the FOIL 

method to multiply two binomials, the language must change in order to discuss the product of 

two trinomials, or a trinomial and a binomial. However, if the box method, another name for the 

table method, is presented instead of FOIL, the language does not need to change when 

discussing the product of larger polynomials. The box method can be applied to the product of 

any two polynomials (Tanner & Hale, 2007). 

Other researchers also share similar thoughts on how building on prior knowledge makes 

mathematics more sensible for the students and hence will make it easier for students to 
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reproduce the algebraic manipulations long after the instruction has been delivered (Hsu et al., 

2007). After initial visits to school, it was noted that students' main concern was reaching the 

correct answer with little to no discussion of the underlying principles. Furthermore, the teachers 

felt pressured to cover all procedures that could possibly show up on the state exam. According 

to Hsu et al (2007): 

Several of the teachers did not realize that knowing the definition for positive integral 
exponents is all that is needed to generate the exponent rules nor did many realize that 
combining like terms and the common American mnemonic for multiplying binomials 
'FOIL' (find the products of the First, Outside, Inside and Last terms) are both instances 
of the distributive property. Thus, students were learning numerous unrelated procedures, 
which they could have derived from a few root ideas. (pp. 327-328) 

The goal of the study was to provide teachers with a tool to alter their classroom pattern of 

students striving for correctness without understanding the principles. The tool presented was the 

Big Idea. 

A Big Idea is a topic or idea that: 
A. connects to different parts of the curriculum, 
B. when understood serves as a basis for understanding other topics, and 
C. is specific enough to be used to make choices about curriculum (p. 328). 

Further investigation into the research literature provides multiple descriptions of methods used 

by teachers in their classrooms. 

Methods for Multiplying, Factoring, and Simplifying Polynomials 

Given the large number of mathematics teachers in the world, it is not surprising for each 

to have his/her own preference when it comes to the way they present certain concepts, in 

particular, multiplying polynomials and factoring trinomials. With respect to factoring 

trinomials, many teachers revert back to some method of multiplying binomials (Dukovak, 2006; 
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Khazanov & Kirupaharan, 2010; Nataraj & Thomas, 2006). The notion of squaring a binomial is 

also problematic for many students, thus a visual representation using a square is often helpful 

(Porringer, 2000; Tillema, 2009). While introducing the concept of multiplying two polynomials 

another visual representation, called a table or a box method, is often produced by the teacher 

(Barlow, 2004; Becker, 2006; Boaler, 2008; O'Neil, 2006). Various methods are also used to 

illustrate the distributive property and its close relationship to whole number and polynomial 

multiplication such as the lattice method and a vertical method (Nugent, 2007; Staple, 201 Oa, 

2010b, 2010c; Switzer, 2010). 

Sometimes a teacher may explain methods to a class as simple steps without any 

reasoning. Many students may have questions like: Why does it work? Where did that come 

from? How does it fit with what we did yesterday? Typically these questions are met with 

responses that just reiterate the method previously explained without an appreciation for why the 

questions were asked. One such example is the teaching of multiplying two binomials using the 

FOIL method, a process that often seems meaningless to students, difficult to remember, and 

easy to muddle up (Boaler, 2008). 

While observing a class Boaler encountered such a situation. A girl in the class asked the 

teacher: "Can you tell me why it works like this? Why does it have to be in that order, with all of 

that adding?" (Boaler, 2008, pp. 124-125). The teacher responded by saying ''that is how the 

formula works" and "you just need to remember it." Boaler knelt beside the girl's desk and 

offered to draw a diagram. Boaler explained how we can think of multiplication visually by 

using the expressions as sides of a rectangle. Before finishing the diagram, others had begun 

watching, and the girl said "Oooh, I see it now" (Boalrer, 2008, p. 125) and the others were 

making similar noises. Drawing the diagram allowed the students to see why it worked which 



Polynomial Multiplication 15 

was important for their understanding of the concept (Boaler, 2008). 

For most students, the procedure of multiplying polynomials is not ~ S 
difficult to understand. They easily grasp the idea that each term of the 

second polynomial is multiplied by each term of the first polynomial. 

The trouble students have is multiplying all of the terms properly and 

Figure 20: Box Method, 
Barlow, A. (2004). How can 
a box help my students 
with multiplying 
polynomials?. Mathematics 
Teaching in the Middle 
School, 9(9), p. 513 

then combining the like terms to write the resulting polynomial (Barlow, 2004). Rather than 

giving the traditional FOIL method for multiplying two binomials, she illustrates the use of a 2-

by-2 box, with small cells, and placing the terms of the binomials 

on the outside, as exemplified in Figure 20. Completion of the box 

is achieved by filling in the cells with the product of the terms 

outside the row and column of which the cell is oriented. Once the cells 

are filled, the box represents the product of the two binomials. By 

combining like terms, the students can write the resulting polynomial. 

Figure 21: Box Method, 
Barlow, A. (2004). How can a 
box help my students with 
multiplying polynomials?. 
Mathematics Teaching in the 
Middle School, 9(9), p. 513 

Students could benefit from being given time to investigate the properties of the box. 

Some of the properties are as follows. It does not matter which polynomial has been placed along 

the side and which has been placed on the top of the box. The terms outside each row and 

column are the greatest common factors ofthe row or column, which may enhance the students' 

ability to factor in later lessons. The products down the diagonals are equal. This can be explored 

further by asking the students to complete the box for (a + b)( c + d) and comparing the products 

of the diagonals. This method can easily be extended to multiply polynomials such as (2x2 + x + 

7)(3x3 + 6x2
- 4x- 5) by using a 3-by-4 box, see Figure 21. Furthermore, with the latter 

example, students will readily observe that the like terms lie in the diagonal cells from lower left 

to upper right, ifthe terms are placed in descending order outside the box (Barlow, 2004). 
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When teaching multiplication of polynomials, FOIL is a 

traditional method taught, however it produces minimal conceptual 

understanding of polynomial multiplication (Nugent, 2007). Nugent 

shows how the lattice multiplication algorithm can be applied to find the 

product of two binomials, see Figure 22. The lattice allows students to 

make the connection of how the distributive property is used in 

Figure 22: Lattice Method, 
Nugent, P. (2007). Lattice 
multiplication in a preservice 
classroom. Mathematics 
Teaching in the Middle 
School, 13(2), p. 113 

multi-digit multiplication as well as in polynomial multiplication. It is important to point out the 

similarities between polynomial and whole number multiplication, when forming the rows and 

columns. Also of importance is the use ofO's for missing degrees of 

the variable in a polynomial, just as the O' s in whole numbers are 

necessary to include to represent their place value, see Figure 23. It is 

important for students to understand how to conceptualize whole 

number operations as these transcend into algebraic operations 

(Nugent, 2007). 

Using a variety of algorithms may help students develop the 

Figure 23: Lattice Method, 
Nugent, P. (2007). Lattice 
multiplication in a preservice 
classroom. Mathematics 
Teaching in the Middle School, 
13(2), p. 113 

type of understanding required to accomplish mathematical goals (Switzer, 2010). Traditionally, 

the introduction of the distributive property of multiplication over addition is done using a 

monomial and a binomial. Unfortunately, once the course moves past distribution of a monomial 

to multiplication of two binomials, students use shortcuts, such as FOIL, and students lose the 

connection to their prior knowledge of the distributive property and its actual application in this 

process. Switzer noted: "Approximately half my pre-calculus classes thought they did not know 

how to multiply a binomial by a trinomial, because they were unable to apply FOIL to this 

situation" (p. 404). By revisiting how students used partial products to compute, for example, 
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23 x 4 7, rather than the traditional algorithm, he showed them how they were using the 

distributive property. Moreover, pointing out connections to their previous knowledge, allowing 

them to recognize how to apply the distributive property to this new situation. 

The latter portions of this literature review included descriptions of multiple methods for 

polynomial multiplication. These methods range from building on students' knowledge of multi

digit whole number multiplication to geometrical representations to organizing terms in boxes, 

and of course the FOIL method. Throughout the literature the FOIL method appears to be the 

least favored method for teaching binomial multiplication (Barlow, 2004; Boaler, 2008; Hsu et 

al., 2007; Nugent, 2007; Switzer, 201 0; Tanner & Hale, 2007). The following section describes 

the details of an experiment designed of this study to test the hypothesis that college students 

who initially learned the FOIL method to find the product of two binomials, have not 

conceptualized the general idea of polynomial multiplication, and hence they experience 

difficulties in finding products involving trinomials. 

Experimental Design 

Subjects 

This study was conducted at the State University of New York at Fredonia in Fredonia, 

New York. Located in Western New York, 40 miles southwest ofBuffalo, the Village of 

Fredonia has a population of approximately 11 ,000 people. The university has a student 

population of approximately 5,775 students: 5,374 undergraduate and 401 graduate students. An 

overwhelming majority of the undergraduate students enrolled at the university come from Erie, 
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Chautauqua, Monroe, Cattaraugus, Niagara, and Onondaga County. Ofthe remaining 

undergraduate student population, 113 come from other U.S. states while 93 of them are from 

one of 18 different foreign countries. The Year Mathematics Survey of 

university has 242 full-time faculty and 195 part-
inAction Calculus I 

Freshman 24 8 

time faculty members, with 92% of the full-time 
Sophomore 6 16 

faculty members holding the highest degree in 
Junior 1 5 

their field. 
Senior 1 4 

The participants of this study consisted of 
Total 32 33 

65 college students including 29 males and 36 

females. The students were enrolled in a section of Mathematics in Action or a section of Survey 

of Calculus I. The Mathematics in Action course had 32 students: 24 freshmen, six sophomores, 

one junior, and one senior. The Survey of Calculus I course had 33 students: eight freshmen, 16 

sophomores, five juniors, and four seniors. The section of Mathematics in Action and the section 

of Survey of Calculus I that the subjects were enrolled in were taught by this researcher. 

Both of these courses are college core curriculum courses and students majoring in 

mathematics or mathematics education are not permitted to take them. In addition, Survey of 

Calculus I does not permit physics or chemistry majors either. As a result, the mathematical 

interest of the students enrolled in these courses in typically weak. In addition, among the 

students enrolled in these courses there is, in general, math anxiety and a dislike of mathematics. 

Design 

This experiment was designed to test the hypothesis that college students who initially 
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learned the FOIL method to find the product of two binomials, have not conceptualized the 

general idea of polynomial multiplication, and hence they experience difficulties in finding 

products involving trinomials. The experiment consisted of a quiz followed by a short survey. A 

copy of the survey can be found in Appendix Band a copy ofthe quiz can be found in Appendix 

C. The quiz was a 15-minute, 1 0-problem quiz, administered prior to teaching the lesson on 

polynomial multiplication, to assess students' knowledge ofpolynomial multiplication. 

Immediately following the quiz the students were asked to complete the survey. The survey 

consisted of five questions, used to determine what FOIL means to the students, the year in 

which they participated in their last algebra or pre-calculus class, to assess the student's 

knowledge of the distributive property, and knowledge of multiple methods for polynomial 

multiplication. 

Instrument Items and Justification of Items 

The quiz items were designed to assess the students' knowledge of various aspects 

associated with polynomials multiplication. Problem #1, (3x)(5x), was used to assess the 

students' knowledge of the rules for multiplying monomials. Problems #3, 2z2(6- z2 +3z), and 

#5, (4y- 3)(7y), assessed the students' ability to distribute a monomial from the left and right 

side of a polynomial. Problems #6, 3(4w + 5)- 6w(7- 3w), and #10, -4(3n- 2 + 5n2
) + 

5n(7n2 + 9- 8n) assessed the students' ability to distribute a monomial, involving negative 

terms, into a polynomial and their ability to combine like terms. Problems #2, (t + 9)(2t + 3), and 

#8, (5- 3m)(4m + 1), served two purposes: to assess the students' ability to multiply two 

binomials and to observe the method employed by the students. Problems #4, 
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(2x + 5)(6x2
- lOx+ 7), and #9, (4y + 2r- 3)(5- 6y), also had a dual purpose: to assess the 

students' ability to multiply a binomial and a trinomial and apply the associative property and to 

observe if students attempt to employ the FOIL method since the problems involve a binomial. 

Problem #7, (z2
- 4z- 5)(3~ + 7z- 2), also served a dual purpose: to assess the students' ability 

to find the product of two trinomials and to observe the method employed by the students. 

The survey questions were designed to obtain information from the students in regard to 

their prior mathematics experience and knowledge of properties and methods involving 

polynomials. Question #1, What does FOIL mean to you?, was designed to determine if the 

students just remember what the letters stand for or if they associate it with fmding the product 

of two binomials. Question #2, What property would you use to expand 3(2x -7)?, assessed the 

students' knowledge of the definition of the distributive property, not their ability to use it. 

Question #3, What method would you use to find the product of two binomials? i.e. 

(ax+ b)(cx +d), was designed to determine how many students would employ the FOIL method 

to find the product of two binomials. Question #4, Were you taught any other methods to fmd the 

product of two binomials? If so, what are they? (Describe them if you do not know what they are 

called), assessed the students' knowledge of multiple methods for performing polynomial 

multiplication. Question #5a, In what year did you take your last algebra/pre-calculus course?, 

was designed to determine how long it had been since the students, most likely, last encountered 

polynomial multiplication. Question #5b, What was your final grade in that math course?, was 

designed to determine if there was an association between the student's grade in their previous 

mathematics course and their knowledge of polynomials now. 
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Data Collection and Methods of Data Analysis 

The data for this experiment were collected through analysis of 2 Points Correct 
Solution 

the quiz and survey described above. A qualitative item analysis of the 1 Point Arithmetic 
Error 

quizzes was conducted using the following rubric: two points for each 0 Points Incorrect 
Method 

correct solution, one point for correctly applying an appropriate 

method with the solution containing an arithmetic error, and zero points for incorrectly applying 

a method. The results were then organized in tables to be used for analysis. The scores for each 

individual participant were also recorded for further 

analysis which will be discussed later in this section. 

Responses to the survey questions were tallied and organized in tables for analysis. 

Responses to the first question were tallied under the following four categories: (1) incorrect 

response, (2) only the Words Only Conceptual Both 
Understandin 

words the pneumonic 

FOIL stands for, (3) only the conceptual understanding that FOIL is a method for multiplying 

two binomials, (4) both the words FOIL stands for and the fact that it represents a method for 

multiplying two binomials. Question two was tallied under the Correct 

categories of number of correct and incorrect responses. These 

results were then combined with the results of quiz questions #3, #5, #6, and #1 0 to determine 

the relationship between knowing the name of the distributive property and the students' ability 

to use the distributive property correctly. The method and Method I Responses I 
number of times the method appeared as a response was 

recorded for question three. For question four the Method Responses 
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method was recorded along with the number of responses the method received. In addition, the 

number of times the particular method was the only response given by a student was recorded. 

The responses given for question five were to be used to determine if there was a relationship 

among the amount of time since the students' last experience with polynomial multiplication, the 

methods learned, and the students' retention of the concept of polynomial multiplication. 

However, the data collected was insufficient. Further discussion of question five can be found in 

the results section. 

The scores were divided into two groups, by students who just learned FOIL and students 

who learned alternative methods. The average score was calculated for each of the two groups. 

Analysis of variance was used to determine the level Non-FOIL FOIL 
Learners Learners 

of significance of the difference in scores. Particular Average 
Score 

attention was given to problems #2, #4, #7, #8, and n 

#9. Since these problems involve the product of two t-test 

binomials where the FOIL method is applicable, the 

results of #2 and #8 were analyzed. Since these problems involve products of trinomials where 

the FOIL method is not applicable, the results of#4, #7, and #9 were analyzed. Average scores 

for these five problems, and the different groupings were computed for the two groups of 

students described above and ANOV As were employed to determine the level of significance of 

the difference in scores. 

Results 

Analysis ofthe survey found that 48 college students indicated that they learned the FOIL 
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method, referred to as FOIL learners, and 17 college students indicated that they did not learn the 

FOIL method but learned other methods for performing polynomial multiplication, referred to as 

non-FOIL learners. The study produced four primary results. Two of these results support the 

hypothesis of this study. Therefore, FOIL learners experienced difficulty performing polynomial 

multiplication involving trinomials. Furthermore, the non-FOIL learners outperformed the FOIL 

learners on polynomial multiplication involving trinomials. ANOV As at the 0.05 level were 

utilized to determine the significance of the data. 

• Non-FOIL learners significantly outperformed FOIL learners: The non-FOIL 

learners achieved a 19.24% higher mean score on the quiz than the FOIL learners. 

(ANOVA p-value < .001; non-FOIL learners: x = 88.82%, FOIL learners: 

x = 69.58%) 

• Conceptually there was no significant difference between the two groups on the 

two questions where FOIL was applicable, however conceptually non-FOIL 

learners significantly outperformed FOIL learners on the three questions where 

FOIL was not applicable: The Non-FOIL learners achieved a 13.32% higher 

mean score than the FOIL learners on the two problems where FOIL was 

applicable, however, conceptually both groups performed equally well. (ANOV A 

p-value = .357; non-FOIL learners: x = 86.76%, FOIL learners: x = 73.44%) The 

non-FOIL learners conceptually outperformed FOIL learners on the three 

questions where FOIL was not applicable and achieved a 28.47% higher mean 

score than the FOIL learners on these three questions. (ANOVA p-value = .001; 
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non-FOIL learners: x = 83.33% FOIL learners: x = 54.86%) 

• Non-FOIL learners made significantly fewer arithmetic errors than did the 

FOIL learners on questions where either only the distributive property over 

addition and subtraction was needed or the distributive property and 

simplification were needed: The non-FOIL learners achieved a 17.39% higher 

mean score than the FOIL learners on the four problems where either only the 

distributive property was needed or the distributive property and simplification 

were needed. (ANOVA p-value < .001; non-FOIL learners: x = 92.65%, FOIL 

learners: x = 75.26%) 

• No significant difference existed between students who could identify when to 

use the distributive property over addition and subtraction and their ability to 

achieve the correct answer using the distributive property: The problems 

considered for these two groups, are the same four problems considered in the 

previous result. The group of students who properly identified when to use the 

distributive property, referred to as distributers, only achieved a 4.53% higher 

mean score than the group of students who failed to properly identify when to use 

the distributive property, referred to as non-distributers, on these four problems. 

(ANOVA p-value = .197; distributers: x = 81.76%, non-distributers: x = 77.23%) 

Result 1: Non-FOIL learners significantly outpeiformed FOIL learners 

An item analysis was performed after the scoring of the quiz was completed. Each 
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question received 2 points if the solution was correct, 1 point if the solution employed an 

appropriate method but contained arithmetic error(s), and 0 points if the solution method was 

inappropriate. Figure 24 shows the percentages of non-FOIL learners who earned each ofthe 

scoring parameters for each problem, the mean score for the non-FOIL learners on each problem, 

Figure 24: Item analysis and means for non-FOIL learners 

and the overall percentages for each scoring parameter and the overall mean score on the quiz for 

the non-FOIL learners. Figure 25 shows the percentages of FOIL learners who earned each of the 

scoring parameters for each problem, the mean score for the FOIL learners on each problem and 

the overall percentages for each scoring parameter and the overall mean score on the quiz for the 

FOIL learners. 

The results show that the non-FOIL learners had 29.68% more correct answers than the 

FOIL learners. The mean score of the non-FOIL learners was 19.24% higher than the FOIL 

learners. An ANOVA was performed, (p-value < .001, R-squared = 15.62%) on this data. The 

results indicate that the better performance by the non-FOIL learners over the FOIL learners is 

statistically significant. 
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%Correct o/o Errors o/o Incorrect 

Figure 25: Item analysis and means for FOIL learners 

Result 2: Conceptually there was no significant difference between the two groups on the two 

problems where FOIL was applicable, however conceptually non-FOIL learners significantly 

outpetformed FOIL learners on the three problems where FOIL was not applicable 

Since a score of 1 point on a problem indicated conceptual understanding of polynomial 

multiplication, the 1 'sand 2's were combined and compared to the number ofO's for particular 

groups of problems to compare the conceptual performance of the two groups of learners. Figure 

26 displays the score distribution by learner type for problems involving binomial and trinomial 

multiplication. In the figure, N represents the non-FOIL learners andY represents the FOIL 

learners. 

The two problems where the FOIL method was applicable were problems two and eight. 

The conceptual performance ofthe non-FOIL learners (x = 94.12%, SD = .478) was slightly 

higher than the conceptual performance of the FOIL learners (x = 88.54%, SD = .640). The 

means are slightly different than previously stated since the 1 'sand 2's were combined prior to 

performing the analysis. After performing an ANOVA (p-value = .357, R-squared = .73%), it 
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Score Distribution Non-FOIL Learners vs. FOIL Learners 
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Figure 26: Score Distribution by Learner Type for Binomial and Trinomial Multiplication 

was determined that the difference in conceptual performance was not statistically significant on 

problems where the FOIL method was applicable. There were three problems, problems four, 

seven, and nine, that involved trinomials. For these three problems the FOIL method was not 

applicable. The conceptual performance of the non-FOIL learners (x = 94.12%, SD = .475) was 

considerably higher than the conceptual performance of the FOIL learners (x = 72.22%, SD = 

.899). After performing an ANOVA (p-value = .001, R-squared = 6.98%), it was determined that 

the difference in conceptual performance between non-FOIL learners and FOIL learners was 

statistically significant. 

Result 3: Non-FOIL learners made significantly fewer arithmetic errors than did the FOIL 

learners on problems where either only the distributive property over addition and subtraction 

was needed or the distributive property and simplification were needed 
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For the analysis of arithmetic errors, all answers receiving a score of zero were removed 

from the data since a score of zero was given for an incorrect solution method and did not 

recognize arithmetic errors or correctness. Figure 27 displays the score distribution by learner 

type for problems involving either just distribution or distribution followed by simplification. In 

the figure, N represents the non-FOIL learners andY represents the FOIL learners. 

Score Distribution Non-FOIL Learners vs. FOIL Learners 
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Figure 27: Score Distribution for Distributive Property Questions 
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Non-FOIL learners (x = 95.54%, SD = .290) made considerably fewer arithmetic errors 

than FOIL learners (x = 78.95%, SD = .495). The means for the two groups are slightly different 

than previously stated since the zeros were removed from the data prior to performing the 

analysis. After performing an ANOV A (p-value < .001, R-squared = 19.14%), it was determined 

that the difference in arithmetic errors between non-FOIL learners and FOIL learners was 

statistically significant. 
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Result 4: No significant difference existed between students who could identify when to use 

the distributive property and their ability to achieve the correct answer using the distributive 

property 

Further analysis of the survey found that 37 college students, the distributers, were able to 

properly identify when to use the distributive property over addition and subtraction, and 28 

college students, the non-distributers, were unable to properly identify when to use the 

distributive property over addition and subtraction. Problems three, five, six, and ten were used 

to compare the performances of the two groups since these problems dealt specifically with just 

the use of the distributive property over addition and .subtraction or the use of the distributive 

property over addition and subtraction and simplification. Figure 28 displays a comparison of the 

means of the two groups. In the figure N represents the non-distributers and Y represents the 

distributers. Figure 29 displays the score distribution by learner type for problems involving 

either just distribution or distribution followed by simplification. In the figure, N represents the 

non-distributers and Y represents the distributers. 

The performance of the distributers (x = 81.76%, SD = .536) was slightly better than the 

performance of the non-distributers (x = 77.25%, SD = .613). However, after performing an 

ANOVA (p-value = .197, R-squared = 6.01 %) it was determined that the difference in means 

between distributers and non-distributers was not statistically significant. 
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Boxplot of Means Non-Distributers vs. Distributers 
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Figure 28: Comparison of Means on Distribution Property Questions 
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Survey Results 

Question one on the survey asked students to provide an answer to the question: "What 

does FOIL mean to you?" The data is displayed in Figure 30. The responses resulted in 21 

incorrect responses, 40 responses that identified the words, First-Outer-Inner-Last, two responses 

exhibiting conceptual knowledge of the method without the words First-Outer-Inner-Last, and 

two responses producing the words First-Outer-Inner-Last and exhibiting conceptual knowledge 

of the method. This data did Incorrect Words Only Conceptual Both 
Response Understanding 

not provide any useful 
21 40 2 2 

information to be used with 
Figure 30: Results of Survey Question #1 

analyzing the data from the quiz. 

Question two asked: "What property would you use to expand 3(2x- 7)? The responses 

resulted in 3 7 participants correctly answering the distributive Correct Incorrect 
Response Response 

property and 28 participants incorrectly answering the question. 
37 28 

Figure 31 displays the data. Figure 31: Results of 
Survey Question #2 

The results of question three: "What method would you use to find the product of two 

binomials? i.e. (ax + b)( ex + d)" could not be analyzed because a large number of students did 

not provide an appropriate method. For example, expanding and multiplication were the most 

common responses, neither of which is a method. 

Question four asked: "Were you taught any other methods to find the product of two 

binomials? If so, what are they? (Describe them if you do not know what they are called.)" The 

responses to this question were tallied in two categories: FOIL method or Non-FOIL method 

since a vast majority of the Non-FOIL group provided answers similar to "I don't remember, but 

I do know that it was not FOIL." The results were 48 participants stating that they only learned 
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the FOIL method and 17 participants stating that they learned a method 

other than the FOIL method. These results are displayed in Figure 32. 

The results of question five on the survey; (a) "In what year did 

you take your last algebra/pre-calculus course?" (b) What was your 

final grade in that math course?" could not be analyzed due to the 

Method Responses 

FOIL 
48 

method 
Other 

17 
method 

Figure 32: Results of 
Survey Question #4 

fact that many students responded to part (a) with grade level in high school, such as junior year, 

rather than a calendar year and for part (b) a large number of responses covered an entire letter 

grade, such as C or B. 

Initial analysis of the data resulted in a significant difference between the Survey of 

Calculus I class and the Mathematics in Action class. However, after further investigation it was 

determined that 13 ofthe 17 non-FOIL learners were students in the Survey of Calculus I class. 

After removing these students from the data, there was no significant difference between the two 

classes. It was also found that of the 17 non-FOIL learners only 8 of them were able to properly 

identify when to use the distributive property. 

Implications for Teaching 

The hypothesis for this study was that college students, who initially learned the FOIL 

method to find the product of two binomials, have not conceptualized the general idea of 

polynomial multiplication, and hence they would experience difficulties in finding products 

involving trinomials. Specifically, it was expected that students who did not learn the FOIL 

method would outperform students who did learn the FOIL method on trinomial multiplication 

problems. During the course of the study, there was statistical evidence to support the 
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hypothesis. It was also discovered that a large percentage of the college students who 

participated in this study did not exhibit knowledge of the distributive property of multiplication 

over addition and subtraction. These results lead to two classroom implications which will be 

discussed in this section, along with modifications to the design of this study and its instruments 

for data collection. Suggestions for how the results of this study may lead to further research on 

this topic will also be discussed. 

Learning a method, other than the FOIL method, to find the product of two binomials appears 

to enhance students' conceptualization of polynomial multiplication 

The primary implication for teaching that resulted from this study is that teaching 

methods other than the FOIL method to find the product of two binomials seem to increase the 

likelihood that students will conceptualize the idea of polynomial multiplication. Therefore, 

teaching only the FOIL method does not seem to be in the best interest of the students. 

The results of this study do not prohibit the teaching of the FOIL method. They merely 

illustrate that teaching students the acronym to remember how to successfully find the product of 

two binomials may not equip them with the conceptual knowledge needed to be successful in 

completing other similar tasks, specifically finding polynomial products that involve trinomials. 

The FOIL method may be better conceptualized by students if the method were explained using 

the distributive property twice rather than just the words First-Outer-Inner-Last. The results of 

this study seem to indicate that if the FOIL method is taught it may be beneficial to the students 

if the geometrical representation, commonly called the box method, and/or the vertical approach 

is shown as well. 
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Repetitive use of mathematical terms and definitions may enhance students' understanding 

An unexpected, secondary implication for teaching that resulted from this study addresses 

students' understanding and knowledge of mathematical terms and definitions. This is a direct 

result of analyzing the results of survey question two: What property would you use to expand 

3(2x -7)? The data revealed that 43.08% of the respondents, (28/65), did not know that the 

property used is the distributive property. Students may remember more terms and their meaning 

if teachers use the terms in the delivery of instruction as often as possible. If students see the 

visual representation along with hearing the terms more often they may have better recall of the 

terms or definitions when they see them on assessments. For the example above, rather than 

saying "multiply everything inside the parentheses by 3," try saying "to remove the parentheses, 

we distribute the three into the parentheses." Doing so, students may recall this type of situation 

as the distributive property more frequently, as opposed to the students referring to this as 

multiplication. 

Suggestions for Further Research 

Although this research produced statistically significant results that non-FOIL learners 

outperformed FOIL learners, the study could be improved. If the study were duplicated under the 

same conditions, question three, on the survey, could be rewritten as: What method were you 

taught to use to find the product of two binomials, such as (ax+ b)(cx +d)? Question five, on the 

survey could be rewritten as: (a) In what calendar year did you last take an algebra or precalculus 

course? (i.e. 2007) (b) Circle the range of scores that best describes your final grade for the 

course. 100 - 90 89 - 80 79 - 70 below 70. Rewording these questions on the survey may 

eliminate the ambiguous responses and produce results that can be used for analysis. 



Polynomial Multiplication 35 

The implementation of the study could also be done in a different way that may produce 

more significant results. This could be done with two, three, or even four groups of students who 

have not yet been introduced to finding the product of two binomials. One group would be the 

control group. In the case of two groups of students, the control group would be taught to 

perform the FOIL method, without using the word distribute, in the delivery of instruction. The 

second group, the experimental group, would be taught to find the product of two binomials 

using the distributive property. That is, the delivery of instruction would include the instructor 

saying "to eliminate the parentheses, distribute each term in the first set of parentheses, into the 

second set of parentheses." They would also be taught to fmd the product oftwo binomials using 

other methods such as the box method and the vertical method. In the case of three groups of 

students, one group would be the control group, as described above. The other two groups would 

be the experimental groups, one group would be taught using just the distributive property, and 

the other group would be taught using the other two methods. Finally, for four groups, the 

control group would be the same as above and the three experimental groups would be taught 

using just one of the methods. After being taught the lessons, the quiz would be administered. 

The quiz would then be scored in the same manner and the data analyzed to determine if non

FOIL learners outperformed FOIL learners. 

Discussion 

It should be noted that since the sample sizes were relatively small and not approximately 

equal, some bias may exist in the analysis of the data. However, the results of this study indicate 

that the non-FOIL learners outperformed the FOIL learners. It was expected that the non-FOIL 
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learners and FOIL learners would perform equally well on problems where the FOIL method 

was applicable and the non-FOIL learners would outperform the FOIL learners on trinomial 

multiplication problems. A surprising result was that the non-FOIL learners outperformed the 

FOIL learners on the problems that only required the use of the distributive property over 

addition and subtraction or the distributive property over addition and subtraction followed by 

simplification. 

The motivation behind this research was to determine how college students were taught 

to find the product of two binomials and if FOIL learners had conceptualized the idea of 

polynomial multiplication in order to perform polynomial multiplication involving trinomials. 

The results indicate that non-FOIL learners outperformed FOIL learners with statistical 

significance. However, this is an analysis of observational data and not a designed experiment 

and so these results cannot be generalized. In addition, the sample sizes are relatively small. 

Furthermore, there is a minimal amount of empirical research done on this topic. Thus further 

research in this area of study is warranted. 
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Appendix A 

TO: Students in Mathematics in Action and Survey of Calculus I 
FROM: Mr. Maloney 
DATE: 
RE: Consent Form 

~ Y au are being asked to participate in a research project. 
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~ To participate, you wi11 need to take a quiz and complete a short survey. 

~ By signing the consent form, you are allowing Mr. Maloney to use your quiz and survey data 
in the study. If you do not sign the consent form, you are still required to take the quiz as it is 
part of your grade for this course. 

~ The data collection will take place during regular class time, in one day. 

~ Your name will never be used in any way. The study will not identify you personally. Only 
your responses on the quiz and survey will be used in the study. 

~ Mr. Maloney will keep the quizzes and surveys. To ensure your identity is safe, all 
identifying information will be removed from the items after recording your grade as part of 
your course requirements. 

~ The risks involved to you are minimal, if any at all. However, if there is a problem you would 
like to discuss with someone other than Mr. Maloney, Dr. Keary Howard is aware of the 
study and can be reached at 716-673-3873 or by email at keary.howard@fredonia.edu. Mr. 
Maloney can be reached at 716-673-4811 or by email at daniel.maloney@fredonia.edu. 

~ Please remember this study is an attempt to gain knowledge about your understanding of 
polynomial multiplication. In addition to being used in the study, the results will be used by 
Mr. Maloney to produce an effective lesson on polynomial multiplication aimed at 
deficiencies ofthe class. 

~ There is no penalty for not signing the consent form. 

~ You will not be paid or given rewards for participation. 

~ You may withdraw at any point without penalty. 

If you have any questions feel free to contact me at any time. 
**Please sign and return the original consent form as soon as possible** 



Student Consent Form 
SUNY Fredonia 
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Thank you for being a part of this study. Please print and sign your name in the space provided to 
show that you agree to participate. Remember, signing this form allows Mr. Maloney to use your 
data for the research project. All students must take the quiz whether they sign this form or not. 

Voluntary Consent: I have read the memo and I am fully aware of all aspects of this study. My 
signature below shows that I freely agree to participate in this study. I understand there will be 
no penalty for not participating. I understand I may withdraw from the study at any time without 
penalty. I understand my name and any other personal information will be kept out of the study. I 
understand that if I have any questions about this study, I may contact Mr. Maloney at 716-673-
4811 or by email at daniel.maloney@fredonia.edu or Dr. Howard at 716-673-3873 or by email at 
keary .howard@fredonia.edu. 

Please return this original, completed consent form as soon as possible. Thank you for your 
cooperation. 

Student Name (please print):----------------------- ----

Student Signature:---------------- ------- ---- ----

Date: ---------------



Polynomial Multiplication 41 

AppendixB 

Number ----------- Survey Some basic algebra skills 

1. What does FOIL mean to you? 

2. What property would you use to expand 3(2x - 7)? 

3. What method would you use to find the product of two binomials? i.e. (ax+ b)(cx +d)? 

4. Were you taught any other methods to find the product of two binomials? If so, what are they? 
(Describe them if you do not know what they are called.) 

5. (a) In what year did you take your last algebra/pre-calculus course? 

(b) What was your final grade in that math course? 
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Appendix C 

Number --------------------- Quiz Some basic algebra skills 

Directions: Perform the indicated operation(s) and write your answers in standard form. Show all 
of your work. 

1. (3x)(5x) 2. (t + 9)(2t + 3) 

4. (2x + 5)(6x2
- lOx+ 7) 

5. (4y-3)(7y) 6. 3(4w + 5)- 6w(7- 3w) 

7. (z2
- 4z- 5)(3z2 + 7z- 2) 8. (5- 3m)(4m + 1) 

9. (4y + 2y- 3)(5- 6y) 10. -4(3n- 2 + 5n2
) + 5n(7n2 + 9- 8n) 
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