A STUDY ON SOLUTION TECHNIQUES USED BY EIGHTH
GRADE MATHEMATICS STUDENTS WHILE SOLVING SYSTEMS
OF EQUATIONS

By

Shane M. Hood

A Master’s Project
Submitted in Partial Fulfillment
Of the Requirements for the Degree of
Master of Science in Education
Mathematics Education
Department of Mathematical Sciences
State University of New York at Fredonia
Fredonia, New York

June 2013

Abstract
This research examines the effects of instructional order in regard to preference and
achievement of solution techniques when solving systems of equations algebraically. It is
hypothesized that students in an eighth grade mathematics classroom will have a preference for
the technique they use for solving a system of equations. Additionally, that preference will be
determined by which technique was introduced to the student first. To test this hypothesis
students from four different classes were divided into two groups, students who would learn
substitution first and students who would learn elimination first. Each group would be
introduced to the alternate technique directly after the first. After both groups were familiar
with the two techniques, an assessment was given tracking and comparing achievement and
technique used on each problem between the students in the two groups. Additionally, a survey
was given directly after the assessment to determine how the students felt about both techniques
and trends from these surveys were also compared.
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Introduction
This research examines the role of systems of linear equations in a middle school
mathematics classroom. In mathematics, the theory of linear systems is the basis of and a
fundamental part of linear algebra, a subject which is used in most parts of modern mathematics.
Computational algorithms for finding the solutions are an important part of numerical linear
algebra, and play a prominent role in engineering, physics, chemistry, computer science, and
economics. Students see this topic for the first time in eighth grade, and are expected to use
some of the more basic algorithms to find solutions, or the coordinate pair that satisfies all of the
equations simultaneously. Two algebraic algorithms that students are presented with are
substitution and elimination. Substitution is the substitution of one equation into the other in
order to form a single variable equation. Elimination works by adding or subtracting equations to
get rid of one of the variables. Due to the abstractness of systems, many middle and high school
teachers only scratch the surface of such a deep topic. This lack of depth leads to the majority of
students finding systems of equations one of the hardest topics to master.
The publishing and implementation of the New York State Common Core Standards in
the 2012-2013 school year sparked my interest in systems, mainly due to its location in the
standards, eighth grade. Systems are pertinent to my teaching curriculum as I am an eighth grade
teacher at rural school in western New York. In the 2012-2013 school year I taught four sections
of a class titled Math 8, which is a class that eighth grade students take the year preceding
Integrated Algebra I. Different from the Integrated Algebra I state test, the New York State
Mathematics 8 test does not come at the end of the year but typically in the middle of April,
leaving only seven months to teach a curriculum full of complex topics. Because of the limited
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time, it is helpful to know the best practices of each mathematical topic and what strategies will
lead to student mastery of the topic the most efficiently.
Additionally, the introduction of a teacher composite score based on student performance
on state tests adds to the stresses that already come with the occupation. Knowing the format of
the questions and how students will respond to the questions being asked could alleviate some of
this stress.
The present study focuses on student preference for a technique for solving systems of
equations. Depending on how the system of equations is presented, one technique will lead to
the solution much easier. If it is known what technique for solving will answer the problem
easier, then it is just as important to know how to make students prefer that technique.
It is hypothesized that students in an eighth grade mathematics classroom will have a
preference for the technique they use for solving a system of linear equations.
Additionally, that preference will be determined by which technique was introduced to
the student first. Students will rely on this technique even when use of the other
technique will lead to a more simple process to find a solution.
Subsequently, this hypothesis was tested by dividing my four classes into two different
groups. One group was introduced to the technique of substitution first while the other group
was introduced to the technique of elimination first. There was no control group for this
experiment, since it was designed to investigate the preference between two different techniques.
After both techniques were taught to all four classes, an assessment of six problems was
given to the students to test not only if they can find the solution, but also record the preference
for the technique used to try to find the solution. The six problems include three problems where
using the technique of substitution led to a more simple solution process and three problems
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where using elimination was easier. Following the assessment, the students took a short survey
in which they answered questions about their thought process for choosing the technique that
they used to find the solution to the systems in the assessment.
In order to better understand the research above it was necessary to analyze existing
research about the topic of linear systems of equations. The following section accomplishes this
goal and more specifically provides a historical perspective of systems of equations, systems of
equations in New York State standards, systems of equations in New York State examinations,
systems of equations in textbooks, and systems of equations in current research. This research is
not only beneficial to the shaping of this paper, but beneficial to anyone with the intention of
teaching systems of equations.

4
Literature Review
The purpose of this literature review is to examine the existing research pertaining to
systems of equations in an attempt to gain an insight into solving systems of equations in a
middle school mathematics classroom. Although the majority of the studies were done when
systems of equations was still a high school topic (Gantert, 2007, Katsaras, 1978, New York
State Department of Education, 2010b, New York State Department of Education, 2012a), their
findings can still be used to draw conclusions on what will be helpful to middle school students.
First, this review explores their historical background from the first recorded appearance of
systems and examines the evolution of the topic. Next, an examination of New York State
standards and exams is done to find trends and gain familiarity with questioning. Subsequently,
an in-depth investigation is performed to study how several textbooks react to these exams and
what they indicate as “best practices”. Lastly, in an attempt to deepen student understanding,
innovative systems of equations’ articles are presented from various mathematics journals.
Systems of Equations: A Historical Perspective
To better understand the future, we must first understand the past. Because of this, it is
important to look into the historical research on systems of equations. Problems that would be
easy if the systems of equations of today would be used can be traced back to early civilizations
(O'Connor & Robertson, 2000a; O'Connor & Robertson, 2003b). As time passed and people
became more advanced mathematically, mathematicians solved problems and developed specific
techniques for solving systems of equations (O'Connor & Robertson, 1998b; O'Connor &
Robertson, 2000c). The mathematics that these civilizations and mathematicians studied looked
much different than the systems of equations that we see in textbooks today so it was also
necessary to research the history of mathematics as a whole and more specifically, algebra
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(O'Connor & Robertson,1996; O'Connor & Robertson 1997; O'Connor & Robertson, 1998a;
O'Connor & Robertson, 1999a; O'Connor & Robertson, 1999b; O'Connor & Robertson, 2000b).
From this research a progression of the concept of systems of equations can be seen.
Additionally, Figure 1 highlights the evolution of systems of equations as shown in this section.


1650 BC: Ahmes, an Egyptian scribe, writes the Rhind Papyrus which included problems
that ask for the solution of an equation.



300 BC: Babylonian tablets found containing simultaneous linear equations.



200 BC: The Chinese devised the rule of double false position which was a method for
solving systems of two linear equations with two unknowns.



200 AD: Diophantus of Alexandria published his book Arithmetica, a work on the
solution of algebraic equations and on the theory of numbers.



800 AD: Abu Ja'far Muhammad ibn Musa al-Khwarizmi, coined the word “Algebra”
when publishing his book, Hisab al-jabr w'al-muqabala.



1557 AD: Robert Recorde introduced the equal sign.



1750 AD: Gabriel Cramer uses systems in his most famous book, Introduction à l'analyse
des lignes courbes algébraique, he titles the process “Cramer’s Rule”.
Figure 1. Summary for evolution of systems of equations.

O'Connor and Robertson (1996) give credit to the Babylonians as the first civilization to
have evidence of solving problems that today, would use systems of equations to be solved. The
Babylonians studied problems, which led to simultaneous linear equations and some of these are
preserved in clay tablets which survive today. For example, a tablet dating from around 300 BC
contains the following problem:
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There are two fields whose total area is 1800 square yards. One produces grain at the rate
of 2/3 of a bushel per square yard while the other produces grain at the rate of 1/2 a
bushel per square yard. If the total yield is 1100 bushels, what is the size of each field?
(p. 1)
It is not known how the Babylonians would have solved this problem, but O'Connor and
Robertson (2000a) examine some algebra which the Babylonians developed, particularly
problems which led to equations and their solutions. They note that the Babylonians were famed
as constructors of tables, and that these tables could have been used to solve equations.
Following the Babylonians, in approximately 200 BC, the Chinese also worked on
problems where systems of equations would be used today. The problem below is similar to the
Babylonian example given above.
There are three types of corn, of which three bundles of the first, two of the second, and
one of the third make 39 measures. Two of the first, three of the second and one of the
third make 34 measures. And one of the first, two of the second and three of the third
make 26 measures. How many measures of corn are contained of one bundle of each
type? (p. 1)

The Chinese, as studied by O'Connor and Robertson (2003a), had devised a clever
method for solving systems of two linear equations with two unknowns. The method is
illustrated in Chapter 7 of the Jiuzhang suanshu, which translates to The Nine Chapters in the
Mathematical Art, one of the earliest surviving mathematical texts from China. Chapter 7 titled
Excess and Deficit, includes 20 similar problems. The 20 problems are solved by a rule of
double false position. Essentially, linear equations are solved by making two guesses at the
solution, then computing the correct answer from the two errors.
As time progressed and people became more mathematically educated, famous
mathematicians investigated problems and more specifically techniques for solving problems
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dealing with multiple linear equations with multiple unknowns. One of the most famous
mathematicians to work with systems of equations was Gabriel Cramer. In 1750 Cramer uses
systems in his most famous book, Introduction à l'analyse des lignes courbes algébraique. The
third chapter examines a classification of curves and it is in this chapter that the now famous
"Cramer's rule" is given. After giving the number of arbitrary constants in an equation of
degree n as n2/2 + 3n/2, he states that an equation of degree n can be made to pass
through n points. Taking n = 5 he gives an example of finding the five constants involved in
making an equation of degree 2 pass through 5 points. This leads to 5 linear equations with 5
unknowns and he refers the reader to an appendix containing Cramer's rule for their solution
(O'Connor & Robertson, 2000c).
Even though systems of equations were used in early history, it took a while for
mathematics involving systems of equations to look like the mathematics that we do today. To
better understand the previous sentence it helps to know a little history of not just systems of
equations, but algebra as a whole. Early Egyptians were given credit for using equations as
found on question 26 of the Rhind papyrus. It states, “a quantity added to a quarter of that
quantity become 15” (O'Connor & Robertson, 2000b). But as stated earlier, mathematics was
typically done in word problems and solved geometrically. It was not until around 200 A.D. that
the title of “Father of Algebra” went to Diophantus of Alexandria due to his book Arithmetica, a
work on the solution of algebraic equations and on the theory of numbers (O'Connor &
Robertson, 1999b). Even though he was the “Father of Algebra”, Diophantus never used the
term “algebra” in any of his works. It was not until the ninth century A.D. that Abu Ja'far
Muhammad ibn Musa al-Khwarizmi, wrote the first book on algebra, Hisab al-jabr w'al-
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muqabala. It is the title of this text that gives us the word algebra (O'Connor & Robertson,
1998a).
Even though al-Khwarizmi was credited for algebra, this is not the symbolic algebra that
we are accustomed to. Ibn al-Banna and al-Qalasadi used symbols in the 15th century and,
although the exact time period when people started using symbols is unknown, people have
recorded that symbols were used at least a century before Ibn al-Banna and al-Qalasadi
(O'Connor & Robertson, 1999a). Probably the most popular mathematical symbol, the equal
sign, was not introduced until 1557 by Robert Recorde (O'Connor & Robertson, 1997).
As the complexity of the history of systems of equations can be shown over time, systems
of equations are again going through a change in our schools today. Research shows that what
once was considered an advanced topic that was taught in later years of school is now being
taught to younger and younger students. Some techniques for solving systems are even being
taught as early as elementary school.
New York State Standards Pertaining to Systems of Equations
As the history of systems of equations has evolved over time, the New York State
curriculum is currently also undergoing an evolution. This statement is supported by an
examination of past and current standards (National Council of Teachers of Mathematics, 2000;
New York State Department of Education, 1996; New York State Department of Education,
2010a; New York State Department of Education, 2010b; New York State Department of
Education, 2010c; New York State Department of Education, 2010d; New York State
Department of Education, 2010e). These standards are showing the topic being introduced to
students earlier and earlier in their educational endeavors.
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Due to the broadness of the standards created by the National Council of Teachers of
Mathematics (2000), the New York State standards were the main focus when researching
systems of equations. The only mention of functions with two variables in the NCTM standards
is located under the Algebra strand and more specifically is under the grade 9-12 expectations.
The standard reads “interpret representations of functions of two variables”. There is not much
that could be interpreted into problems using systems of equations for 6-8 expectations, the
closest that could be found is the standard that reads, “model and solve contextualized problems
using various representations, such as graphs, tables, and equations”. The broadness is due to the
National Council of Teachers of Mathematics wanting to give each state their own chance to
narrow the standards for themselves.
New York State’s response to this narrowing culminated in what was called The
Mathematics Core Curriculum, which was revised in 2005 after the failure of the Math A/B
courses. This curriculum is divided into three high school mathematics classes, Integrated
Algebra, Geometry, and Algebra II and Trigonometry. As stated earlier, these standards created
by the New York State Department of Education (2010a), (2010b), (2010d), and (2010e), have a
much broader way of stating what is expected, and because of this the topic of systems of
equations is mentioned numerous times. The first time systems of equations appear in the
standards is when students are in eighth grade. In the eighth grade standards students are asked
to “Solve systems of equations graphically (only linear, integral solutions, y = mx + b format, no
vertical/horizontal lines” (New York State Department of Education, 2010a). This standard only
asks for students to do a basic graphing of systems of equations. Contrasting the eighth grade
standard, the Algebra II/Trigonometry standards, which is typically taken by eleventh grade
students, asks students to “Solve systems of equations involving one linear equation and one
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quadratic equation algebraically. This includes rational equations that result in linear equations
with extraneous roots” (New York State Department of Education, 2010d).
As this research is focused on the algebraic solving of two linear equations with two
unknowns, the most relevant standards for this study were found in the Integrated Algebra
curriculum, which is typically taken by students in ninth grade. The topic of systems of
equations actually comes up four times in these standards. The four standards read, “Analyze and
solve verbal problems whose solution requires solving systems of linear equations in two
variables”, “Solve systems of two linear equations in two variables algebraically”, “Graph and
solve systems of linear equations and inequalities with rational coefficients in two variables”,
and “Solve systems of linear and quadratic equations graphically” (New York State Department
of Education (2010b). In these standards students are expected to do everything from translating
verbal situations into linear systems to solving systems of linear and quadratic equations
graphically.
Although this collection of standards is very specific, they are not the most up-to-date
standards. In 2012 New York and forty-four other states adopted the Common Core Standards.
These standards became official in New York State after a few additions by the New York State
Department of Education (2010e). The Common Core State Standards are an attempt at a stateled effort to establish a shared set of clear educational standards for English language arts and
Mathematics. In 2012 grades kindergarten through eight were be tested on these standards with
the rest of the grades planning to follow suit the following 2 years.
Similar to the New York State Mathematics Core Curriculum, the New York State
Common Core introduces systems of equations to students in the eighth grade. What is different
with the Common Core though is that students are not only responsible for solving systems by
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graphing but now students in eighth grade also have to solve systems algebraically. In total
systems of equations come up three times in the eighth grade common core standards. These
three standards read, “Understand that solutions to a system of two linear equations in two
variables correspond to points of intersection of their graphs, because points of intersection
satisfy both equations simultaneously”, “Solve systems of two linear equations in two variables
algebraically, and estimate solutions by graphing the equations. Solve simple cases by
inspection”, and “Solve real-world and mathematical problems leading to two linear equations in
two variables” (New York State Department of Education, 2010e). There is extensive broadness
to how the Common Core is going to be testing eighth graders ranging anywhere from solving
systems by graphing to translating “real world” verbal situations into linear systems.
As shown in this section, the topic of systems of equations is a very broad topic to be
taught. It can be as simple as graphing two linear equations on the same set of axes or as
complex as working with rational equations that result in linear equations with extraneous roots.
Additionally, due to the modernity of the Common Core, it is not exactly known how this
standard will be assessed. All that educators can do is look at past state tests focusing on what
was once a ninth grade topic.
New York State Examinations Pertaining to Systems of Equations
In addition to New York State and Common Core standards, past New York State
examinations were reviewed to determine how problems have changed over the past 30 years
(New York State Department of Education, 2012a; New York State Department of Education,
2012b; New York State Department of Education, 2012c; New York State Department of
Education, 2011a; New York State Department of Education, 2011b; New York State
Department of Education, 2011c; New York State Department of Education, 2007; New York
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State Department of Education,2006; New York State Department of Education, 1995; New
York State Department of Education, 1975). After conducting a search of New York State ninth
grade Mathematics exams for approximately the past 40 years an interesting observation can be
made. Every question asking students to solve linear systems of equations algebraically is set up
in such a way that the method of elimination would take less manipulation that the method of
substitution. The following section examines that similarities between examinations from
classes titled Integrated Algebra (Pre Common Core) (2008 - 2013), Mathematics A (1999 2009), and 9th Year Mathematics (1967 - 1988).
One of the major influences of the research done in this paper was problem 31 from the
New York State Integrated Algebra Regents Examination given on June 14, 2012 by the New
York State Department of Education (2012). This problem is
shown in Figure 2, and calls for students to “solve algebraically
for y” on the exam. Elimination of the variable x would be very
easy if either equation were to be multiplied by negative one and
the equations were added together. Additionally, elimination of

Figure 2. Problem 31
from the June 14,
2012 New York State
Regents Exam.

the y variable is also simple if students multiplied the second equation by 2 and then the
equations were added together.
Mathematics A Examinations followed the same trend that was found when studying the
Integrated Algebra Examinations. Figure 3 shows problem number 24 from the June 2008
Mathematics A Regents
Examination published by the
New York State Department
Figure 3. Problem 24 from the June 19, 2008 New York
State Regents Exam.

of Education (2008). Again
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the problem calls for students to solve for a single variable, this time x. Similarly to the June
2012 Examination, this can easily be achieved by using the method of elimination to eliminate y.
The big difference between this exam and the 2012 exam is that the equations do not need to be
transformed in any way before the equations are added together. This is due to the fact that the
coefficients on the y variables are additive inverses of each other. Additionally, the student
attempting this problem did not notice that the problem calls for only the solution to x, or lacks
full understanding; the variable x can be easily eliminated by multiplying one of the equations by
negative one and then adding the two equations together.
Similar to this problem is one found in a New York State assessment published by the
New York State Department of Education (1975) thirty three years earlier. At this time students
were taking a class titled Ninth Year Mathematics, a class that, after inspecting assessments can
be compared to the New York State
Mathematics Core Curriculum Integrated
Algebra course. Problem 14 which can be seen
in Figure 4, again calls for students to solve for

Figure 4. Problem 14 from the 1975
New York State Regents Exam.

the single variable x. Again this can easily be achieved by using the method of elimination to
eliminate y. Another similarity that this problem shares with the problem seen in the 2008
examination is that the equations do not need to be transformed in any way before the equations
are added together due to the fact that the coefficients on the y variables are additive inverses of
each other.
The topic of systems is starting a major change in New York State in 2013 by now
having eighth graders solve systems algebraically as a result to the New York State Common
Core Standards. Due to the modernity of the Common Core, it is not exactly known how this
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standard will be represented on assessments and because of this textbook companies have not
published textbooks for the eighth grade Common Core State standards in Mathematics. As a
result an investigation of predominately ninth grade textbooks that include systems of equations
is the most appropriate.
Treatment of Systems of Equations in Textbooks
Now that it is known how the topic of systems of equations will be assessed, it is
important to review what professional textbooks believe is the best way of teaching students the
topic. A common theme among all textbooks is a geometric approach to the introduction to
systems of equations and how to find their solution. What is not common among textbooks was
how they chose to introduce solving systems algebraically. The majority of textbook authors
choose to introduce solving algebraically by the substitution method, or solving one equation for
a single variable and using that equation to substitute into the second and then introduce the
method of elimination, or manipulating the equations in a way that their addition of them causes
an elimination of one of the variables (Bellman, Bragg, Chapin, Gardella, Hall, Handlin, &
Manfre, 2001; Burger, Chard, Hall, Kennedy, Leinwand, Renfro, Seymour, & Waits, 2008;
Larson, Boswell, Kanold, & Stiff, 2001; Primiani, & Caroscio, 2005). It was only the textbooks
that were published by AMSCO School Publications that introduced the elimination method first
and then the substitution method (Andres & Bernstien, 2000; Gantert, 2007). The most
interesting textbook was the eighth grade online textbook published by McGraw-Hill Companies
that does not even mention the elimination method. Each technique and the major differences
among the textbooks will be reviewed in this section.
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Burger, Chard, Hall, Kennedy, Leinwand, Renfro, Seymour, and Waits (2008) are in the
group of textbook authors who
introduced the method of
substitution before the method of
elimination. A table of contents of
how they progress through the topic
of systems of equations can be seen
in Figure 5. The topic is introduced
by graphing, followed by a section
on substitution, a section on
elimination, and ends with “special

Figure 5. The table of contents from Algebra I by
Burger, Chard, Hall, Kennedy, Leinwand, Renfro,
Seymour, and Waits.

systems” or systems with coincident (equivalent) and parallel lines before going on to systems of
inequalities.
When introducing the method of substitution the authors state that it is sometimes
difficult to get an exact answer from a graph and because of this we need to solve algebraically.
They go on to define substitution as “A method used to solve systems of equations by solving an
equation for one variable and substituting the resulting expression into the other equation” (p.
390). They continue by stating that the goal of substitution is to reduce the system into one
equation with one variable.
An example of a worked out problem is shown in Figure 6. In this particular problem,
neither initial equation is solved for a variable so the authors start by solving one of the equations
for x. In step 2 the author takes the expression from the equation that was newly solved for x
and places it into the second equation where x was previously in parentheses. In step 3 they solve
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the new equation after substituting in and preforming simplification by combining like terms and
find the value of y. In step 4
the authors take the solution
from step 3 and subsitute it
into one of the original
equations. The problem is
completed in step 5, by taking
the solutions from step 3 and
4 and making an ordered pair.
There is some room for
Figure 6. An example of the substitution method from
Algebra I by Burger, Chard, Hall, Kennedy, Leinwand,
Renfro, Seymour, and Waits.

confusion in this example,
namely in steps 3 and 4. In
step 3 the authors combine

the two steps of “substituting in” the new expression and simplifying after the equation is
substituted in. The combination of these steps could most definitely lead to confusion from
students. Additionally, in step 4 the authors fail to put emphasis on the fact that the newly found
solution for the variable y can be substituted into either equation. The authors tell students to
first write one of the original equations and then substitute for y. At this point, students might
ask themselves “which one of the original equations should I write?”
This question is still not answered when the authors introduce elimination in the next
section. They begin by defining the elimination method as “A method used to solve systems of
equations in which one variable is eliminated by adding or subtracting two equations of the
systems” (p. 397). The goal of elimination is then stated to be to obtain one equation that has one
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variable and this goal is achieved when the two equations in the system are added together. The
authors go on to state that this is achieved when any of the terms have opposite coefficients and
if this is not the case then it might be necessary to multiply one or both of the equations by a
number to produce opposite coefficients.
An example using the method of elimination is shown in Figure 7. In this particular
problem neither of the variables have coefficients that are negative inverses so step 1 is
multiplies one of the variables
in order to achieve this. After
the equations have opposite
coefficients for the x term, step
2 shows the addition of the two
equations and the elimination
of x and the solution for y.
Step 3 introduces one of the
original equations again and
Figure 7. An example of the elimination method from
Algebra I by Burger, Chard, Hall, Kennedy, Leinwand,
Renfro, Seymour, and Waits.

substitutes the solution for y
into this equation and continues

by solving for x. The final step, step 4, states to write the solution as an ordered pair.
As stated earlier, the authors again fail to put emphasis on the fact that the newly found
solution for the variable y can be substituted into either equation. The only other criticism that
can be found when investigating this example is that the authors fail to mention to students that x
is not the term that needs to be eliminated and that if the first equation was multiplied by -3 then
y would be eliminated just as easily.
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The textbook written by Gantert (2007) is one that deviates from the norm by introducing
the method of elimination before introducing the method of substitution. Figure 8 shows what
Gantert feels to be the best
way to teach students the
topic of systems of
equations. In this chapter
students are first introduced
to point-slope form of a line,
Figure 8. The table of contents from Algebra I by Gantert.
a topic that is not directly
related to systems of equations. Systems of equations are eventually introduced through
graphing, followed by the introduction of the elimination method which Gantert renames the
“Addition” method. After the elimination method is introduced Gantert proceeds by introducing
the substitution methods and finishes by introducing systems of inequalities.
Gantert starts her introduction by stating that although in the last section graphs were
used to find solutions, algebraic methods often take less time and lead to more accurate results
versus graphic methods. She then proceeds by stating that when the coefficient of one of the
variables in the first equation is the additive inverse of the coefficient of the same variable in the
second, that variable can be eliminated by adding corresponding terms of the two equations and
states that this is the definition of the addition method.
An example of Gantert using the elimination method to solve systems is shown in Figure
9. The equations in Figure 9 are not in standard form and the first step is to get both equations in
standard form. The majority of the time is spent on step 2. In step 2 both equations are
multiplied by a number. This number is found by finding the least common multiple of the
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coefficients and multiplying to get to this least common multiple. Step 3 shows the addition of
the two equations to get a single equation with one variable. Step 4 is the shortest step just
solving the one-step equation produced in step 3. In step 5 Gantert uses the solution found in
step 4 and replaces it in one of the original equations. Step 6 finished the problem by solving the
equation after the replacement and finding the solution of the other missing variable.
Although there are less places of confusion from the example worked out by Gantert
there still are some. In the
example from Figure 9, step 2 is
very large and talks about
finding the greatest common
factor (GCF), writing one
equation with that GCF and one
with the additive inverse of the
GCF, and then finishes by
stating what needs to be done to
achieve this. Step 2 could be
broken up into two or three steps
to limit confusion. Gantert did a
better job than the previous
example in Figure 7 when

Figure 9. An example of the elimination method from
Algebra I by Gantert.

dealing with the question of
which equation to subsitute the solution from step 4 into. To answer this question, Gantert states
“Replace x by its value in any equation containing both variables” (p. 421).
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Gantert next introduces the substitution method as another algebraic method that uses the
substitution principle to transform one of the equations of the system into an equivalent equation
that involves only one variable. Then she defines the substitution principle as follows “In any
statement of equality, a quantity may be substituted for it equal” (p. 422).
A completed example of Gantert using the method of substitution is shown in Figure 10.
Figure 10 shows a system where neither equation is solved for a variable so step 1 is used to
achieve this. Step 2 shows
the elimination of a
variable by replacing it
with its expression
obtained from step 1. Step
3 shows the resulting
equation after the
substitution is done
followed by the process for
solving this equation. Step
Figure 10. An example of the substitution method from
Algebra I by Gantert.

4 uses the solution found
in step 3 and replaces that

variable in the bottom equation. Step 5 finishes the problem by solving the equation that resulted
from step 4.
A chance for confusion in this example arises in step 1 when Gantert fails to explain that
it does not matter which equation is solved and that it is typically easier to solve for an equation
that has a variable with a coefficient of one. Additionally Gantert should have explained why
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parentheses were used in step 2 when the expression from step 1 is substituted into the other
equation from the original equation. The last complaint comes in step 3 when Gantert fails to
mention that the distributive property was used to simplify the equation obtained in step 2.
The most thought-provoking textbook examined for this literature review is the online
textbook Glencoe Math: Course 3 (2012) published by McGraw-Hill Companies. At the time of
this review this textbook is the only textbook that “attempted” to align to the Common Core
standards. Unfortunately at the time of this review, though this textbooks claims to be aligned, it
is not fully aligned due to New York State failing to publish what will be on the state tests and
how systems of equations will be tested. Nonetheless McGraw-Hill was the only publisher to
attempt to align to the Common Core standards so a review of this textbook is pertinent.
Beyond being the only eighth grade Common Core textbook, this textbook increases its
uniqueness by being the only textbook to completely dismiss a technique for solving systems of
equations, namely elimination. In chapter three of Glencoe Math: Course 3, titled “Equations in
two Variables”, the authors do emulate the rest of the textbooks reviewed by introducing solving
systems of equations by graphing. The big difference between this textbook and the others is that
there is only one section on solving systems of equations algebraically and it is titled “Solving
Systems of Equations Algebraically”.
In the beginning of the section on solving systems algebraically the authors tell students
that in the previous chapter solutions to systems were estimated by graphing and follow by
defining substitution as “an algebraic model that can be used to find the exact solution of a
system of equations” (p. 322). The textbook follows this definition by going over a simple
example where both equations are solved for y. In order to get around the concept of
elimination, the textbook follows the first example with this quote, “Sometimes one or both
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equations are written in standard form. When solving a system by substitution, one of the
equations should be solved for either x or y” (p. 325). Following this quote is an example more
like the ones seen in the other textbooks reviewed, but still not of the same difficulty. This
example is shown in Figure 11.
The solution in Figure 11 starts out with one equation in standard form and one equation
in slope intercept form. Step 1 of this
problem shows writing down one of the
original equations while step 2 shows the
replacement of the y variable with the other
original equation. Step 3 shows the
distributive property while steps 4 through 9
show how to solve the newly acquired multistep equation. After one of the variables is
solved for, the book continues the problem,
detached from the work above, by finding the

Figure 11. An example of the substitution
method from Glencoe Math: Course 3.

solution of y by replacing x by what x was found to be in step 9. The problem is finished by
making an ordered pair with the two newly found solutions.
There are some obvious chances for student confusion both from what is in this problem
and additionally from what is not included in this problem. The first obvious spot for student
confusion is seen in step 1 when the book tells students to “Write the equation”. The authors
should explain which equation should be written and why. In step 2 the authors fail to explain
why the expression 3x + 8 is now written with parentheses, which contrasts from the equation
directly above. One of the biggest places for confusion is the disconnect from the original
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problem after the first solution is found. This detachment could confuse students and the task of
replacing x with the solution from above should be treated like the rest of the problem above.
Beyond confusion in the solution itself there are some major faults in what is left out of this
section as stated earlier.

Obviously the authors left out the whole method of elimination, but

the authors also never went over an example of solving a system of equations where neither
equation is solved for a variable. The example in Figure 11 is the last example that the textbook
reviews before starting guided practice. The fact that the authors failed to go over an example
where neither equation is solved for combined with the lack of the elimination method is a major
gap that is left in the students’ exposure to systems of equations. Students following this book
will have trouble with even the simplest systems that have neither equation solved for a variable.
This is not the only textbook to leave gaps in student knowledge. Every textbook
reviewed included places where gaps are evident and extra knowledge from the teacher is
necessary for the students to truly master the material. Because of these gaps, a review of not
just textbooks but outside sources is necessary to gain a true understanding of some “best
practices” when teaching systems of equations. This literature review examines academic
journals in the following section to gain some additional insight on techniques and strategies that
are useful to deepen student understanding that might not be known to even veteran teachers.
Current Research of Systems of Equations
As stated earlier and supported by the New York State Common Core Standards, the
topic of systems of equations is being taught at an earlier age yet again. To counter this early
exposure, researchers and educators are looking at alternatives to the normal algebraic way of
teaching systems of equations using substitution and elimination (Katsaras, 1978; Maida, 2004;
Taylor, 2000). Additionally, research has also been done to find some “fundamental flaws” with
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current teaching of systems of equations (Gannon & Shultz, 2006; Proulx, Beisiegel, Miranda, &
Simmt, 2009). These articles identify these flaws and give some best practices tips to try to
increase student understanding. It is to be noted that in a perfect world all of the strategies/best
practices would be shown to students to deepen the understanding of the topic. But in the age of
testing and teacher composite scoring it is not possible to fit everything in. The following
strategies can however give ideas of additional material that would be beneficial for students to
study.
With systems of equations now a middle school topic, Maida’s (2004) research can be
very intriguing. Maida describes an alternate
approach that he states can be used as early as even
elementary school. His study is performed with a
group of preservice elementary teachers, and he
teaches them “ways of integrating algebra into the
elementary mathematics curriculum” (p. 484). In
this particular experiment he told students his

Figure 12. Examples of manipulatives
used by Maida and his students.

expectations are to “blend a tactile approach (using manipulatives) with a visual approach such
as drawing pictorial representations of the manipulative and creating number sentences with
these illustrations” (Maida, 2004, p. 484). Maida explains his goal is to encourage the use of
manipulatives and pictures so the problem becomes easier to solve, and the role for the teacher is
to show the transition from the manipulative to a variable. An example of the manipulatives that
he uses in a problem with his preservice teachers in shown in Figure 12. An example of this
technique is also shown in Figure 13, when answering the problem below:
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How do the quarter pounder and Whopper with cheese measure up in the calorie
department? Actually, not to well. Two Quarter Pounders and three Whoppers with
cheese provide 2607 calories. Even one of each provides enough calories to bring tears
to Jenny Craig’s eyes- 9 calories in excess of what is allowed on a 1000 calorie-a-day
diet. Find the caloric content of each item. (p. 487)
Figure 13 shows a students’ use of manipulatives and the elimination method to find the caloric
content of a whopper to be 589 calories and that of a quarter pounder to be 420 calories.
As seen above, the mathematics in
this study can be done even without the
use of variables. Due to the New York
State Common Core calling for students to
learn how to solve systems of equations
algebraically now in the eighth grade, the
technique used here could be a great
Figure 13. Using manipulatives and the elimination
method to solve systems.

addition to a unit on systems of equations.
The simplicity of this technique can make

the complexity of the methods of substitution and elimination much less difficult for students.
Contrasting with Maida’s work, Katsaras (1978) introduces a technique where
prerequisite knowledge in algebra and, more specifically, ratio and proportions is necessary.
Katsaras first finds a ratio of x:y in a system. Due to equivalent ratios, this technique also
requires an extra step to find the ratio that satisfies the original equations. An example of this
technique is shown in Figure 14.
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As complex as this method seems, students are exposed to ratio and proportion as soon as
6th grade in the New York
State Common Core so this
technique could be used to
deepen the understanding
of both topics to some of
the higher achieving eighth
grade students. The
complexity of this
technique may not be
understood by the typical

Figure 14. Katsaras’ method of using proportions to solve
systems of equations.

eighth grade student and
should therefore be used with caution.
Beyond the alternate approaches discussed above, research has been conducted on some
“fundamental flaws” of the teaching of systems of
equations. Gannon and Shultz (2006) state that
“although the geometry motivates the existence of a
solution, students quickly revert back to an algebra
mode of thinking” (p. 189). They go on to state that
Figure 15. The graph of the original
system in the article by Gannon and
Shultz.

although this approach does indeed solve a system
of equations, it robs students of seeing some of the
beauty of mathematics by denying them the

experience of understanding the geometry of what they are doing. An example of this beauty
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was shown when manipulating the system containing the equations 5x + 2y = 4 and 3x + 7y = 15. A graph containing these two lines is shown in Figure 15 . To better understand the method
of elimination, the authors then multiply both equations by an “inconvenient” constant number
that would not eliminate either variable. The constants that they arbitrarily choose to multiply by
are 4 for the first equation and -2 for the second
equation, obtaining new equations of 20x + 8y =
16 and -6x – 14y = 30. The graph of these
equations is shown in Figure 16. The authors
believe that doing such activities will allow
students to see that linear combinations of the
original equations will produce equations that pass

Figure 16. The new equations
superimposed on the original system.

through the point that represents the solution to
the original system. Additionally it brings up the question of, “if any line obtained still goes
through the point whose coordinates one is interested in finding, are there lines that make more
sense to use than others?” The authors then state
that students should come to the conclusion that
horizontal and vertical lines through the
intersection would make the most sense. These
single variable horizontal and vertical lines are
Figure 17. The original system after
manipulating in a way to eliminate
variables.

actually obtained when the system is manipulated
in such a way that the equations can be added
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together to “eliminate” one of the variables, which is what students are doing when they do the
algebraic method of elimination. Figure 17 shows these horizontal and vertical lines and finds
the solution of our system to be (2,-3).
Having students graph linear combinations of the original two lines might deepen the
understanding of what is happening geometrically as students use algebra to solve for the
solution. Solving multiple ways like this can deepen understanding of not just systems of
equations but connections in mathematics in general. Since the connections between the
equations and the graphs are emphasized in the standards, this is a great way to further deepen
students’ understanding of the interactions between algebra and geometry.
Very similar to the article above written by Madia, another study pointing out one of the
fundamental flaws in the teaching of systems of equations was examined. Proulx, Beisiegel,
Miranda, and Simmt (2009) state that solving systems of equations is often introduced through
the use of graphs, and then the focus is turned to completing exercises and solving problems
using various algebraic methods. And that even though graphs are the means of introducing
systems of equations and their solutions, graphical approaches are quickly set aside for the
simplicity and strength of algebraic methods. The authors argue that students lose some of the
understanding of the topic and become dependent on algebraic techniques. Students then are
unable to make sense of the solutions they come up with and become lost when their procedural
strategy fails them. The researchers place blame on textbooks after analyzing curricular
materials and determines that textbooks often abandon the connections between geometry and
algebra.
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Figure 18. The concept map created by Proulx, Beisiegel, Miranda, and Simmt.
The researchers study how the teaching of systems of equations can be enhanced to allow
students to study the topic from a more comprehensive perspective. To do this they have come
up with a concept map, shown in Figure 18. The goal of this concept map is to illustrate the
potential multidimensionality of the topic of systems of equations. The concept map in Figure 18
reflects four possible areas of focus for teaching and learning systems of equations: the meaning
of systems of equations, ways of representing them, ways to solve them, and interpreting
solutions found from systems of equations. By following this concept map the researchers
believe that students will be provided with a more comprehensive perspective when studying
systems of equations and eventually a deeper understanding of the topic.
As stated earlier, in a perfect world students would be exposed to all of the material
explored in this section. Unfortunately, in New York State there are state tests at the end of the
year limiting the amount of time teachers can spend on a topic. This means educators are forced
to pick and choose what to teach to students. With time always being the enemy of teachers it is
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important to know how students will react to material and know the mistakes they are likely to
make. Additionally, after studying material on what is most likely to be tested, it is important to
know the fastest way to have students master that material so more time can be spent on adding
some of this additional material to the curriculum. The experiment in the following section aims
to answer some questions quantitatively and qualitatively about student learning through the
analysis of an assessment and a survey. The assessment aims to analyze achievement and
frequency of methods by two groups of students. The survey aims to gain an understanding of
students’ opinions when solving linear systems. The goal is to use the information gained from
the analysis of the literature in this section along with information gained from the experiment in
the next to come up with the most efficient curriculum for teaching how to find the solution of a
system of linear equations.
Experimental Design
This experiment was designed to test the hypothesis that students in an eighth grade
mathematics classroom will have a preference for the technique they use to solve a system of
linear equations and that preference will be determined by which technique was introduced to the
student first. During the experiment, the students were placed into two groups depending on the
time that they had mathematics class. The first group of students is introduced to the technique
of substitution first, while the second group was introduced to the technique of elimination first.
Quantitative data was collected from a review assessment where students had to solve a variety
of problems using their knowledge of systems of equations. Additionally, quantitative and
qualitative data is collected through a survey that the students take after the assessment
answering why students chose to do what they did.
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Participants
This study was conducted at a Middle/High School with an overall population of
approximately 2500 citizens. The racial profile of the community is mostly homogeneous, with
ninety-seven percent of the population being classified as white and no other classification being
higher than one percent. The participants of the study are enrolled in the school district, which
had a total student population of approximately 900 students in kindergarten through twelfth
grade. The school district is classified as a “high needs” school by the state of New York due to
the financial status of the population. The median income for a household in the town is well
below $50,000.
The participants in this study consist of fifty-eight students in four sections of a class
titled Math 8, a class that was taken by eighth graders who were not on an advanced track or in a
self-contained mathematics classroom. Classes at the Middle/High School meet for forty-two
minutes each day.
Section 1 consists of twenty-one students, twelve of them were male and nine of them
were female. In this section three students were given an Individualized Instruction Plan (IEP)
and two students were given a 504 plan. Section 2 consists of seventeen students, ten of them
were male and seven of them were female. In this section one student was given an IEP and no
students were given a 504 plan. Section 3 consists of twelve students, eight of them were male
and four of them were female. In this section one student was given an Individualized IEP and
one student was given a 504 plan. Section 4 consists of eight students, six of them were male and
two of them were female. In this section two students were given an IEP and no students were
given a 504 plan. Figure 19 summarizes this data.
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Section
1
2
3
4
Total

Males
12
10
8
6
36

Females
9
7
4
2
22

IEP
3
1
1
2
7

504
2
0
1
0
3

Figure 19. Demographic Data of Students in the study.
It is important to mention the procedure by which consent to participate in the experiment
was obtained. A consent form, a copy of which can be found in Appendix C, was mailed to the
home of every student in all four sections. The forms were signed by the students and their
parents before the experiment commenced.
Design
The experiment tested the hypothesis that students have a preference for which technique
is used when solving systems of equations. Students received a six-problem assessment over the
span of two days. The assessment was split into two separate days to avoid student fatigue. On
the first day students answered four
Summary of Experimental Design
algebraic problems where they had to


solve a system of equations. In these
problems, the system was given. On the



second day, students received two word



problems where they first built the



Six problem assessment broken into
two sections to avoid student fatigue.
Half of the students solved four
algebraic systems the first day.
Half of the students solved two system
word problems the first day.
All students took a four question survey
after taking the assessment.

system themselves, then solved the
system they created. A four-question

Figure 20. Summary of Experimental Design.
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survey followed the problems on day two asking students to explain which problem was the
easiest/hardest and asking students which technique they like more and why. A summary of this
information is shown in Figure 20.
Name: ______________________________________________ Date: ___________________
1) Solve the system of equations:

2) Solve the system of equations:

3) Solve the system of equations:

4) Solve the system of equations:

5) The total score in a football game was 72 points. The winning team scored 12 points more
than the losing team. How many points did the winning team score?
The winning team scored ____________ points and the losing team scored ______________.
6) Walter has only dimes and quarters in his pocket. He has 15 coins that have a total value of
$2.40. Write a system of linear equations to model the situation, using the variables defined
below. Then solve the system.
 Let d be the number of dimes
 Let q be the number of quarters
Walter has _________________ quarters and ___________________ dimes.
Figure 21. Assessment for Middle School Study
Instrument Items and Justification
The assessment consisted of six problems as shown in Figure 21 and found in Appendix
A. Problem 1 is set up to be solved easier using the technique of substitution. The ease is due to
the fact that the second equation in the system is already solved for y and therefore its equivalent
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expression can already be substituted into the first equation. Problem 2 is set up for the
technique of elimination. This is the same problem from the 1975 New York State Regents
exam. In this problem, both equations are lined up in standard form and all that needs to be done
to eliminate a variable is to add the two equations. Also, either equation could be multiplied by
negative one and then added to the other equation to eliminate the variable x. Problem 3 did
have both equations in standard form, which is necessary for systems to be solved using
elimination, but the second equation has a variable with a coefficient of one making it easy to
solve for and therefore easy to solve using substitution. Problem 4 has the second equation
solved for y which typically is beneficial for substitution, but if the second equation is placed in
standard form, the coefficients on the variable x would be opposites, making it extremely easy to
solve using elimination. The final two problems are word problems where students create the
system and then solve it. Problem 5 is set up to be solved easier using substitution due to the
second equation in the system already being solved for a single variable. Problem 6 is set up for
elimination due to the resulting equations both being in standard form and is very difficult to
solve using substitution due to the fact that some of the coefficients are decimals. These two
word problems were given on the day following the first four to avoid student burnout. A
summary of this information can be seen in Figure 22.
Problem
Number
1
2
3
4
5
6

Solved Easier
Using
Substitution


Solved Easier
Using
Elimination

Neutral
Problems

Word Problem






Figure 22. Justification of items used in system of equations assessment.
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Following the review assessment, students were given a survey with three goals in mind.
The first goal was to get students to explain why they like the method that they do and why they
have problems with the other method. The second goal was to have students explain which
problem is hardest for them on the assessment. Last, students also explained which problem was
the most difficult for them on the assessment. A copy of this survey is shown in Figure 23, and
the actual survey can be found in Appendix B.

Name: _________________________________________________ Date: _________________

Survey on Systems Review
Please answer all questions truthfully and to the best of your ability.
1) Which question did you think was easiest? Why? Please circle then explain.
1
2
3
4
5
6
Explanation: ___________________________________________________________________
______________________________________________________________________________
2) Which question did you think was hardest? Why?
1
2
3
4
5
6
Explanation: ___________________________________________________________________
______________________________________________________________________________
3) What method for solving systems of equations do you like most? Why?
Substitution
Elimination
Reason: _______________________________________________________________________
______________________________________________________________________________

Figure 23. Survey given after system of equations assessment.
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Data Collection and Methods of Data Analysis
This study was mainly quantitative in nature. An ANOVA test is used to analyze means
from the assessment in three different ways. The ANOVA test created three primary results that
are addressed in the Results section. Even though these results were not directly related to the
thesis of student preference, any data that deals with student learning is important. More relevant
to the hypothesis, the survey was also analyzed using a Chi-Square test to measure what actions
had an effect on students’ preference when solving systems of equations. The Chi-Square
analysis created three more primary results that are also addressed in the next section.
Analysis of Assessment
Data is collected in two ways from the assessment. First, assessments are graded for
correctness using the rubric shown in Figure 24. This rubric is the typical grading rubric used for
extended response problems dealing with solving systems of equations on the New York State
Mathematics Integrated Algebra Regents Examinations. A perfect answer and solution is
assigned two points, an answer that is partially correct but includes some flaws is given one point
and an answer that is completely incorrect receives zero points.
Score
2 Points
1 Point
0 Points

Reason/Justification
The question was answered with no errors.
Appropriate work is shown, but computational or conceptual errors are made.
Response is completely incorrect, irrelevant, or incoherent or is a correct
response that was obtained by an obviously incorrect procedure.

Figure 24. Rubric used to analyze system of equations assessment on correctness.

Each individual problem is not only given a score on correctness, but also given a code
based on how it is solved using the rubric in Figure 25. When a student attempts to use the
technique of substitution for a problem they are assigned an “S” for that problem. When
elimination is used, they receive an “E”. When it was unclear what technique was trying used, or
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the student does not use one of the two techniques, the student receives a code of “N/A” for that
individual problem.
Code
S
E
N/A

Explanation
The student used the technique of substitution to answer problem.
The student used the technique of elimination to answer problem.
Either student did not answer question, or it is not obvious what technique the
student used.

Figure 25. Rubric used to analyze system of equations assessment on technique used.

After each problem for each student was graded using these two codes, they were
analyzed and compared in three different factors. The first factor was to compare scores on the
assessment based on the order in which students were taught the material. The second factor was
to compare scores on the assessment based on the technique that students prefer on the
assessment. The last factor that scores were compared was to see which gender is best at solving
systems of equations.
In addition to analyzing the assessment using an ANOVA, an item analysis was also done
to determine commonalities in solution techniques and common misconceptions that students
have. Two to three common solutions and misconceptions are included for each problem in the
Results section.

Analysis of Survey
The primary purpose of the survey was to determine frequencies of preference of solution
techniques when dealing with systems of equations between the two groups: the students who
were taught substitution first and the students who were taught elimination first. A basic tally
was done to count how many students chose substitution as their technique of choice and how
many students chose elimination. Following this, a chi-square test was used to measure what
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actions had an effect on students’ preference when solving systems of equations. The three
actions that are analyzed for effect are: order in which students were taught, gender of the
student, and ability level of the student. Again, these results are included in the following
Results section and the pedagogical importance of these particular tests is discussed in the
Implications for Teaching section following the Results section.
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Results
Primary Results
Six primary results were evident following the collection and analysis of the assessment and
survey. An analysis of variance (ANOVA) is utilized to test differences in means at the .05 level
of significance for the first three results:


No significant difference existed between achievement on the assessment and the order
in which students were taught the techniques: Neither students who were taught
substitution first nor students who were taught elimination first achieved statistically
higher scores on the assessment (p-value: 0.291; students who were taught substitution
first scored: 69% ; students who were taught elimination first: 76%).



No significant difference existed between achievement on the assessment and preferred
technique: Neither students who preferred substitution, nor students who preferred
elimination, or students who had no preference achieved statistically higher on the
assessment (p-value: 0.123; students who prefer substitution: 69%; students who prefer
elimination: 76%; students that have no preference: 70%).



No significant difference existed between achievement on the assessment and the
gender of the student. Neither female students nor male students scored statistically
higher scores on the assessment given either treatment. That is, results for females and
males were relatively similar whichever technique they were taught first (p-value: 0.127;
females: 75%; males: 69%).
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For the next three results a chi-square test is used to determine what actions have an effect on
students’ preference when solving systems of equations.


No significant difference existed between preference of technique on the survey and
the order in which students were taught the techniques: The order in which students
were taught substitution and elimination had no effect on the technique that students
preferred to solve systems of equations (p-value: 0.206; Students who were taught
substitution first preferred: Substitution 37%, Elimination 40%, No Preference 23%;
Students who were taught elimination first preferred: Substitution 62%, Elimination 24%,
No Preference 14%).



No significant difference existed between preference of technique on the survey and
the ability level of the student: The ability level of the students had no effect on the
technique that students preferred to solve systems of equations (p-value: 0.121; Students
with high ability: Substitution 26%, Elimination 42%, Had no Preference 32%; Students
with average ability: Substitution 68%, Elimination 21%, No Preference 11%; Students
with low ability: Substitution 46%, Elimination 39%, No Preference 15%).



No significant difference existed between preference of technique on the survey and
the gender of the student: The gender of the student had no effect on the technique that
students preferred to solve systems of equations (p-value: 0.206; Female Students:
Substitution 62%, Elimination 24%, No Preference 14%; Male Students: Substitution
37%, Elimination 40%, No Preference 23%).
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Assessment Results
Three primary results were evident following the collection and analysis of the
assessment. Although none of these results deal directly with the hypotheses of preference of
technique, they are all important questions to explore. An analysis of variance (ANOVA) is
utilized to test differences in means at the .05 level for the following three results.
Result 1: No significant difference existed between achievement on the assessment and the
order in which students were taught the techniques.
Upon analysis of the number of points students received for each problem, it is
determined that no statistical difference exists between group 1, or the group that was taught
substitution first, and group 2, or the group that was taught elimination first (ANOVA test pvalue = .291, R-Squared Value = 34.26%). The low R-squared value indicates a high variability
in the scores that the variables in the model do not explain. The purpose of Figure 26 is to
illustrate the percentages that each group scored on the six problems on the test. The column to
the far left shows the problem that the students saw and the other two columns show the average
score that group 1 and group 2 scored. The shading of the rows represents where students in
group 2 achieved higher, and the non-shaded row represents the problem that group 1 achieved
higher.
What is interesting about the results is that even though there is not statistical difference
between the two groups, group 2, the elimination group, scored higher on every single problem
other than the easiest elimination problem. Additionally, the last row of the table represents the
overall score on the assessment and the averages for both groups. This analysis is done by
comparing the means of the two groups on each problem. The population for group 1 is 30
students and the population for group 2 is 20 students.
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Average
Score for
Substitution
Group

Average
Score for
Elimination
Group

80%

95%

90%

71%

59%

81%

79%

88%

The total score in a football game was 72 points. The winning
team scored 12 points more than the losing team. How many
points did the winning team score?

67%

69%

Walter has only dimes and quarters in his pocket. He has 15
coins that have a total value of $2.40. Write a system of linear
equations to model the situation, using the variables defined
below. Then solve the system.

39%

52%

Overall Score

69%

76%

Problem

Solve the system of equations:

Solve the system of equations:
3x – y = 3
3x + y = 9
Solve the system of equations:

Solve the system of equations:

Figure 26. Comparison of Mean Scores for Groups 1 and 2 on the Assessment.
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Result 2: No significant difference existed between achievement on the assessment and
preferred technique.
Upon analysis of the number of points students received for each problem, it was
determined that no statistical difference existed between students that preferred substitution on
their survey versus students that preferred elimination or students that did not have a preference
between the two (ANOVA test p-value = .123, R-Squared Value = 34.26%). The purpose of
Figure 27 is to illustrate the percentages that each preference scored on the six problems on the
test. The column to the far left shows the problem that the students see and the other three
columns show the average score that each preference scored. The light shading of the rows
represents where students who preferred elimination achieve highest, the dark shading of the
rows represents where students who had no preference achieve highest, and the non-shaded rows
represents the problems that students who preferred substitution achieve highest.
Even though there is no statistical difference between the overall scores of the three
groups there are some interesting results. For example, students who prefer elimination scored
17% better on Problem 2, the easy elimination problem, than students who had no preference, the
next highest group. Another interesting result appears when analyzing the word problems.
Problem 5 was typically solved using substitution and the students who achieved the highest
scores are the students that prefer substitution. Similarly, Problem 6 was typically solved using
elimination, and students who prefer elimination scored 15.9% higher than the next group,
students that had no preference. Another result that can be seen from this data is that even
though students who had no preference did better than students that preferred substitution, they
only scored the highest on one of the problems, Problem 3, a problem that was typically solved
using elimination. The last row of the table represents the overall score on the assessment and the
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averages for all the groups. Twenty-four students preferred substitution, seventeen students
preferred elimination, and 10 students had no preference.

Problem

Preferred
Preferred
Substitution Elimination
Average
Average
Score
Score

Had No
Preference
Average
Score

Solve the system of equations:
87.5

85.3

85

72.9

97

80

68.8

64.7

70

79.2

88.3

80

70.9

64.7

65

Walter has only dimes and quarters in his pocket.
He has 15 coins that have a total value of $2.40.
Write a system of linear equations to model the
situation, using the variables defined below. Then
solve the system.

37.5

55.9

40

Overall Score

69%

76%

70%

Solve the system of equations:
3x – y = 3
3x + y = 9
Solve the system of equations:

Solve the system of equations:

The total score in a football game was 72 points.
The winning team scored 12 points more than the
losing team. How many points did the winning
team score?

Figure 27. Comparison of Mean Scores for different student preferences on the Assessment.
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Result 3: No significant difference existed between achievement on the assessment and the
gender of the student.
Upon analysis of the number of points students received for each problem, it is
determined that no statistical difference exists between female students and male students
(ANOVA test p-value = .127, R-Squared Value = 34.26%). The purpose of Figure 28 is to
illustrate the percentages that each gender scored on the six problems on the test. The column to
the far left shows the problem that the students see and the other two columns show the average
score that each preference scored. The light shading of the rows represents where students who
preferred elimination achieved higher and the non-shaded rows represent the problems that
students who preferred substitution achieved higher.
Even though there is no statistical difference between the overall scores on the two
groups there are some interesting results. For example, out of the two easier problems, Problem 1
and Problem 2, females did much better on the problem that was solved typically by substitution,
Problem 1, while the males did much better on the problem that was typically solved using
elimination, Problem 2. The most interesting result came when scores were analyzed on
Problem 5. This problem was about football, a sport typically dominated by male athletes. What
was so interesting is that the females outperformed the males with an 86% average versus only a
55% average for the male students, a 31% difference which was the largest difference of any
problem.
Data was also analyzed to determine what percent of the time students from each gender
recieved a perfect score or a one hundred percent on a problem, what percent of the time each
gender scored fifty percent on a problem, and what percent of the time the student scored zero
percent on a problem. It was found that females scored perfectly sixty eight percent of the time,
a score of 50% fourteen percent of the time, and 0% eighteen percent of the time. Males on the
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other hand scored perfectly sixty-two percent of the time, 50% fourteen percent of the time, and
0% twenty- three percent of the time. The commonality to both of the ways of looking at the
data is that the female students achieved higher than the male students.

Problem

Average
Score for
Males

Average
Score for
Females

82%

93%

85%

78.5%

68.35%

66.5%

83.35%

81%

55%

86%

43%

45%

69%

75%

Solve the system of equations:

Solve the system of equations:
3x – y = 3
3x + y = 9
Solve the system of equations:

Solve the system of equations:

The total score in a football game was 72 points. The winning
team scored 12 points more than the losing team. How many
points did the winning team score?
Walter has only dimes and quarters in his pocket. He has 15
coins that have a total value of $2.40. Write a system of linear
equations to model the situation, using the variables defined
below. Then solve the system.

Overall Score

SurveyFigure
Results
28. Comparison of Mean Scores for Males and Females on the Assessment.
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Survey Results
Three primary results were evident following the collection and analysis of the survey.
The results of the survey deal directly with the hypothesis of the study that students in an eighth
grade mathematics classroom will have a preference for the technique they use for solving a
system of equations and that preference will be decided by which technique was introduced to
the student first. The results for this section show that there was no statistical evidence in favor
of the hypothesis. Therefore, the order in which students are taught the techniques of
substitution and elimination in regards to solving systems of linear equations does not affect their
preference of technique when solving problems.
Result 4: No significant difference existed between preference of technique on the survey and
the order in which students were taught the techniques.
Upon analysis of the student’s preference of technique, it is determined that the order in
which students are taught has no statistical affect at the 0.05 level (Chi-Square test p-value:
0.206). To illustrate each group’s preferences Figure 29, a stacked bar graph showing preference
by group, is included. In Figure
29 the two bars represent the
two different groups, the group
that was taught substitution first
and the group that was taught
elimination first. The bars are
broken up into three sections.
The non-shaded section is the
students that preferred

Figure 29. A bar graph showing the two groups preferences by
percent.
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substitution, the diagonal shading represents students that preferred elimination, and the
horizontal shading represents students that had no preference.
Even though the order in which students were taught does not have any statistically
significant effect on student’s preference, there were still some interesting results after the data is
analyzed. For example, the hypothesis is that students would prefer the method that they were
taught first, looking at this data, the opposite was true. Students in group 1, or the group that was
taught substitution first, actually preferred elimination over substitution by a small margin, forty
percent to thirty seven percent. Similarly, students in group 2, or the group that was taught
elimination first, preferred substitution and this time by a large margin, sixty two percent to
twenty four percent. The population for group 1 is 31 students and the population for group 2 is
20.
Result 5: No significant difference existed between preference of technique on the survey and
the ability level of the student.
Another variable that might have influenced preference is ability level of a student. Upon
analysis of the student’s preference of technique, it is determined that the ability level of the
student has no statistical affect
at the 0.05 level (Chi-Square
test p-value: 0.121). To
illustrate each ability level’s
preferences Figure 30 is
included. Figure 30 shows
three different stacked bars,

Figure 30. A bar graph showing the three ability level’s
preferences by percent.

one for each of the ability
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levels: high, average, and low. Similar to Figure 29, the bars are broken up into three sections,
the non-shaded section is the students that preferred substitution, the diagonal shading represents
students that preferred elimination, and the horizontal shading represents students that had no
preference.
Even though student ability does not have any statistically significant effect on student’s
preference, there were still some interesting results when analyzing the data. For example, the
students with average ability typically preferred substitution with sixty eight percent choosing
that as their preferred technique. Student with low ability were pretty even with forty six percent
preferring substitution and thirty nine percent preferring elimination. The highest amount of
students that did not have a preference came from the high ability students, thirty two percent.
An explanation for this could be that the high ability students understand that each technique has
it strengths and weaknesses depending on how the system is set up. There were 19 high ability
students, 20 with average ability, and 13 with low ability.
Result 6: No significant difference existed between preference of technique on the survey and
the gender of the student
Similar to ability level and order in which the students were taught, the gender of the
student has no statistical effect at the 0.05 level (Chi-Square test p-value: 0.206). To illustrate
the different genders preferences Figure 31 is included. Figure 31 shows two different stacked
bars, one for each gender. Similar to Figures 29 and 30, the bars are broken up into three
sections, the non-shaded section represents the students that preferred substitution, the diagonal
shading represents students that preferred elimination, and the horizontal shading represents
students that had no preference.

50
Even though gender does not have any statistical effect on student’s preference, there
were still some interesting results when the data is analyzed. For example, the technique of
choice for females was
typically substitution.
Females preferred
substitution 62% of the
time vs. elimination
24% and no preference
14%. Contrasting to
this, males did not seem
to sway one way or the
Figure 31. A bar graph showing preferences by gender.
other preferring
substitution 37% of the time, elimination 40% of the time, and having no preference 23% of the
time. The population includes 29 Males and 22 Females.
Additionally results were gathered and tallied about which problems students find to be
the easiest to solve and which ones they seemed to find the most difficult. Gathering this data
allows for a deeper understanding of the thought processes on the students. By understanding
the students, the quantitative data can become more meaningful.
Question 1: Which problem did you think was easiest?
Question 1 of the survey (attached in the Appendix) asks the students to choose which
problem they thought was easiest on the assessment. Figure 32 summarizes the results. Seventy
eight percent of the students picked problem 1 or 2, the two problems that were supposed to be
the most basic problem. There were also four students, or eight percent of the students that
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picked problem 4 as the easiest problem on the assessment. After one student picked problem 6
as the easiest, all of the rest, twelve percent, did not answer this question.
Problem Number
1
2
3
4
5
6
No Answer
Total

Frequency
19
21
0
4
0
1
6
51

Percent
37
41
0
8
0
2
12

Figure 32. Frequency that students chose what problem was easiest for them to solve.
Question 2: Which problem did you think was hardest?
Contrasting with question 1 of the survey, question 2 asks the students to choose which
problem they thought is hardest on the assessment. Figure 33 summarizes the results. The
majority of the students, ninety percent, chose the two word problems, problems 5 and 6 as the
hardest. The other ten percent of students did not choose an answer for this question.
Problem Number
1
2
3
4
5
6
No Answer
Total

Frequency
0
0
0
0
14
32
5
51

Percent
0
0
0
0
27
63
10

Figure 33. Frequency that students chose what problem was hardest for them to solve.
Question 3: What technique do you prefer?
The last question of the survey asks students to pick their technique of choice. Figure 34
summarizes the results. This table shows that more students, forty seven percent versus thirty
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three percent, picked substitution as the technique that they prefer. Additionally, twenty percent
of students had no preference not picking one or the other.
Technique
Substitution
Elimination
No Preference
Total

Frequency
24
17
10
51

Percent
47%
33%
20%

Figure 34. Frequency that students chose what was their technique of choice.
Examples of Student Responses
This section examines student responses to each of the problems on the assessment.
Problems were analyzed to see commonalities in solution techniques as well as a variety of
common misconceptions. Being aware of different strategies and errors that students make can
help classroom instruction.
With averages of 1.6 and 1.9 for group 1 and 2 respectively, the problem that the students
had the most success on was #1. Due to the second equation being solved for y, this problem
was set up to be solved easily using substitution. An example of a perfect attempt of this
problem is shown in Figure 35.

Figure 35. A correct answer from #1 on the assessment.

Figure 35. A correct answer from #1 on the assessment.
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The majority of the students in this study did seem to master this problem. A possible
place of confusion is the substitution step; this is when the student has to substitute one of the
equations, typically the one that is solved for into the other equation. The student in this
example avoided this confusion by crossing out the equation they are substituting in order to
keep track of which equation is which. After that, the student showed the distributive property
with arrows and combined like terms, both areas that many students struggle with.
While doing this problem, the most common misconception came when having to add
-14 and -6 to get -20. An example of this is shown in Figure 36.

Figure 36. An example of a student adding negatives incorrectly on #1 on the assessment.

In this example the student adds -14 and -6 to get an answer of positive 20 which also
affects the rest of the problem. More examples of students missing negatives can be seen after
analyzing the second and third problem on the assessment.
Another problem that students seemed to have success on was #2. In this problem, the
coefficient on the y’s were opposites. Additionally, all of the terms were already lined up so all
the students had to do is add the two equations together and the y’s would eliminate. Looking at
the group averages of 1.8 and 1.4 for group 1 and 2 respectively, it did seem like the students
mastered this problem as well.
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That being said, there is always going to be deviation from the norm and that is what
Figure 37 is illustrating. In this example, a student multiplied the top equation by -1 to end up
getting the opposite amount of the coefficient on x before adding the two equations together.
Even though there is nothing wrong with the mathematics, this step is unnecessary.

Figure 37. An alternate solution to #2.
Stranger than Figure 37 is the solution modeled by a student in Figure 38. In this
example the student chose to solve for y in the bottom equation and then substituted the resulting
expression into y for the other equation. Even more impressive the student also remembered to
distribute the negative after plugging in. As impressive as this solution was for an eighth grader,
the majority of the work could have been avoided with use of elimination.

Figure 38. A solution to #2 using substitution.
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With averages of 1.2 and 1.6 for the two groups, the most frequently missed non-word
problem of the assessment was #3. The confusion with this problem arose due to the various
ways this system could be solved. To add even more confusion, when solving this problem
using elimination, the technique more commonly used, students had the choice to multiply the
bottom equation by two to eliminate the y term as shown in the left of Figure 39 or do a little
more work and multiply the first equation by negative three to eliminate the x’s as seen on the
right of Figure 39.

Figure 39. Two correct solutions for question #3 using elimination. The left showing an
elimination of y and the right an elimination of x.
A solution attempt using substitution is shown in Figure 40. Here the student correctly
solved for x in the second equation and would have done the problem correctly, but similar to the
problem in Figure 36, the student had a problem combining like terms due to negative numbers.
The student also multiplied two negatives incorrectly after substituting their first solution into the
equation they solved for.
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Figure 40. An attempt of problem #3 using substitution.

With scores of 1.6 and 1.76 between the two groups, students were very successful with
problem #4 on the assessment. Similar to problem 1 on the assessment this problem is solved for
a variable in the second equation. An example of the most popular and efficient way to solve
this problem is show in Figure 41.

Figure 41. The most popular solution to #4 on the assessment.

What was interesting about this problem is there were only two students that tried to
solve this problem using elimination. Additionally, neither student was able to solve using
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elimination with any success. This problem was set up in a way where if you were to move the
x’s on the left side of the bottom equation there would already be an opposite amount of
coefficients. So even though it looked like substitution would be the best way to go, elimination
could have been easier with this problem. One of the solution attempts using elimination is
shown in Figure 42. Figure 42 shows the student understands the idea of opposite coefficients
but also shows that the student has a major flaw in their use of elimination with not getting all
variables to one side. This is something that all educators should watch out for when teaching
elimination in the classroom.

Figure 42. An elimination attempt at #4 on the assessment.

By far the two most frequently missed problems on the assessment were the word
problems. Obviously this is due to the fact that students were asked to not only solve a system of
equations, but create the system as well. Out of the two word problems students did achieve
higher scores on problem #5. The majority of the students that missed this problem missed
because they were unable to create the system in the first place. If students were able to create
the correct system, the majority of them used substitution to solve the problem as shown in
Figure 43.
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Figure 43. A solution to #5 on the assessment using substitution.

A less popular way of solving this problem is shown in Figure 44. Here the students set
up the system where the equations had variables that were aligned. Due to this, elimination was
used and the students typically had success solving the problem.

Figure 44. A solution to #5 on the assessment using elimination.

The most difficult problem on the assessment was easily #6. The hard part with this
problem is that the students had to create the system as well as solve it. If the students were able
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to create the system correctly, most of them did it in such a way that the variables were aligned
nicely causing them to solve it using elimination as shown in Figure 45.

Figure 45. The most popular solution technique to #6 on the assessment.

If students were able to create the system they typically were able to score perfect on the
problem. This can be seen by only 3 students scoring a 1 on this problem. The most frequent
error in the solution of this problem happened when the students had to multiply one of the
equations to obtain an opposite coefficient on one of the variables as seen in Figure 46. In this
example, the student chose to eliminate the dimes from the problem by multiplying the whole
equation by -.10. Unfortunately the student did not do it to the constant term as well causing for
an error in the solution.
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Figure 46. An example of a typical error on #6 on the assessment.

Three students in group 1, or the substitution group, solved this problem using
substitution as seen in Figure 47. In this example the student solved one of the equations for the
number of quarters and then plugged that into the other equation. If students chose to do it this
way they need to be extra careful due to all of the work with decimals.

Figure 47. A solution to #6 on the assessment using substitution.
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Implications for Teaching
As seen from the previous section, there is no indicator for a preference with solution
techniques. Additionally, there was no statistical difference between any groups in terms of
achievement when solving systems of equations. Due to this the following implications for
teachers exist.
Mathematics educators must work hard to teach multiple problem solving approaches.
Every teacher has bias towards the way that they solve mathematics problems.
Personally, I feel like elimination is more efficient, but the majority of the students in this study
preferred substitution. As educators it is dangerous to push our biases on our own students.
Unlike most professions, great preparation does not always lead to success. This is because the
fact that students are unpredictable, the profession becomes very difficult when you see hundreds
of unpredictable students during a school day.
The best thing you can do to prepare for this unpredictability is be aware of all methods
to solve problems and present these methods to students. True mastery of any subject, not just
systems of equations, happens when you are aware of all possible ways to solve a problem and
you can decipher which way will solve the problem most efficiently. As educators this is what
we should be pushing our students to be able to do, understand that there are multiple methods
and be able to choose the most efficient one. In this study, many of the students that had no
preference in technique achieved this goal, and this became evident when analyzing their post
assessment surveys. There were instances on the survey when students were asked to describe
why they liked one technique over the other. These students would come back with responses of
“It depends on the problem” or “I don’t like one more that the other, it is just how the problem is
set up.” These students achieved the mastery that we should be pushing all students to achieve.
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The basics should not be forgotten.
As a teacher in the classroom today almost nothing frustrates more than seeing students
fail because of their lack of fluency with basic arithmetic and algebra. Teachers can be heard
saying, “If the students can not add correctly, how am I supposed to teach them systems of
equations, or anything else for that matter.” Because of this the first five or so minutes of each of
my classes is spent on reviewing the basics with a daily warm up with the goal of having
students become more fluent in basic mathematics.
Even though this is a practice that I follow, the majority of the mistakes made on this
assessment came from just basic arithmetic and algebraic mistakes. Instead of losing points for
not being able to understand the techniques of substitution and elimination, students were losing
points for things such as adding two negatives incorrectly or using the distributive property
incorrectly. The most common error on the assessment also is a “basic skill” that students learn
in an early grade and this error will be considered in the next implication.
Mathematics educators need to eliminate the fear associated with word problems.
With averages in the fifties and sixties it is safe to say that students struggled the most
with the two word problems in the assessment. Additionally, when students were asked on the
survey which problem was hardest the two word problems were the only problems that received
votes. Personally, I feel like this is something that cannot be avoided. When deciding how much
time I would take to teach this unit, I specifically spent extra time on systems of equations
hoping that I could relieve some of these problems with word problems. This is the biggest
problem with the education of today; students just cannot handle word problems.
With the exhausting amount of high stakes testing and teacher composite scores in public
schools today, teachers loose well over twenty days of instruction to giving state tests, grading
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state tests, analyzing data from those state tests, giving local benchmark tests, grading local
benchmarks, and analyzing local benchmarks for not just mathematics but also English and
Science. Add the fact that the state might decide to give students a “field test” to test their
ridiculous questions. Because of this, the deep understanding that should go along with each
topic gets thrown to the side. Word problems and understanding concepts get thrown to the side
for algorithms and formulas that students forget by the time that the school year is over. As
difficult as it is with these constraints, as teachers we need to try to make mathematics more
meaningful for students to not only aid in understanding, but also help students see the value in
the content that they are being taught. This, not high stakes state testing and benchmarks will be
what would correct the education system of today.
Suggestions for Future Research
If this study was to be completed again, certain aspects would have to be altered. It might
be interesting to see how the results would change in different mathematics courses. In this
study, only eighth grade students we used. Systems of equations are also studied in every one of
the high school mathematics courses that students will take. It would be interesting to see if a
student that has seen systems numerous times already would react differently than the eighth
graders that are seeing this material for the very first time.
In addition to adding a variety of courses, a larger number of students would benefit the
significance of this study. With only fifty one students the conclusions that have been made are
rather insignificant considering the difference in size to the overall population of mathematics
students and the fact that this study was not a completely random sample. Maybe a larger sample
size would be able to show what influences students to have a preference when solving systems
of equations.

64
The most important change would be the timing of the assessment. In this study the
assessment was given in a two day span directly after the instructional period. The problem that
sparked interest in this study was a problem from a New York State Regents Exam that was
given in June. In most cases, the period of time those students had between instruction and
assessment on that specific Regents Exam was much greater than the time in between instruction
and assessment in this study. Because of this, students might have fresh in their minds the two
different techniques and when to use each of them. It would be interesting to see how students
would perform if they are not as prepared.
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Concluding Remarks
The idea behind this study was to figure out what influenced a student’s preferred
solution technique when it comes to solving systems of equations. Given the results, we do not
have enough evidence to conclude any of the factors that were tested in the study. That being
said, this study in no way was a failure. Even though we did not get significant results, this study
does remind us of something very important when it comes to education. Students, and people in
general are unpredictable. There is no one right way or one better way when it comes to solving
any problem, not just systems of equations. Students should have every opportunity to see each
possible way of solving a problem and then be able to choose for themselves the way that works
the best for them. In addition to students being unpredictable, this study also reminds us that
even though they might not be in our standards, the basics of mathematics do have a place in our
classroom and should be practiced on a daily basis. These basic mathematic skills are present in
almost everything that we do and educators should use that opportunity to improve their
students. Lastly, and probably the most difficult thing for educators to do, is that educators need
to make what they are teaching to their students come to life. Sure students can learn the
material, but if a student is unable to apply what they have learned what good is learning it in the
first place? So even though I did not get the type of results that I was looking for in this
research, it is obvious to see that I did get results that matter.
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Appendix A
Name: _______________________________________________ Date: ___________________

Systems Review
Below are six questions where you need to review finding the solution of a system of equations
algebraically. Be sure to show all of your work to receive credit.
1) Solve the system of equations:

2) Solve the system of equations:
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Appendix A Continued
3) Solve the system of equations:

4) Solve the system of equations:
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Appendix A Continued
5) The total score in a football game was 72 points. The winning team scored 12 points more
than the losing team. How many points did the winning team score?

The winning team scored ____________ points and the losing team scored ______________.
6) Walter has only dimes and quarters in his pocket. He has 15 coins that have a total value of
$2.40. Write a system of linear equations to model the situation, using the variables defined
below. Then solve the system.



Let d be the number of dimes
Let q be the number of quarters

Walter has _________________ quarters and ___________________ dimes.
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Name: _________________________________________________ Date: _________________

Survey on Systems Review
Please answer all questions truthfully and to the best of your ability.
1) Which question did you think was easiest? Why? Please circle then explain.

1

2

3

4

5

6

Explanation: ___________________________________________________________________
______________________________________________________________________________

2) Which question did you think was hardest? Why?

1

2

3

4

5

6

Explanation: ___________________________________________________________________
______________________________________________________________________________

3) What method for solving systems of equations do you like most? Why?

Substitution

Elimination

Reason: _______________________________________________________________________
______________________________________________________________________________
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Appendix C
TO: Parents/Guardians of Students in Math 8
FROM: Shane Hood
DATE:
RE: Consent Form

Purpose, Procedure, and Benefits





The purpose of this study is to determine whether students have a preference in solution
technique when solving systems of equations. Additionally, this study aims to see what
would cause that preference.
During the student’s chapter on solving systems of equations, students will either be
taught the technique of substitution or elimination first. All students involved will
eventually see both techniques, just at different times. It is known in the mathematical
community that order does not matter when introducing these two topics.
The goal of this study is to improve mathematics instruction in the classroom. This is an
important study because of the potential benefits it may hold, not just for your students,
but for mathematics education in its entirety.

Related Information







Your student has been asked to participate in this study because he/she is a member of
Mr. Hood’s Math 8 class.
To maintain confidentiality, neither your student’s name nor yours will be used in any
way, shape, or form. Any name or identification will not be used with any materials
related to this study.
There is no cost (nor any compensation) to participate in this study.
Participation in this study is voluntary. Students may withdraw at any time. No penalty
can or will be assessed to the student or yourself for declining participation. Please bear
in mind that the assessment used to record and analyze data is a standard assessment that
each student would normally receive throughout their regular instruction (whether they
choose to participate or decline). Therefore, all students will be required to take these
assessments. Declining to participate will prevent your student’s scores from being
recorded and analyzed for the purpose of this study. Since this assessment is a regular
part of the class, it grade will be recorded in Mr. Hood’s personal gradebook in order to
keep track of the scores needed for the school’s grading purposes.
There are no anticipated risks involved in this study. This study deals with routine
teaching practices, so there should be no undue stress or strain placed on the students. If
students need to speak with someone other than Mr. Hood, the principal has been
apprised of the study. If no solution can be found, the student may be removed from the
study.
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The potential benefits to you and your student will be to receive more effective teaching
strategies and an overall improvement in performance within in math classroom.
Please read over and discuss the information with your student to make sure everyone is
fully aware of everything involved with this study.
For additional information or any questions you might have, please feel free to contact
Mr. Hood at the Randolph High School by phone: 716-358-6161 or by email:
shood@rand.wnyric.org
You may also contact Mr. Hood’s college advisor, Dr. Keary Howard, at SUNY Fredonia
by phone: 716-673-3873 or by email: keary.howard@fredonia.edu
Or you may contact the Human Subjects Protection Administrator, Maggie BryanPeterson, at SUNY Fredonia by phone: 716-673-3528 or by email:
petersmb@fredonia.edu

Thank you in advance for your participation in this important study. Please complete the
attached consent form and return with your student. Remember, this form authorizes the use of
data from your student’s grades for the purposes of research. All students still must participate
in class.
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Parental Consent Form
SUNY Fredonia
Thank you for choosing to be a part of this study, it is greatly appreciated. Please PRINT and
SIGN your name in the spaces provided below to show that you agree to participate. Remember
that signing this allows Mr. Hood to use your student’s data for a research project. All students
must participate in class whether they sign this form or not.
Voluntary Consent: I have read the terms of this memo and am fully aware of all that this study
involves. My signature below shows that I freely agree to participate in this study. I understand
that there will be no penalty for not participating. I understand that I may withdraw from the
study at any time, also without penalty. I understand that my name and all other personal
information will be kept out of the study. I understand that if I have any questions about this
study, I may contact Mr. Hood by phone: 716-358-6161 or by email: shood@rand.wnyric.org
Student Name (Please Print):
Parent/Guardian Name (Please Print):

Parent/Guardian Signature:
Date: __________________________
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TO: Students in Math 8
FROM: Mr. Hood
DATE:
RE: Consent Form


You are being asked to participate in a research project.



Participation is NOT mandatory, and will not take any extra time outside of the
classroom. To participate, simply take the class as you normally would.



There will be NO penalty for not participating.



By signing this consent form, you are allowing Mr. Hood to use your grade information
and data in this study. If you do not sign, you are still required to participate in all
classroom activities.



This project will be taking place over the course of a five week section of the regular
school year.



Your name WILL NOT be used in any way. This study will not identify you personally.
Only your grades will be used in this study.



Mr. Hood may ask to keep examples of your work, whether it is homework or any other
assessment. Names will be removed prior to it being included as part of the project.



The risks involved to this are minimal. There is most likely no risk to you at all. However
if there is a problem and you would like to discuss it with someone other than Mr. Hood,
the principal and assistant principal is aware of the study and are available.



Please be aware that this study is an attempt to making learning easier and to improve
your grades.



There is no payment or rewards (other than the chance of improving your grades) for
participation.



There will be NO penalty for not participating.

Please discuss this with your parent or guardian. If you or they have any questions, please feel
free to ask.
***Please sign and return the original consent form as soon as possible.***
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Student Consent Form
SUNY Fredonia
Thank you for choosing to be a part of this study, it is greatly appreciated! Please PRINT and
SIGN your name in the spaces provided below to show that you agree to participate. Remember
that signing this allows Mr. Hood to use your data for a research project. All students must
participate in class whether they sign this form or not.

Voluntary Consent: I have read the terms of this memo and am fully aware of all that this study
involves. My signature below shows that I freely agree to participate in this study. I understand
that there will be no penalty for not participating. I understand that I may withdraw from the
study at any time, also without penalty. I understand that my name and all other personal
information will be kept out of the study. I understand that if I have any questions about this
study, I may contact Mr. Hood at his email shood@rand.wnyric.org

Student Name (Please Print):

Student Signature:

________
Date: __________________________

Parent/Guardian Signature:
(witness)
Date: __________________________

