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Abstract 
 

 This study examines the types of mistakes that students make solving multi-step linear 

equations. During this study, students completed a 15-problem test containing different types of 

multi-step linear equations appropriate for 8th graders according to the state and national 

mathematics standards.  Students were not allowed to use a calculator.  The instrument was 

generated by using past state tests and by polling professors of mathematics.  The number of 

mistakes made for each mathematical property was recorded.  The scores were compared to a 

survey that students answered reporting their confidence in solving these types of problems.  The 

results of the study indicated that problems containing negative numbers and moving terms to the 

opposite side of the equal sign were incorrect most frequently among all student participants.  

Additional results revealed that eighth graders made more mistakes than college-level students, 

the types of mistakes made were different based on the grade level of the participants, males 

made fewer mistakes than females and there was a difference in the types of mistakes made 

based on gender.   
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Introduction 

This research investigates the reasons why students struggle with solving multi-step 

linear equations.  Specifically, it explores the shortcomings students experience when solving 

these types of problems.  There may be a variety of reasons why students have difficulties, 

whether they stem from understanding the process necessary to solve the problems or they 

require intermediate steps that the students do not know how to perform.   

As a former middle school Academic Intervention Services (AIS) teacher in a high needs, 

low income city school district, I found that my students had difficulties recalling basic math 

facts.  During rote exercises, students were forced to use strategies such as using repeated 

addition to produce the answer for one-digit multiplication and division facts that at this level 

should be recalled instantaneously.  Furthermore, I noticed that in a 7th grade general 

mathematics classroom, most students understood the steps for solving a problem, but struggled 

remembering how to perform integer operations or procedures such as the distributive property.  

For example, students had difficulties solving , which is a multi-step equation 

appropriate for this grade-level.   

I am interested in learning precisely which parts of multi-step equations give students the 

most difficulty.  It is important for educators to know and understand the common 

misconceptions or mistakes because this topic reappears in all higher-level mathematics courses.  

My study focuses on finding the mistakes students make when solving multi-step linear 

equations in order to develop strategies to mitigate the problem. 

It is hypothesized that 8th grade students will make the most mistakes with the 

distributive property and integer operations when solving multi-step linear 

equations.  Furthermore, it is also hypothesized that college students in a non-
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majors mathematics course will make the same mistakes as 8th graders.  In fact, 

there will be no significant difference in scores between the two different groups 

in this study. 

The hypothesis was tested when administering a test to a sample of students from the 

population.  The test was graded using a rubric to record the number and types of mistakes.  In 

addition, students responded to a survey that indicated their confidence level when answering 

these questions as well as their ability to use any of the properties or techniques involved in 

solving linear equations.  This literature review examines the history of linear equations, 

textbook approaches from the most popular publishing companies, common teaching practices, 

state and national standards, and state assessments.  This literature review also explores 

previously accepted teaching conventions and compares them to the methodologies used today, 

and examines the progression from previously utilized national and state standards to the 

recently adopted Common Core Curriculum.  Finally, it investigates assessment questions posed 

to students at particular grade levels. 

History of Approaches Used to Solve Linear Equations 

Equations developed over several thousand years using the works of many 

mathematicians from different civilizations (Berlinghoff & Gouvêa, 2002).  Many mathematical 

ideas were never written down, however the thoughts documented by scribes took on the form of 

words and not modern symbols.   

The timeline in Figure 1 highlights the evolution of equations, beginning around 200 CE 

to the 17th century. 
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Figure 1.  Timeline of History of Equations 

 

 

 

 

 

 

 

 

 

Equations first transpired between the first and third century in the Common Era  

(Berlinghoff & Gouvêa, 2002).  The Rhind Papyrus contains evidence that Ancient Egyptians 

could solve simple linear equations by using addition and doubling to handle multiplication and 

division. Babylonians also recorded mathematical ideas on tablets, which eventually evolved into 

modern equations.  They used many methods, including false position, to solve for unknowns.  

They also utilized the parts of their hands to solve problems.       

Following the Ancient Egyptians and Babylonians was Diophantus (200-284 CE).   A 

Greek mathematician who lived in Alexandria, Diophantus used symbolic abbreviations to study 

number theory.  He wrote Arithmetica, a book containing 189 problems comprised of Greek 

letters and symbols, creating the first formal equations (Bashmakova & Smirnova, 2002; 

Derbyshire, 2006).  When translated, his work was a close representation of modern equations 

containing one unknown.  Concepts like manipulating terms from one side of the equation to the 

other, distributing and factoring were demonstrated in Arithmetica.  He also introduced negative 
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numbers and operations using them.  He explicitly developed and used rules for multiplying 

negative and positive numbers.  Although he did not formalize adding and subtracting rules, he 

still performed computations with them (Bashmakova & Smirnova, 2002).   

The Indians used equations in the same manner as the Egyptians.  They used words to 

develop their ideas, and solved the problems symbolically.  Their work often included several 

variables (Bashmakova & Smirnova, 2002).  Arabic mathematicians also used these ideas.  

Muhammad Ibn Musa Al-Khwārizmī used symbols in his book ad-jabr w’al-muqabala to solve 

linear equations.  He used geometric explanations and justifications to solve equations, similar to 

those from Mesopotamian times.  His book eventually translated to al-jabr, a Latin version 

whose translation means “algebra”.  

Following Al-Khwārizmī, Franḉois Viète (1540-1603), a European mathematician, used 

Diophantus ideas to develop symbolic algebra (Berlinghoff & Gouvêa, 2002; Kieran, 1992).  He 

used letters to represent numbers, vowels for unknown quantities and consonants for unknown 

numbers in equations, which led the way to modern day algebra.  Algebra was widely accepted 

by world mathematicians when Viète associated it with the Greek civilization (Berlinghoff & 

Gouvêa, 2002).  However, it was René Descartes (1596-1650) who modernized algebra.  In his 

book La Géométrie, Descartes introduced modern-day notation using lowercase letters from the 

end of the alphabet for unknown quantities and lowercase letters from the beginning of the 

alphabet for known quantities.  Shorthand and symbols were used during the Renaissance with 

little consistency among people and countries.  Finally in the 15th century, the invention of 

movable type introduced the universal use of mathematical symbols for solving equations.  It 

took several thousand years in order for mathematicians to understand, express and solve 
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equations, and for the notation and symbols to evolve into those used today in textbooks and 

classrooms. 

Current Approaches to Teaching Linear Equations 

Textbook Approaches 

There are three basic approaches to solving linear equations taught by the most common 

textbook publishers: Addison-Wesley, McGraw-Hill, AMSCO and Prentice Hall.  They are 

direct instruction, instruction through manipulatives and self-discovery.  Addison-Wesley 

Mathematics: Grade 7 begins its instruction on “Solving Two-Step Equations” by using counting 

chips (Eicholz, Young, O’Daffer, Barnett & Charles, 1995).  This textbook presents an equation 

with manipulatives.  Students are instructed to use the chips to find the value of the variable.  

Very little instruction accompanies the exploratory approach, as students are expected to 

discover how to formulate an answer.  Steps for solving two-step equations along with examples 

immediately follow.  The next two sections contain instructions for solving equations using 

addition/subtraction and multiplication/division.  Both sections begin with a picture of a balance, 

followed by an explanation of how equations need to remain balanced using the 

addition/subtraction or the multiplication/division properties of equality.  An example with step-

by-step instructions follows, with practice problems following it (Eicholz, Young, O’Daffer, 

Barnett & Charles, 1995).   

Figure 2 is an excerpt from the section introducing multi-step linear equations.  This text 

uses manipulatives to represent the parts of equations.  It also contains questions about the 

connection between the pictures and equations.  Examples of equations with step-by-step 

solutions follow the discussion questions. 
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Figure 2.  Solving Two-Step Equations (Eicholz, Young, O’Daffer, Barnett & Charles, 1995, p. 
483) 
 

 

Two textbooks, Course 1 Applications and Connections and Middle Grades 

Mathematics: An Interactive Approach introduce their lessons on multistep linear equations with 

a problem using manipulatives (Chapin, 1995; Collins, 1999).  Explanations follow the examples 

and terminology is defined, when appropriate. Course 1 Applications and Connections uses a 
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real-life approach in its explanations, whereas Middle Grades Mathematics: An Interactive 

Approach simply gives an equation without any context.   

Figure 3 is a page from Course 1 Applications and Connections.  This textbook connects 

multi-step linear equations to real-life examples.  It also uses manipulatives in order to describe 

how to solve equations. 

Figure 3.  Solving Adding Equations (Collins, 1999, p. 482) 

 

Another national textbook, Algebra I, also separates its sections by adding/subtracting, 

multiplying/dividing and solving two-step equations (Shultz, Kennedy, Ellis & Hollowell, 2001).  

The textbook also has separate sections for solving multi-step equations and using the 
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distributive property of multiplication.  Each unit begins with a real-life example related to the 

topic.  When appropriate, it uses manipulatives or visuals to explain how to solve the problem.  It 

discusses appropriate terminology and definitions and then provides three problems solved with 

detailed explanations using the terminology.  Three to five more problems follow with complete 

solutions and explanations.  Examples using technology and graphing calculators are also 

included. 

Figure 4 is a selection from Algebra I.  It also connects a real-life example to a multi-step 

linear equation.  This textbook shows each step of the solution with the name of the property 

used, along with a check to ensure the equation was solved correctly. 

Figure 4.  Solving Multistep Equations (Shultz, Kennedy, Ellis & Hollowell, 2001, p. 137) 

 

 Figure 5 is another excerpt from Algebra I.  In this example, the textbook demonstrates 

the use of technology in order to find the unique solution for both multi-step linear equations. 
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Figure 5. Solving Multistep Equations (Shultz, Kennedy, Ellis & Hollowell, 2001, p. 137) 

 

In the same manner as Algebra I, Pre-Algebra (NY Edition) begins with an equation 

solved step-by-step, representing a real-life problem (Malloy, Price, Willard & Sloan, 2006).  

Unlike Algebra I, Pre-Algebra (NY Edition) has separate sections dedicated to subtraction and 

division, addition and multiplication, negative coefficients, like terms and parentheses, 

distributive property, combining like terms, equations with no solutions and equations with 

multiple. 

 In Figure 6, the authors of the textbook also use a word problem to solve a two-step linear 

equation.  In this problem, they demonstrate and describe the required steps to find the solution 

of the equation and use a check to verify the solution is correct. 
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Figure 6. Solving Two-Step Equations (Malloy, Price, Willard & Sloan, 2006, p. 120) 

 

Two textbooks take a direct instruction approach to teaching multiple step equations.  

Integrated Mathematics Course 1 begins by explaining how, when and why students solve 

equations (Dressler & Keenan, 1998).  It follows with sections on addition, subtraction, 

multiplication, solving equations with more than one operation, solving percents, and writing and 

using equations to solve problems.  Each section begins with specific definitions and postulates, 

followed by three to five examples of equations solved with explanations justifying each step. 
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Figure 7 shows how Integrated Mathematics Course 1 uses specific mathematical terms 

to describe how to solve equations, followed by an example. 

Figure 7.  Introduction to Solving Equations (Dressler & Keenan, 1998, p. 171). 

 

Algebra I: An Incremental Development begins with several fully developed examples 

(Saxon, 1997).  Then, it generalizes the steps to solve any equation.  Unlike the other textbooks, 

6·1 PREPARING TO SOLVE AN EQUATION 

Some Terms and Definiti~ns 

I EXAMPLES 

An equation is a sentence that states that two algebraic expressions are equal. 
For example, x + 3 = 9 is an equation in which x + 3 is called the left side, or 
left member, and 9 is the right side, or right member. 

An equation may be a true sentence such as 5 + 2 = 7, afalse sentence such 
as 6 - 3 = 4, or an open sentence such as x + 3 = 9. The number that can 
replace the variable in an open .sentence to make the sentence true is called a 
root, or a solution, of the equation. For example, 6 is a root of x + 3 = 9. 

As discussed in Chapter 4, the replacement set or domain is the set of possible 
values that can be used in place of the variable in an open sentence. If no re
placement set is given, the replacement set is the set of real numbers. The set 
consisting of all elements of the replacement set that are solutions of the open 
sentence is called the solution set of the open sentence. For example, if the re
placement set is the set of real numbers, the solution set of x + 3 = 9 is ( 6}. If 
no element of the replacement set makes the open sentence true, the solution set 
is the empty or null set, 0 or { } . To solve an equation is to find its solution set. 

If every element of the domain satisfies an equation, the equation is called an 
identity. Thus, 5 + x = x - (- 5) is an identity when the domain is the set of 
real numbers because every element of the domain makes the sentence true. 

If not every element of the domain makes the sentence true, the equation is 
called a conditional equation, or simply an equation. Therefore, x + 3 = 9 is a 
conditional equation. 

1. Is 7 a root of the equation 5x- 10 = 25? 

How to Proceed: 

(1) Write the equation: 

(2) Replace the variable, x, by 7: 

(3) Simplify the left member: 

Answer: Yes 

Solution: 

5x- 10 = 25 

5(7) - 10 2 25 

35- 10 2 25 

25 = 25 
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Algebra I: An Incremental Development and Integrated Mathematics Course 1 do not use visuals 

or manipulatives to solve equations.   

Figure 8 is a selection from Algebra I: An Incremental Development.  This textbook gives 

detailed instructions for each of its examples, using appropriate mathematical terminology.  After 

the example, it summarizes the steps used to solve the equation that can be applied to any linear 

equation. 

Figure 8.  More Complicated Equations (Saxon, 1997, p. 111) 

 

Each textbook examined used different approaches to teach and demonstrate 

mathematical concepts.  Some textbooks introduced equations using manipulatives such as chips 

or a balance.  Other textbooks used real-life problems in order to develop the equations, and then 

explained each of the steps used to solve them.  One textbook had a separate section devoted to 

each possible step to solve equations.  Two textbooks used a direct approach to solve equations 

with no application for its use.  Finally, two textbooks utilized definitions, explanations and real-
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life examples with complete solutions for three to five examples.  There are many ways that 

multi-step linear equations can be taught to students.  It is up to teachers to find the best 

approach to teach to their students.  

Teaching Methodologies 

Modern day algebra consists of numbers, symbols and operations (Kieran, 1992).  

According to Kieran, there are two ways to approach algebraic problems: structurally and 

procedurally.  Structurally means that operations are carried out on variables and numbers and 

symbols are manipulated to solve the problem.  Procedurally means that arithmetic operations 

are performed on numbers to compute a numeric answer.  Kieran suggests that while students 

learn to solve the problem structurally, teachers and textbooks present them procedurally.  Since 

students master arithmetic procedurally, educators tend to present algebra in the same format, 

often confusing students.   

 When introducing algebra to students, many teachers try to make a connection between 

arithmetic and algebra (Kieran, 1992).  This confuses students, especially when deciphering 

between expressions and equations with multiple symbols ( , unless ).  

Students are often taught to treat the unknown as an empty box, especially in the pre-algebra 

years.  For example, students are instructed to find □ instead of a letter variable, and are asked to 

solve problems like 235 + □ = 679.  Students are then taught to work with variables instead of 

the empty box, and are encouraged to use number facts and counting techniques that they learned 

in their primary years.  Students are also taught to solve for unknowns (or variables) by using 

“guess-and-check”, also known as “trial and error substitution”.  This method is very time 

consuming and error-prone.  Once students understand formal techniques and develop skills 

necessary for solving equations, methods that are less reliable and more time consuming are no 
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longer used.  Eventually students are expected to solve  instead of 235 +□ = 679.  

They learn methods including cover-up, undoing (or working backwards), transposing (Change 

Side – Change Sign) and performing the operation on both sides.  The goal of both the instructor 

and students is to develop formal, systematic techniques to solving for the unknown in an 

equation. 

 In addition to teaching the concept of solving for an unknown, proper use of 

mathematical language is equally important when teaching equations to students (Knuth, Alibali, 

Hattikudur, McNeil & Stephens, 2008).  Instead of saying “Solve the Equation”, teachers instead 

say “What value of m will make the following number sentence true: ”.  Students 

become accustomed to hearing this language in elementary school, and will likely understand the 

meaning of those instructions.  Students also tend to understand the directions “Is the number 

that goes in the □ the same number in the following two equations?” instead of generic directions 

like “solve for x” when presented with 2 ×□ + 15 = 31 and 2 ×□ + 15 − 9 = 31 − 9.   

 Teachers continuously reiterate and reinforce math terminology while modeling problems 

on the board.  Students become accustomed to hearing phrases like “getting the variable by 

itself”, “getting x by itself”, “performing operations to both sides”, “combining or gathering like 

terms” and so on (Armstrong, 2005).   These concepts should become engrained in students’ 

working memory the more often they hear them, however some students continuously struggle 

with mathematics. 

 In order for students to understand algebra, it is important that teachers use proper, 

consistent terminology.  It is also essential that teachers model concepts in a variety of ways, 

using appropriate mathematical vocabulary, in order for students to understand and retain what 

they are learning. 
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Student Perceptions/Misconceptions of Algebra 

 Knuth, Alibali, Hattikudur, McNeil and Stephens (2008) suggest that one of the most 

common misconceptions students have in developing an understanding of equations is the 

significance of the equal sign (=).  Students forget that the equal sign literally means “operations 

equals answer” and are usually presented the material in an “operations on the left hand side of 

the equal sign” manner.  For example, 

€ 

4x − 5 = 9x  means “four times x minus five equals nine 

times x”.  They forget or never learn that either side of the equal sign is equivalent to one 

another.  With 

€ 

4x − 5 = 9x , students are often taught that they need to subtract 4x in order to 

solve for x, and often do not learn that  is equal to .  Procedural errors occur because 

students do not keep equations in balance by performing operations on one side of the equation 

only (Bright, 1981).   

 Students also perceive the equal sign as “do something” (Herscovics & Kieran, 1980).  

Students understand they need to find a missing number, but are confused with the steps 

involved in finding that unknown.  Since there is often more than one way to correctly solve a 

mathematical problem, students become caught up in steps involved in solving for a variable or 

unknown.  The more steps required in solving an equation, the more likely students will 

incorrectly solve the problem (Bright, 1981).   

Another problem that students experience when solving an equation is sign confusion.  

Students tend to forget about or ignore the negative or minus sign in front of a number.  Also, 

some students do not realize a minus sign places a negative value on a number, and treat the 

number as a positive one (Herscovics & Linchevski, 1994).  For example, students do not 

understand how to solve for x in 

€ 

x − 4 =10 because it is a subtraction problem.  When they solve 

for x, they often obtain six as an answer.  Also, students have trouble solving equations such as 
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, because they often forget the sign in front of the six makes that number negative.  

Equations such as this create problems when combining like terms in a string or performing 

inverse operations on numbers and/or variables to solve for an unknown.  Some argue that 

algebra can be introduced without discussing negative numbers, while others think that students 

need to have a background in all integers before they can learn algebra (Herscovics & 

Linchevski, 1994; Knuth, Stephens, McNeil & Alibali, 2006).   

 A problem noted by Kieran (1992) is there are two groups of math students: arithmetic 

thinkers and algebraic thinkers.  Arithmetic thinkers tend to use trial-and-error substitution to 

solve equations because the answer is more intuitive to them, whereas algebraic thinkers use 

inverses and “undoing” strategies to solve equations because they recognize they are trying to 

find the value of the unknown.   Knuth, Stephens, McNeil and Alibali (2006) found that there is 

a relationship between understanding the equal sign and using correct algebraic strategies to 

solve an equation.  Students who did not understand the equal sign were likely to use “guess and 

check” or improper strategies.  They believe that this thinking develops in elementary school, 

when students are first introduced to basic operations. 

 Additionally, Herscovics and Linchevski (1994) suggest that students have difficulties 

solving equations due to presentation and approach.  The pace, order and approach topics are 

introduced to students can cause confusion and frustration, with students not learning or 

understanding the material. Students need to learn proper terminology and skills before they can 

effectively solve equations.  They believe that students need to understand what an equation is, 

the meaning and usage of the equality sign, the terms decomposition and equivalence with 

respect to equations, how to translate words to expressions and equations, order of operations 

and concatenation and how to recognize different forms in which equations can be written.   
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From an application standpoint, Bright (1981) adds that students are presented with steps 

to solve problems without understanding how or why they work.  Key works like “isolation”, 

“collection” and “attraction” help students to remember to solve for a variable, combine like 

terms and move variables to the opposite side of the equal sign without explaining why they are 

mathematically possible.  Bright classifies this mathematical understanding into four categories: 

instrumental (students follow rules without understanding them), relational (students learn 

specific rules from more general ones), intuitive (students solve problems based on prior 

knowledge) and formal (students have complete understanding of symbols, ideas and 

terminology in the problem solving process). 

In recent years, due to increased assessments and the imposition of state and national 

standards, teachers present lessons under time restrictions.  As a result, teachers develop rules for 

solving equations without explaining how or why they work and students are expected to know 

and use them (Ivey, 2003; Perso, 1996; Star & Seifert, 2006).  Rules like “same change change” 

for changing subtraction problems to addition while changing the sign of the second addend or 

“DSBS: do the same to both sides” do not explain how they work or why this process needs to 

occur (Perso, 1996; Star & Seifert, 2006).  The rules confuse students because they are forced to 

memorize them without understanding them.   

As a result, students often confuse or forget steps and obtain an incorrect solution to their 

problem (Perso, 1996; Star & Seifert, 2006).  Students who do not understand the relevance of 

solving equations for an unknown or have not developed a clear sense of what it means to solve 

for a variable are likely to be unsuccessful when solving multi-step equations (Herscovics & 

Kieran, 1980).  Since procedures are important in mathematics, Star and Rittle-Johnson (2008) 

suggest four basic steps that often work:  COMBINE, MOVE, DIVIDE and EXPAND.  Students 
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that had the flexibility to solve problems using general rules that did not involve specific 

operations, procedures or order usually did so with a higher level of accuracy (Ivey, 2003; Star & 

Rittle-Johnson, 2008). 

Furthermore, Davis and Cooney (1977) categorized errors that students commonly make 

into the following categories: 

• Misuse of the rules for adding/subtracting and/or multiplying/dividing positive and 

negative numbers 

• Arithmetic errors in addition or subtraction and/or multiplying or dividing 

• Misuse of the additive property of equality – this category include “transposing” errors 

• Misuse of the multiplication property of equality 

• Coefficient error – uses additive rather than multiplicative inverse 

• Coefficient error – misuses multiplicative inverse 

• Does not finish problem – original equation does or does not contains fractions  

It is not necessarily the case that students cannot procedurally solve a multi-step equation; there 

are one or two specific concepts that cause a student to be unsuccessful in solving for an 

unknown (Herscovics & Linchevski, 1994). 

 In general, students often make mistakes when solving equations because students do not 

understand the terms and operations of an equation and how to manipulate them in order to solve 

for an unknown.  Many rules and terms are used in order to solve for a variable, which can 

confuse students if not presented properly.  In order to accommodate both the algebraic and 

arithmetic thinkers in a classroom, teachers need to use flexible teaching techniques so that 

students can use any of the methods available to solve problems accurately. 
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Standards and Assessments 

Standards 

 There are many similarities among the different mathematics learning standards 

established by the state and the Department of Education.  All of them address solving equations 

of different complexities and performing integer operations between 5th and 8th grade.  Some of 

the standards are more specific than others. 

 In March 2005, New York State adopted the Mathematics Core Curriculum (MST 

standard 3).  Students first learn about equations in 5th grade, when they solve simple one-step 

equations using basic whole-number facts and inverse operations with whole numbers.  In 6th 

grade, the distributive property of multiplication over addition/subtraction is introduced.  Also, 

students are expected to solve and explain two-step equations involving whole numbers and 

inverse operations.  Students solve multi-step equations by combining like terms, using the 

distributive property or moving variables to one side of the equation in 7th grade.  They also add, 

subtract, multiple and divide integers.  In Figure 9 are the New York State mathematics 

standards for 5th, 6th and 7th grade that require students to solve linear equations. 

Figure 9. New York State MST Standard 3 

5.A.4   Solve simple one-step equations using basic whole-number facts 
5.A.5   Solve and explain simple one-step equations using inverse operations involving whole 

numbers 
6.A.4   Solve and explain two-step equations involving whole numbers using inverse 

operations 
7.N.12   Add, subtract, multiply and divide integers 
7.A.4  Solve multi-step equations by combining like terms, using the distributive property, or 

moving variables to one side of the equation 
 
 Following the Mathematics Core Curriculum, New York State adopted the Common 

Core Learning Standards for Mathematics (NYS Common, 2011).  Under these national 

standards, students are introduced to linear equations in 6th grade.  Students substitute a value for 
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a variable to determine if an equation is true and write and use equations to solve real-world 

problems in the forms  and , where , q and x are all non-negative rational 

numbers,  and q are constants and x is a variable.  During 7th grade, students solve multi-step 

real-life mathematical problems using positive and negative rational numbers (fractions, 

decimals and whole numbers).  They also solve equations in the forms  and 

, where p, q and r are rational numbers and constants.  In addition, they perform 

operations on all rational numbers (i.e. subtracting positive and negative numbers).  In 8th grade, 

students solve equations with one variable, where there may be one, many or no solutions.  They 

also solve linear equations with rational number coefficients that require using the distributive 

property and combining like terms.  A complete list of the NYS Common Core Learning 

Standards can be found in Appendix E. 

The National Council of Teachers of Mathematics (NCTM) also publishes learning 

standards for mathematics (NCTM, 1989).  In grades 6-8, students are expected to understand 

the meaning and effects of arithmetic operations with integers, understand the distributive 

property of multiplication over addition to simplify computations with integers and understand 

and use the inverse relationships of addition and subtracting, and multiplication and division to 

simplify computations and solve problems.  Additionally, students use symbolic algebra to 

represent situations and solve problems.  They are also to recognize and generate equivalent 

forms for simple algebraic expressions and solve linear equations.  Figure 10 contains the 

standards related to solving equations, published by NCTM for grades 6-8.   
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Figure 10. NCTM Standards 

Number and Operations Standard for Grades 6–8 

• understand the meaning and effects of arithmetic operations with fractions, decimals, and 
integers; 

• use the associative and commutative properties of addition and multiplication and the 
distributive property of multiplication over addition to simplify computations with 
integers, fractions, and decimals; 

 
Algebra Standard for Grades 6-8 

• use symbolic algebra to represent situations and to solve problems, especially those that 
involved linear relationships 

• recognize and generate equivalent forms for simple algebraic expressions and solve linear 
equations 

The state and national standards are closely aligned.  They identify the grade level when 

students should learn specific mathematical concepts.  The standards are also aligned to the state 

assessments that New York State students are tested with annually.   

New York State Assessments 

Closely aligned to the standards are the New York State Assessments.  Since 2006, New 

York State tested students based on the New York State MST standard 3.  Students are presented 

with a variety of problems they are expected to solve in either a multiple-choice (book 1) or short 

answer format (books 2 and 3).  Multiple-choice problems usually present students with answers 

that can be substituted into the original problem (NYS grade 8 book 2, 2010).  Students may also 

choose to solve for the variable and determine whether their solution is one of the choices 

available.  In a short-answer format, students are expected to defend their responses by 

explaining how or why they came to their solution.  

 Problem #12 in Figure 11 came from the 2010 grade 6, book 1 assessment.  This problem 

is an example of a multiple-choice question in which students are required to translate an 

equation from words into symbols. 
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Figure 11. Problem #12 - 2010 Grade 6 Book 1 Assessment                       

 

 The correct answer for this problem is .  The other three choices are 

distracters because they offer incorrect arrangements of the same constants and variables. 

 Figure 12 is problem #26 from the 2010 grade 6 book 2 assessment.  This is an example 

of a short answer question where students had to show all of the necessary steps to solve for the 

variable in order to receive full credit. 

Figure 12. Problem #26 - 2010 Grade 6 Book 2 Assessment 
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 Students needed to use one of two strategies in order to receive full credit on this problem 

(NYS grade 6 book 2, 2010).  They should have solved for the variable by subtracting 66 from 

both sides of the equation, or used the “guess and check” method.  Students should have showed 

at least three guesses in order to receive full credit for this method.  Showing a correct answer on 

the first try would have awarded partial credit. 

 Figure 13 is problem #10 from the 2010 grade 7, book 1 assessment.  This problem 

instructed students to solve for the variable a in the equation. 

Figure 13. Problem #10 – 2010 Grade 7 Book 1 Assessment 

 

Since this is a multiple-choice problem, students did not need to show any work for full 

credit (NYS grade 7 book 1, 2010).  Any strategy to reach a correct answer was appropriate, 

including the substitution of each answer for the variable to determine which one satisfied the 

equation. 

In Figure 14, problem #34 instructed students to set up and solve an equation from the 

given word problem (NYS grade 7 book 2, 2007).  Any correct answer obtained without setting 

up and solving a correct equation received at most partial credit. 
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Figure 14. Problem #34 - 2007 Grade 7 Book 2 Assessment 

 

 Problem #9 in Figure 15 appeared on the 2010 grade 8, book 1 assessment. 

Figure 15. Problem #9 – 2010 Grade 8 Book 1 Assessment 

 

Similarly to problem #10, students could use any strategy to correctly arrive to a solution (NYS 

grade 8 book 1, 2010).   

Problem #34 in Figure 16 appeared on the 2010 grade 8, book 3 assessment. 
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Figure 16. Problem #34 – 2010 Grade 8 Book 3 Assessment 

 

Unlike problem #9 in Figure 15, in order to receive full credit for problem #34, students 

had to show their work (NYS grade 8 book 3, 2010).  There were several steps in this problem, 

including combining like terms, adding and subtracting terms to opposite sides of the equal sign 

and dividing by a coefficient to solve for a variable. 

 In book 1 questions, students can use any mathematical strategy to answer the question 

(NYS grade 8 book 1, 2010).  These problems do not necessarily determine whether students 

know how to solve a multi-step equation, but whether students can use test-taking strategies to 

arrive at the correct answer. Since book 1 consists of entirely multiple-choice problems, students 

are graded on correct answers alone and not on their work.  In books 2 or 3, students had to 

carefully follow directions and defend their answers using precise mathematical procedures 

because all of their work on these problems was graded (NYS grade 8 book 2, 2010).  On these 

particular exams, the problems are aligned closely with the NYS MST 2005 standards, and 

loosely with the NCTM standards.  Future state assessments will be carefully aligned with the 

Common Core Curriculum. 
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 The use of linear equations evolved over thousands of years, from ancient civilizations to 

modern day classrooms.  The symbols, rules and teaching methodologies also transformed over 

time to the standards, teaching practices and assessments used today.  Educators continue to 

assess their teaching approaches to ensure that students are mastering the concepts according to 

the guidelines put in place.       

Experimental Design and Data Collection 

 This experiment tested the hypothesis that students would make the most mistakes using 

the distribution property and integer operations when solving multi-step linear equations.  During 

this study, students answered a 15-problem test that contained different types of multi-step linear 

equations appropriate for the grade level according to the state and national mathematics 

standards.  The questions were generated as a result of polling mathematics teachers in local 

middle schools and SUNY Fredonia faculty.  Each question was evaluated to determine the types 

of mistakes made and their frequency.  The evaluation was compared to a survey that students 

answered about their confidence in solving these types of problems.  

 Participants at a Local Middle School 

 This study was conducted in the middle school of 

a rural community located approximately 15 miles 

southeast of Lake Erie.   The district has a total 

population of approximately 1150 students district wide.  

The student population is approximately 96% Caucasian, 

2% African American and 2% Hispanic.  Each class 

meets for forty minutes per day, with the average math 

class consisting of 25 students.  Of the 35 student participants, two are Hispanic.  Two students 

Figure 17. Middle School Student 
Demographics 

Gender # of students 
Male 16 

Female 19 
  
Accommodations # of students 

IEPs 2 
504 Plan 0 

  
Race % of students 

Caucasian 96% 
African American 2% 

Hispanic 2% 
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have Individualized Education Plans (IEPs) while none of them receive accommodations through 

a Section 504 plan.   

 In order to conduct research using this population of students, special permission was 

received.  A consent form (see Appendices A and B) was given to each student enrolled.  

Students and their parents signed the form before the administration of the experiment.  In 

addition, the principal gave permission to perform the study. 

Participants at a Local College 

 This study was also conducted at a local college approximately five miles from Lake Erie 

and 40 miles from Buffalo, with a community of about 11,000 residents.  This institute has 

approximately 5730 students: 5400 undergraduate students and 330 graduate students.  The 

majority of these students are residents of Chautauqua, Cattaraugus, Erie, Monroe, Niagara and 

Onondaga Counties.   The remaining student population comes 

from other parts of the state, the United States and foreign 

countries. There are approximately 85% Caucasians, 2.6% 

African Americans, 2.1% Asians, 2.7% Hispanics and 0.6% 

Native Americans on campus. The university has 

approximately 250 full time faculty and 200 part time faculty. 

 Seventy-seven college students participated in this 

study.  They were enrolled in Mathematics in Action, a 

mathematics course for non-majors that fulfills a College Core 

Curriculum (CCC) requirement for graduation.  The 

breakdown of these students is as follows: 44 males and 33 females, 59 freshman, eight 

sophomores, six juniors and two seniors.  Most students that take this course typically do not like 

Figure 18.  College Student 
Demographics 

Gender	   #	  of	  students	  

Male 44 
Female 33 

  
Grade Level # of students 

Freshman 59 
Sophomore 8 

Junior 6 
Senior 4 

  
Race % of students 

Caucasian 85% 
African American 2.6% 

Hispanic 2.7% 
Asian 2.1% 

Native American 0.6% 
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mathematics.  Consent was also received from this group of students prior to the study (see 

Appendix C). 

Design 

 The experiment tested the hypothesis that students struggled with the distribution 

property and integer operations when solving linear equations. Students received a fifteen-

problem test during the first fifteen minutes of one class period.  The test consisted of a variety 

of multi-step linear equations that students were asked to solve without a calculator.  A three-

question survey followed asking students to comment on which problems they found to be the 

easiest and most difficult, and what steps they struggled with the most.   

Instrument Items and Justification 

 Two instruments were administered with the problems arranged in different orders (see 

Figure 19).  Since students were given 15 minutes to complete the test, the randomization 

attempted to prevent the omission of the same questions if time expired.  It did not, however, 

prevent students from skipping problems they could not solve.  Problems varied in difficulty and 

contained some or all of the possible concepts or procedures to solve linear equations in order to 

assess student understanding.  Students were instructed to solve for the variable in each equation. 

Figure 19.  Instrument for Middle School and College-Level Study 

1. 

€ 

3x + 7 =16 2.  3. 

€ 

2x − 5 = 8 

4.  5. 

€ 

4x + 3 = 5x −11 6.  

7.  8. 

€ 

7x − 6 + 9 = 4x  9. 

€ 

8x − 2 − 3x = −x + 4  

10.  11.  12.  

13. 

€ 

−3+ 4 +10x =11x  14. 

€ 

r + 2r = 6  15. 

€ 

a =19a +18  
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Follow-up Survey Questions: 

1. Which problem was the easiest?  Why? 

2. Which problem was the most difficult?  Why? 

3. List the number for the problems with answers you are unsure of below.  Comment why you 

struggled with these problems. 

 
Figure 20 identifies the mathematical procedures required to solve each equation on this 

test.   

Figure 20. Justification for Test Problems. 

 
*A – addition; S – subtraction; M – multiplication; D – division 

 
Each problem utilized some or all of the different mathematical properties when solving 

multi-step linear equations.  For example, problem #1 was a two-step equation that required 

Problem 
Number 

Distributive 
Property 

Combining Like 
Terms on Same 
Side of Equal 

Sign 

Moving 
Terms to 

Opposite Side 
of Equal Sign 

Basic 
Facts* 

Uses 
Negative 
Numbers 

Uses 
Variables 

other than x 

1   X S, D   
2   X S, D X  
3   X A, D   
4   X S X  
5   X A, S, D X  
6 X  X A, S, 

M, D 
X  

7 X  X S, M, 
D 

  

8  X X A, S, D X  
9  X X A, S, D X  
10 X  X A, S, 

M, D 
X  

11   X M   
12   X S  X 
13  X X A, D X  
14  X  A, D  X 
15   X S, D X X 
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students to be able to move terms to opposite sides of the equal sign using subtraction and 

division.  Problem #10, on the other hand, was a more difficult equation.  It involved the 

distributive property of multiplication over addition, in which students had to multiply a constant 

to all of the terms inside a two different sets of parentheses.  Students needed to move terms to 

the opposite side of the equal sign using addition, subtraction, multiplication and division.  

Finally, students used integer operations with negative numbers. 

Method of Data Analysis 

In order to test the hypothesis, each quiz was scored using a rubric located next to each 

equation.  A tally of each type of mistake was recorded in Microsoft Excel and Minitab.  Since 

this study was quantitative, scores were averaged and compared based on gender and whether 

they were 8th grade or college-level students.  Using statistical software, an analysis of variance 

(ANOVA) tested the hypothesis on the data collected and a Tukey test evaluated the difference 

in means.  In addition, each problem was analyzed to determine the frequency of each mistake.  

A summary followed generalizing the most common mistakes made by students along with any 

anomalies. 

Results 

Quantitative Test Results 

There were five principal results that emerged from this study: 

1. Problems containing negative numbers and moving terms to the opposite side of the equal 

sign were incorrect most frequently among all student participants (F-value 12.69, p-value 

0.00). 

2. 8th graders made more mistakes than college-level students (F-value 116.60, p-value 0.00). 

3. 8th graders and college-level students made different types of mistakes. 
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4. Males made fewer mistakes than females (F-value 6.60, p-value 0.01). 

5. There was a difference in the types of mistakes made based on gender.   

Using a one-way analysis of variance (ANOVA) comparing all nine categories studied 

with the number of mistakes made, there was an F-value of 12.69 and a p-value of 0.00, with a 

R-Sq value of 9.15%.  Therefore, at least one of the categories of steps involved in solving 

equations helped to predict whether a mistake was made.  Using the Tukey method with a 95% 

confidence interval, Figure 21 displays categories with sample means that are significantly 

different from others.  For example, there was a significant difference in results between the 

problems using the distributive property and multiplication, however there was no significant 

difference in the results for problems containing the distributive property and subtraction. 

Figure 21. Categories Significantly Different from Others 
 Negative 

Sign 
Moving 
Sides 

Distribution Combining 
Like 
Terms 

Division Subtraction Multiplication Addition Value 
Other 
than x 

Negative Sign    X X X X X X 
Moving Sides     X X X X X 
Distribution       X X X 
Combining 
Like Terms 

X       X X 
Division X X       X 
Subtraction X X        
Multiplication X X X       
Addition X X X X      
Value Other 
than x X X X X X     

 

Result #1 – Problems containing negative numbers and moving terms to the opposite side of 

the equal sign were incorrect most frequently among all student participants. 

Figure 22 displays the percentages of mistakes made by category.  As predicted, one of 

the mistakes that occurred the most was with negative integers (19% of the time).   Mistakes 

made moving variables or integers to either side of the equal sign also occurred frequently, 
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which was not predicted prior to the data collection (18% of the time).  Mistakes using the 

distributive property and combining like terms were also common at a lower frequency (13% and 

12% of the time, respectively).  Other errors occurred at a negligible level. 

Figure 22. Percentage of Mistakes Made by Student Participants 

 

An example of a common mistake is in Figure 23.  The student knew how to distribute 

the three (a positive integer) through to each term inside the parenthesis, however, he/she was 

able to distribute the negative sign in front of the first set of parenthesis.   

Figure 23. Student Sample of Problem #10 
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In Figure 24, the student did not understand how to move terms from one side of the 

equal sign to the other.  With this problem, the student needed to either subtract a or 19a in order 

to combine the terms, however he/she multiplied the two variable terms together instead. 

Figure 24. Student Sample of Problem #15 

 

Students also had a lot of difficulty solving equations that contained fractions.  In Figure 

25, one of the ways the student could have solved for x is by multiplying both sides of the 

equation by three.  It appears the student understood he/she needed to move the term, but perhaps 

became confused because it was in fractional form. 

Figure 25.  Student Sample of Problem #11 

 

Result #2 – 8th graders made more mistakes than college-level students. 

Eighth graders made almost twice as many mistakes as college-level students (54% vs. 

21.8%).  With a F-value 116.60 and a p-value of 0.00, there was evidence to suggest that the 
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grade level predicted the number of mistakes made.  The data in Figure 26 depicts the percentage 

of time that mistakes were made. 

Figure 26. Percentage of Mistakes Made by Participants by Grade Level 

 

One of the factors explaining this difference is that college-level students had more 

exposure to linear equations than 8th graders.  In New York State, 8th graders learned the 

processes to solve multi-step linear equations in 7th grade.  The 8th grade participants used these 

concepts for approximately one year prior to the test.  In order to be accepted into SUNY 

Fredonia, students need to complete three to four years of high school level mathematics with an 

appropriate grade point average.  This group of students may have a lapse in time from taking a 

math course, however they had more exposure to linear equations than 8th grade students.  

Specifically, some of the standards that utilize linear equations at the high school level are shown 

in Figure 27 (NYS MST, 2005). 
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Figure 27. NYS MST Standards for Algebra I, Geometry and Algebra II/Trigonometry  

A.A.6 Analyze and solve verbal problems whose solution requires solving a linear equation in 
one variable or linear inequality in one variable  
 
A.A.7 Analyze and solve verbal problems whose solution requires solving systems of linear 
equations in two variables 
 
A.A.8 Analyze and solve verbal problems that involve quadratic equations  
 
A.A.10 Solve systems of two linear equations in two variables algebraically (See A.G.7)  
 
A.A.11 Solve a system of one linear and one quadratic equation in two variables, where only 
factoring is required   
 
A.A.22 Solve all types of linear equations in one variable  
 
A.A.25 Solve equations involving fractional expressions 
 
G.G.64 Find the equation of a line, given a point on the line and the equation of a line 
perpendicular to the given line 
 
G.G.65 Find the equation of a line, given a point on the line and the equation of a line parallel 
to the desired line 
 
G.G.70 Solve systems of equations involving one linear equation and one quadratic equation 
graphically 
 
G.G.70 Solve systems of equations involving one linear equation and one quadratic equation 
graphically 
 
A2.A.22 Solve radical equations 
 
A2.A.23 Solve rational equations and inequalities 

 
Since linear equations spiral throughout high school courses, college students have more 

experience solving them and tested at a higher level of accuracy then the 8th grade students.   

Result #3 –8th graders and college-level students made different types of mistakes.   

Performing an analysis of variance (ANOVA) between the grade levels and whether a 

mistake was made in Result #2, there was evidence to suggest a difference between grade level 
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and performance.   The mistakes made by the students were different based on their grade level. 

Figure 28 shows the difference in mistakes by grade level. 

Figure 28. Percentage of Mistakes Made by Categories Tested 

 

Eighth graders made more mistakes solving for variables other than x, combining like 

terms and using the distributive property. College-level students, however, made more mistakes 

adding and subtracting.  Both groups made mistakes with operations using negative integers and 

moving terms to the other side of the equation the same percentage of the time. 

Result #4 – Males made fewer mistakes than females. 

When performing an analysis of variance (ANOVA) between gender and the presence of 

mistakes, the F-value was 6.60 and the p-value was 0.01.  Therefore, evidence suggested that 

gender predicted performance.  Figure 29 shows the percentage of correct and incorrect 

procedures made by gender, regardless of their grade level.  Females made more mistakes than 
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males.  Overall, males made errors 27% of the time whereas females made errors 35% of the 

time. 

Figure 29. Percentage of Mistakes Made by Gender   

 

Result #5 – There was a difference in the types of mistakes made based on gender. 

Figure 30 shows that females did better than males in specific categories, while males did 

better than females in other categories.  The categories in which both genders made the same 

percentage of mistakes was when solving equations that contained a variable other than x, 

performing operations using negative integers, moving variables to the opposite side of the equal 

sign and using the distributive property.   
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Figure 30. Categories of Mistakes Made by Gender 

 

Analysis of Test Questions 

In order to discern why students made mistakes when solving linear equations, each 

problem was individually examined.  Figure 31 is a table that lists each problem, the categories 

of mathematical procedures tested and the percentage of time the category tested resulted in an 

incorrect solution by college students and 8th grade students.  Each problem was ranked in order 

of difficulty based on the eighth grade student scores.  Problems categorized as easy had 

incorrect mathematical procedures recorded less than 15% of the time.  Moderate level problems 

had at least one incorrect mathematical procedure between 15% and 40% of the time and 

difficult level problems had at least one incorrect mathematical procedure more than 40% of the 

time.  In general, college students successfully solved these problems; therefore their scores were 

not used to categorize the level of difficulty. 
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Figure 31.  Accuracy of Problems by Grade Level 

Problem Level of 
Difficulty 

Properties Tested Percent 
Incorrect 
(8th Grade 
Students) 

Percent 
Incorrect 
(College 

Students) 
 Easy Moving Terms 

Addition/Subtraction 
Variable Other than x 
Left Problem Bank 

6% 
6% 
3% 
3% 

1% 
4% 
0% 
0% 

€ 

3x + 7 =16 Easy Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Left Problem Blank 

8% 
6% 
3% 
3% 

3% 
4% 
4% 
1% 

 Easy Distribution 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Left Problem Blank 

11% 
6% 
8% 
3% 
11% 

3% 
3% 
1% 
0% 
1% 

€ 

9x + 4 = 8x  Moderate Moving Terms 
Addition/Subtraction 
Negative Numbers 
Left Problem Blank 

42% 
0% 
11% 
19% 

1% 
3% 
5% 
5% 

€ 

2x − 5 = 8 Moderate Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Left Problem Blank 

14% 
8% 
25% 
8% 

3% 
1% 
10% 
1% 

€ 

6 − 7x =13 Moderate Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

25% 
8% 
14% 
39% 
3% 

6% 
4% 
1% 
9% 
5% 

€ 

r + 2r = 6  Moderate Combining Like Terms 
Addition/Subtraction 
Multiplication/Division 
Variable Other than x 
Left Problem Blank 

36% 
3% 
8% 
28% 
3% 

8% 
4% 
1% 
0% 
1% 

€ 

4x + 3 = 5x −11 Moderate Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

31% 
6% 
3% 
22% 
11% 

3% 
4% 
0% 
1% 
1% 
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€ 

a =19a +18  Moderate Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Variable Other than x 
Left Problem Blank 

31% 
8% 
11% 
25% 
22% 
19% 

17% 
6% 
0% 
16% 
1% 
6% 

 Moderate Moving Terms 
Multiplication/Division 
Left Problem Blank 

31% 
28% 
19% 

12% 
10% 
6% 

€ 

8x − 2 − 3x = −x + 4  Moderate Combining Like Terms 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

28% 
36% 
0% 
8% 
14% 
11% 

4% 
1% 
5% 
0% 
3% 
6% 

€ 

−3+ 4 +10x =11x  Moderate Combining Like Terms 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

36% 
28% 
0% 
3% 
8% 
8% 

4% 
1% 
0% 
0% 
3% 
3% 

 Difficult Distribution 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Left Problem Blank 

44% 
19% 
0% 
6% 
3% 

12% 
1% 
0% 
1% 
3% 

€ 

7x − 6 + 9 = 4x  Difficult Combining Like Terms 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

56% 
39% 
6% 
6% 
28% 
6% 

12% 
9% 
5% 
1% 
17% 
3% 

 Difficult Distribution 
Moving Terms 
Addition/Subtraction 
Multiplication/Division 
Negative Numbers 
Left Problem Blank 

53% 
22% 
6% 
11% 
33% 
17% 

6% 
8% 
8% 
5% 
9% 
1% 

 

The problems that students answered incorrectly most often were , 

€ 

7x − 6 + 9 = 4x  and .  Students had a difficult time solving  

because of the placement of the four in the problem.  Based on the results of this study, students 
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understand the distribution property of multiplication over addition when the multiplier is in 

front of the parenthesis.  In this problem, the four was after the parenthesis and 44% of 8th grade 

students and 12% of college students did not correctly distribute the four.  Also, 8th grade 

students did not properly move terms from one side of the equal sign to the other, as 19% of 

students incorrectly completed this step. 

 With the problem 

€ 

7x − 6 + 9 = 4x , 56% of 8th grade students and 12% of college students 

made mistakes when combining like terms on the same side of the equal sign.  The majority of 

the students did not combine  correctly.  Some students also had difficulty moving terms 

to the opposite side of the equal sign.  Eighth grade students incorrectly solved this step 39% of 

the time, while college students incorrectly solved this step 9% of the time.  Many students 

added either or  to the opposite side, resulting in an incorrect answer. 

 Eighth grade students had a lot of difficulty with many of the steps required to solve 

.  Approximately 53% of students made a mistake with the distribution 

property of multiplication over addition.  The mistake distributing the negative sign occurred 

33% of the time.  About 22% of eighth grade students made mistakes when moving terms to the 

other side of the equal sign, and 17% of the those students tested left the problem blank. 

 The majority of all participants were able to solve one or two-step equations that involved 

any combination of the four basic operations (addition, subtraction, multiplication and division) 

that did not include negative integers, multiple terms on the left-hand and right-hand sides of the 

equal sign and the distributive property of multiplication.  A complete analysis of mistakes made 

for each question, with examples of student solutions, can be found in Appendix F. 
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Survey Analysis 

 Following the completion of the fifteen-problem test, students were asked to complete a 

free-response survey at the end of their test.  The survey asked the following questions: 

1. Which problem was the easiest?  Why? 

2. Which problem was the most difficult?  Why? 

3. List the number for the problems with answers you are unsure of below.  Comment on 

why you struggled with these problems. 

The responses for each of the questions are categorized by grade level. 

8th grade survey results 

Many students thought  was the easiest equation to solve.  They commented 

that it was a one-step equation and the process to solve it was straightforward.    One student said 

this problem was the easiest because “there was only one step to subtract 13 from 29”.  Many 

students also said that 

€ 

r + 2r = 6  was easy because it required “simple addition and division”.  

Students also thought   was straightforward.  An 8th grade student said, “this 

problem was the easiest because I only needed to subtract and divide”. 

 Equations that involved combining like terms, distributing terms and moving multiple 

terms to the other side of the equation were often listed as the most difficult.  The equations 

students did not like the most were  and 

€ 

−3+ 4 +10x =11x .  Some students 

said these equations had too many steps.   One student said that he/she “did not know what to do 

with negative numbers”.  Another said, “there were so many steps involved that I did not know 

how to start the problem”.  Many students also stated that these equations were difficult and 

confusing.   
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 The equation that received the most mixed reviews was .  Some students said that 

this equation was easy to solve because it was a very simple division problem.  Others students 

said that it was difficult because they did not know how to move the three or did not have a 

calculator so they could not solve for x.  Several students said that they did not know how to 

solve fractions so they could not finish the problem.  One student said that he/she “did not know 

the formula to solve the problem”. 

 Students responded differently to .  Some students said that they struggled 

recalling their basic facts.  For example, many students obtained zero for an answer when 

dividing seven by seven.  They forgot their identity rules for multiplication.   

In general, several students said they were not good in math, so they were not sure about 

many of their answers.  One student said “I cannot multiply/divide in my head after using a 

calculator for so long”.  Students also used terms incorrectly.  For example one student stated 

that she/he could not solve binomials or trinomials, which were not a part of this study. 

College students’ survey results 

 Unlike the 8th grade students, most college-level students reported that this test was very 

easy, and reported that they did not miss any problems.  Overall, the mistakes made were minor 

(i.e. made a mistake multiplying or dividing).  Some students thought 

€ 

r + 2r = 6  was an easy 

equation to solve.  They said it was simple to add the coefficients on the variables and then 

divide by 3.  Another easy equation was . One student said, “all you had to do was 

subtract and the problem was solved”.  Many students said equations using one of the basic 

arithmetic operations were quick and simple.  By a similar argument, they also commented that

€ 

3x + 7 =16 and 

€ 

2x − 5 = 8 were easy.   
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 Although students thought the test was simple, some equations were often missed. Some 

students commented that problems that involved the distributive property and negative numbers 

were more difficult to solve.  An equation many students considered challenging was 

, primarily because they did not know how to distribute the negative sign in 

front of the parentheses.  One student said “I struggled with this problem because I haven’t done 

this kind of math in 2-3 years”.  Simple integer operations also were difficult for some students, 

especially those isolating a variable.  One student did not recall that zero divided by any integer 

equaled zero (see Figure 32).  Another student said, “I am not positive on the steps or rules I 

need to solve these problems”.   

Figure 32.  Student Sample of Problem #10       

  

 

 

 

 

 

 

 

 

As with 8th graders, 
 
received various responses from college-level students.  Some 

students commented that this was a simple multiplication problem, while other students said that 

they did not recognize the formula to solve this equation or did not know how to solve an 
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equation containing a fraction (see Figure 33).  Like the 8th graders, the college-level students did 

not recognize that this was a division problem.   

Figure 33.  Student Sample of Problem #11 

 

Another reoccurring theme was students remembered seeing these types of problems 

from high school math courses, but because it had been so long since then, they were not 100% 

positive on their answers.  The lapse in time was coupled with many students stating that they 

usually solved these problems using a calculator, so it took them longer to solve equations 

without one. This was apparent with problem #10, when one student said it was difficult 

“because of the negatives and difficult division (hard numbers)”.  Finally, students said that after 

they started the test, they remembered the process and steps required to solve equations and were 

able to do so easily. 

Implications for Teaching 

 The hypothesis tested whether or not students had the most difficulties with integer 

operations using negative numbers and the distributive property when solving multi-step linear 

equations.  Based on student performance on the test, along with their comments on the survey at 

the end of the experiment, three areas of improvement for classroom instruction and student 

scores emerged. 

Implication #1: Students need to be less reliant on a calculator. 

 While students only made mistakes involving the basic arithmetic operations less than 

12% of the time, they should not be making these mistakes at all.  Not using a calculator was one 

of the most frequent survey complaints made by students, especially 8th graders.  Based on this 
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feedback, along with my observations during the study, it was obvious that students are not 

comfortable with their basic facts.  Often, students were observed using their fingers to add or 

subtract.  It is important that teachers continue to reinforce basic facts through a warm up or 

classroom activity.  This is especially crucial since 8th grade students are not allowed to use a 

calculator on part 1 of the state assessment.  Many students remarked that they were not 

confident in their answers on the test administered during the present study because they were 

not allowed to use a calculator.  Student confidence will grow over time as students solve more 

mathematical problems without them. 

Implication #2:  Teachers need to continuously reinforce integer operations as a part of 

instruction. 

 In this study, students made the most mistakes with integer operations and moving terms 

from one side of the equal sign to the other.  For example, 

€ 

4x + 3 = 5x −11 contained negative 

integers and the solution to the equation involved moving variable terms and constants to the 

other side of the equal sign.  Students struggled with solving basic addition and subtraction 

problems, such as  because they needed to recognize that four is positive and to use its 

additive inverse to move the constant to the other side of the equation.  Students often forget the 

sign directly in front of a constant.  In the case of this equation, students would need to add 11 to 

move it to the additive inverse side.  Many students did not recognize the sign was negative, and 

therefore added 11 to three.  As a part of instruction, teachers need to remind students how to 

determine the sign on a value and use its opposite in order to move variable terms and constants.  

Using visuals such as a number line during class instruction to teach opposites may help students 

better understand this concept. 
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 Teachers also need to continuously remind students of the rules when multiplying or 

dividing negative and positive integers.  Often, students completed all of the steps correctly, 

however the sign on the answer was incorrect.  For example, students often obtained  

instead of , because they did not remember or understand that a negative number divided 

by a positive number equals a negative number (Problem #2: 

€ 

6x − 7 =13).  Many students made 

similar mistakes throughout the test; therefore this concept needs to be continuously reinforced. 

Implication #3:  Students need to understand fractions. 

 One equation on this test was presented in fractional form, and the result of another 

equation could have been represented as a fraction or a decimal fraction.  Twenty-five percent of 

8th grade students and 10% of college-level students obtained an incorrect answer for 

€ 

2x − 5 = 8, 

because they could not properly convert the answer to a decimal or did not know how to 

represent the answer as a fraction.  Students had the most trouble with , as it had a 

fraction in the equation.  Fifty-nine percent of 8th graders made a mistake multiplying each side 

of the equation by three in order to solve for x and 19% left the problem blank, whereas college-

level students made the same mistakes 22% and 6% of the time, respectively.  Survey results 

state that students did not know how to solve the equation because of the fraction.   

Teachers need to incorporate fractions into their daily lessons and reinforce that fractions 

are simple division problems.  Problems that are easy because they contain one or two steps are 

often solved incorrectly or are left blank because students do not understand how to perform 

operations with a fraction in an equation.  They are confused when there is a constant or a 

variable in the denominator, and forget the steps needed to solve the problem.  Since students are 

introduced to fractions in elementary school, often as early as first grade, they should be able to 

understand and perform operations with fractions when they are learning how to solve equations 
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(NYS MST, 2005).  The more often students work with fractions, the better they will understand 

and solve them, so it is up to teachers to continuously reinforce this skill. 

Suggestions for Future Research 

 This study involved two groups of participants:  college students and 8th grade students.  

In order to understand the learning curve of solving multi-step linear equations, students in grade 

levels that were omitted from this study, (i.e. 9th-12th grade students) should be included in a 

follow-up study.  The 8th grade students who participated did not have as much experience 

working with multi-step linear equations as the college-level students.  Although it may have 

been one or more years that college-level students spent solving linear equations prior to 

attending college, they had more exposure to them than the 8th graders.  A similar argument can 

be made for using integer operations.  The 8th graders were still learning how to use integer 

operations compared to college-level students who had many years of experience with them.    

 Also, a future study should only include middle and high school students.  Given the 

demographics of the middle school students, some of them may not receive the same academic 

support at home that students at the college level may have received in middle school.  Also, 

some of these students may not be college-bound.   Therefore, a future study should exclude the 

students at the college-level and just consider students at one middle and high school in order to 

draw conclusions about students who have gone through the same program and may be of 

similar demographics and socio-economic status. 

 In order to draw further conclusions about the importance of calculators to students, the 

instrument could be administered twice:  once with a calculator and once without.  The results of 

both tests can be compared, and conclusions can be drawn about student performance with a 
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calculator.  This would give teachers more specific information about what problems students 

can solve only if they have a calculator. 

Concluding Remarks 

 Students who make mistakes solving equations often make similar mistakes when solving 

other types of mathematical problems.  Teachers with a strong understanding of what these 

mistakes are can tailor their daily instruction to increase student performance and minimize 

student misconceptions.  Teachers do not have additional time in their instruction to re-teach 

important concepts that students should have previously learned.  However, it is crucial that 

students possess these skills for high stakes testing.  Teachers who continuously incorporate 

concepts often missed into their daily instruction will increase student performance in these areas 

because of the additional exposure to them.  These concepts can be reinforced daily through 

warm-up activities, “tickets out the door”, homework problems and review questions on 

assessments. 
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Appendix A 

To:  Parents/Guardians of Students in Pre-Algebra 

From:  Amber Powell 

Date:  March 6, 2012 

RE:  Consent Form for Classroom Study 

♦ Your child was asked to participate in a study to determine the parts of multi-step linear equations students struggle with the most. 
 

♦ During the first 15 minutes of one class period, students will receive a 15-question test that contains problems students have 
already learned.  At the end of the test, students will be asked to answer a three question, free response survey about the math 
questions they solved.  They will be asked to complete the test, with no penalty for not completing the test in the allotted time 
given.   
 

♦ The goal of this study is to improve mathematics instruction in the classroom.  This is an important study because of the potential 
benefits it may hold, not just for your students, but also for mathematics education in its entirety. 

 
♦ Your student has been asked to participate in this study because they are in a classroom that was readily available to Mrs. Powell. 

 
♦ To maintain confidentiality, neither your student’s name nor yours will be used in any way, shape or form.  Any name or 

identification will not be used with any materials related to this study. 
 

♦ There is no cost (nor any compensation) to participate in this study.  Participation in this study is voluntary.  Students may 
withdraw at any time.  No penalty can or will be assessed to the student or yourself for declining participation.  Please bear in 
mind that the assessments used to record and analyze data are the standard quizzes and tests that each student would normally 
receive throughout their regular instruction (whether they choose to participate or decline).  Therefore, all students will be 
requirement to take this assessment.  Declining to participate will prevent your student’s score from being recorded and analyzed 
for the purposes of this study.   
 

♦ There are no risks anticipated to this student.  This study deals primarily with routine teaching practices, so there should be no 
undue stress or strain placed on the students.  If students need to speak with someone other than Mrs. Powell, Mrs. Schrader and 
the principal are apprised of the study.  If no solution can be found, the student can be removed from the study. 
 

♦ The potential benefits to you and your student will be to receive more effective teaching strategies and an overall improvement in 
performance within the math classroom. 
 

♦ Please read over and discuss the information with your student to make sure everyone is fully aware of everything involved with 
this study. 
 

♦ For additional information or questions you might have, please feel free to contact Mrs. Powell at SUNY Fredonia by phone:  716-
673-6865 or by email: powell@fredonia.edu 
 

♦ You may also contact Mrs. Powell’s college advisor, Dr. Keary Howard, at SUNY Fredonia by phone: 716-673-3873 or by email: 
keary.howard@fredonia.edu 
 

♦ Or you may contact the Human Subjects Protection Administrator, Maggie Bryan-Peterson, at SUNY Fredonia by phone: 716-
673-3528 or by email: petersmb@fredonia.edu 
 

Thank you for your participation in this important study.  Please complete the attached consent form and return with your student.  
Remember, this form authorizes the use of data from your student for the purpose of research.  All students must participate in 
class. 
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Parental Consent Form 

SUNY Fredonia 

 

Your participation in this important study is greatly appreciated.  Please print and sign your name 
below to indicate your agreement to participate in this study.  Feel free to retain a copy of this 
letter for your files.  Thank you for your full consideration regarding this request.  Once again, 
please be advised that your consent authorizes the use of your student’s grades for the data 
required in this study.  All students are required to participate in class. 

Voluntary Consent:  I have read this memo and have been fully apprised of this study and all that 
is entails.  My signature indicates that I agree to allow my son/daughter to participate in this 
study.  If I withdraw my son/daughter from this study, I understand that there will be no penalty 
assessed to him/her.  I understand that my son’s/daughter’s confidentiality will be maintained.  I 
understand that if I have any questions about the study, I may contact Amber Powell at 716-673-
6765 or powell@fredonia.edu 

Please return this original, completed consent form as soon as possible.  Thank you for your 
cooperation. 

 

Student Name (please print): _____________________________________________________ 

 

Parent/Guardian Name (please print):  ______________________________________________ 

 

Parent/Guardian Signature: _______________________________________________________ 

 

        Date:  ________________________ 

 

Parent/Guardian Contact Information (not required): 

 Phone:  _____________________________________________ 

 

 Email:  ______________________________________________ 
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Appendix B 

To:  Students in Pre-Algebra 

From:  Mrs. Powell 

Date:  March 6, 2012 

RE:  Consent Form 

♦ You are asked to participate in a study to determine the parts of multi-step linear equations 
students struggle with the most. 
 

♦ During the first 15 minutes of one class period, you will receive a 15-question test that contains 
problems students have already learned.  At the end of the test, you will be asked to answer a 
three question, free response survey about the math questions you solved.  You will be asked to 
complete the test to the best of your ability, with no penalty if you cannot finish it in the allotted 
time.   

 
♦ This study is important in order to improve mathematics instruction in your classroom. 

 
♦ You are asked to participate because you are in a classroom that is readily available to Mrs. 

Powell. 
 

♦ To maintain confidentiality, your name will not be used in any way, shape or form.  Any name or 
identification will not be used with any materials related to this study. 

 
♦ There is no cost (nor any compensation) to participate in this study.  Participation in this study is 

voluntary.  You may withdraw at any time.  No penalty can or will be assessed for declining 
participation.  Because this is a part of your normal classroom activity, you will still be expected 
to participate even if you do not allow your data to be used in the study.   

 
♦ There are no risks anticipated to you.  This study deals primarily with routine teaching practices 

that you are already accustom to.  If students need to speak with someone other than Mrs. Powell, 
Mrs. Schrader and the principal are apprised of the study.   

 
♦ The potential benefits to you will be to receive more effective teaching strategies and an overall 

improvement in performance within the math classroom. 
 

♦ Please read over and discuss the information with your teacher to make sure everyone is fully 
aware of everything involved with this study. 

 

 

Please discuss this with your parent or guardian.  If you or they have any questions, please feel free to 
ask. 

 

***Please sign and return the original consent form as soon as possible!*** 
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Student Consent Form 

SUNY Fredonia 

 

Thank you for being a part of this study.  Please print and sign your name in the space provided 
below to show that you agree to participate.  Remember that signing the form allows Mrs. Powell 
to use your data for the research project.  All students must participate in class whether they sign 
this form or not. 

Voluntary Consent:  I have read this memo and I am fully aware of all that this study involves.  
My signature below shows that I freely agree to participate in this study.  I understand that there 
will be no penalty to withdraw from this study at any time, also without penalty.  I understand 
that my name and other personal information will be kept out of this study.  I understand that if I 
have any questions about this study, I can ask Mrs. Powell or Mrs. Schrader. 

Please return this original, completed consent form as soon as possible.  Thank you for your 
cooperation. 

 

Student Name (please print):  ___________________________________________________ 

 

Student Signature:  ___________________________________________________________ 

 

        Date:  _____________________ 

 

Parent/Guardian Signature:_____________________________________________________ 

(witness) 

 

        Date:  ______________________ 
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Appendix C 

To:  Students in Mathematics in Action (MATH 110) 

From:  Mrs. Powell 

Date: 

RE:  Consent Form 

♦ You are being asked to participate in a research project 
  

♦ To participate, you must simply come to class and participate in the same way you normally 
would. 

 
♦ During the study, Mr. Zachary Teetsel, a SUNY Fredonia graduate assistant in the mathematics 

department, will be present to oversee the administration of the study. 
 

♦ By signing the consent form, you are allowing Mrs. Powell to use your grade information and 
data in a study.  If you do not sign, you are still required to participate in classroom activities. 

 
♦ This test will take place over the course of 15 minutes in one class period. 

 
♦ You will be asked to answer a three question, free response survey at the end of the test.  This 

will be related to the math problems you solved. 
 

♦ Your grade for one 15-problem worksheet is the focus of the project. 
 

♦ Your name will never be used in any way.  This study will not identify you personally.  Only 
your grades will be used in this study. 

 
♦ Mrs. Powell may ask to keep this worksheet.  This is only by your choice.  To make sure your 

identity is safe, your name will not be on the test whatsoever. 
 

♦ There are no risks involved to you.  However, if there is a problem that you would like to discuss 
with someone other than Mrs. Powell and the Dr. Howard are aware of this study and will be 
available to you. 

 
♦ Please remember that this study is an attempt to make learning easier and improve your grades. 

 
♦ There is no penalty for not signing the consent form. 

 
♦ You will not be paid or given rewards (other than the chance for improving your grade) for 

participation. 
 

If you or they have any questions, please feel free to ask. 

 

***Please sign and return the original consent form as soon as possible!*** 
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Student Consent Form 

SUNY Fredonia 

 

Thank you for being a part of this study.  Please print and sign your name in the space provided 
below to show that you agree to participate.  Remember that signing the form allows Mrs. Powell 
to use your data for the research project.  All students must participate in class whether they sign 
this form or not. 

Voluntary Consent:  I have read this memo and I am fully aware of all that this study involves.  
My signature below shows that I freely agree to participate in this study.  I understand that there 
will be no penalty to withdraw from this study at any time, also without penalty.  I understand 
that my name and other personal information will be kept out of this study.  I understand that if I 
have any questions about this study, I can ask Mrs. Powell or Dr. Howard. 

Please return this original, completed consent form as soon as possible.  Thank you for your 
cooperation. 

 

Student Name (please print):  ___________________________________________________ 

 

Student Signature:  ___________________________________________________________ 

 

 

        Date:  ______________________ 
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Solve for the variable in each equation. 

m 1 
1 
3 

m 1 
1 
3 

1. 7x-6+9=4x 

4. q+13 = 29 

7. -(x+4)=3(8+2x) 

D 1 
M 1 
- 1 

* 1 

I 1 
T 5 

10. S(x-4)=30 

M 
+ 
-
I 
--
T 

c 
M 
+ 
-

I 
--
T 

Appendix D 

2. 8x - 2 - 3x = - x + 4 

M 1 
- 1 

I 1 
-- 1 
T 4 

5. a= l9a + 18 

1 
1 
1 
1 
1 
5 

8. 6-7x=13 

1 
1 
1 
1 
1 
1 
6 

11. 2x -5 = 8 

D 1 
M 1 
+ 1 m 1 

2 
- 1 

* 1 

I 1 
-- 1 

m 1 
1 
3 

D 

M 
+ 

* 
I 
--
T 

c 
M 
+ 
-

I 
--
T 

Version A 

3. {x+2)4=28 

6. -3 + 4 +lOx= llx 

1 
1 
1 
1 
1 
1 
6 

9. r+2r=6 

1 
1 
1 
1 
1 
1 
6 

12. 9x + 4 = 8x 
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13. 4x + 3 = 5x -11 

c 1 c 
M 1 + 
+ 1 I 
- 1 0 

I 1 T 
-- 1 
T 6 

14. 3x+7=16 

1 M 
1 -
1 I 
1 --
4 0 

T 

1 
1 
1 
1 
1 
5 

X 
15. - = 8 

3 

Follow Up Questions: 

1. Which problem was the easiest? Why? 

2. Which problem was the most difficult? Why? 

3. List the number for the problems with answers you are unsure of below. Comment why you 
struggled with these problems. 
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 Solve for the variable in each equation. 

1. -(x+4)=3(8+2x ) 

c 1 c 
M 1 + 
+ 1 I 
- 1 0 

I 1 T 
-- 1 
T 6 

4. 5(x -4) = 30 

D 1 c 
M 1 M 
- 1 + 

* 1 -
I 1 I 
T 5 --

T 

7. 4x + 3 = 5x -11 

D 1 
M 1 
+ 1 
- 1 

* 1 

I 1 
-- 1 
T 7 

10. 7x -6+9=4x 

M 
-

I 
--
T 

2. 6-7x=13 

1 
1 
1 
1 
4 

5. 2x -5 = 8 

1 
1 
1 
1 
1 
1 
6 

8. 3x + 7 = 16 

11. 8x-2-3x=-x+4 

1 
1 
1 
1 
4 

3. 

M 1 
- 1 

I 1 
-- 1 
0 1 
T 5 

6. 

c 1 
M 1 
+ 1 
- 1 

I 1 
-- 1 
T 6 

9. 

r+2r = 6 

9x + 4 = 8x 

X 
- =8 
3 

Version B 

12. (x +2)4=28 

m 1 
1 
3 
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13. q+l3=29 

I 1 
1 
3 

Follow Up Questions: 

14 

M 1 
+ 1 
- 1 

I 1 
-- 1 
T 5 

1. Which problem was the easiest? Why? 

a= 19a + 18 

2. Which problem was the most difficult? Why? 

15. -3 + 4 + 10 x = llx 

D 1 
M 1 
+ 1 

* 1 

I 1 
-- 1 
T 6 

3. List the number for the problems with answers you are unsure of below. Comment why you 
struggled with these problems. 
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Appendix E 

NYS Common Core Learning Standards 

Expressions and Equations 6.EE  
Reason about and solve one-variable equations and inequalities. 
7. Solve real-world and mathematical problems by writing and solving equations of the form x	  + p	  = q	  and px	  = q	  for 
cases in which p,	  q	  and x	  are all nonnegative rational numbers. 

 
The Number System      7.NS 

Apply and extend previous understandings of operations with fractions to add, subtract, multiply, and divide 
rational numbers. 
1. Apply and extend previous understandings of addition and subtraction to add and subtract rational numbers; represent 
addition and subtraction on a horizontal or vertical number line diagram.  
a. Describe situations in which opposite quantities combine to make 0. For example, a hydrogen atom has 0 charge 
because its two constituents are oppositely charged.  
2. Understand p + q as the number located a distance |q| from p, in the positive or negative direction depending on 

whether q is positive or negative. Show that a number and its opposite have a sum of 0 (are additive inverses). 
Interpret sums of rational numbers by describing real-world contexts.  

3. Understand subtraction of rational numbers as adding the additive inverse, p – q = p + (–q). Show that the distance 
between two rational numbers on the number line is the absolute value of their difference, and apply this principle in 
real-world contexts.  

4. Apply properties of operations as strategies to add and subtract rational numbers.  
2. Apply and extend previous understandings of multiplication and division and of fractions to multiply and divide 
rational numbers.  

1. Understand that multiplication is extended from fractions to rational numbers by requiring that operations 
continue to satisfy the properties of operations, particularly the distributive property, leading to products such as 
(–1)(–1) = 1 and the rules for multiplying signed numbers. Interpret products of rational numbers by describing 
real-world contexts.  

2. Understand that integers can be divided, provided that the divisor is not zero, and every quotient of integers 
(with non-zero divisor) is a rational number. If p and q are integers, then –(p/q) = (–p)/q = p/(–q). Interpret 
quotients of rational numbers by describing real-world contexts.  

3. Apply properties of operations as strategies to multiply and divide rational numbers.  
4. Convert a rational number to a decimal using long division; know that the decimal form of a rational  

number terminates in 0s or eventually repeats.  
3. Solve real-world and mathematical problems involving the four operations with rational numbers. 

 
Expressions & Equations  7.EE  

Solve real-life and mathematical problems using numerical and algebraic expressions and equations.  
3. Solve multi-step real-life and mathematical problems posed with positive and negative rational numbers in any form 
(whole numbers, fractions, and decimals), using tools strategically. Apply properties of operations to calculate with 
numbers in any form; convert between forms as appropriate; and assess the reasonableness of answers using mental 
computation and estimation strategies. For example: If a woman making $25 an hour gets a 10% raise, she will make an 
additional 1/10 of her salary an hour, or $2.50, for a new salary of $27.50. If you want to place a towel bar 9 3/4 inches 
long in the center of a door that is 27 1/2 inches wide, you will need to place the bar about 9 inches from each edge; this 
estimate can be used as a check on the exact computation.  
4. Use variables to represent quantities in a real-world or mathematical problem, and construct simple equations and 
inequalities to solve problems by reasoning about the quantities.  

1. Solve word problems leading to equations of the form px+q=r and p(x+q)=r, where p, q, and r are specific 
rational numbers. Solve equations of these forms fluently. Compare an algebraic solution to an arithmetic 
solution, identifying the sequence of the operations used in each approach. For example, the perimeter of a 
rectangle is 54 cm. Its length is 6 cm. What is its width? 
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Expressions & Equations  8.EE  

Analyze and solve linear equations and pairs of simultaneous linear equations. 
7. Solve linear equations in one variable.  

1. Give examples of linear equations in one variable with one solution, infinitely many solutions, or no solutions. 
Show which of these possibilities is the case by successively transforming the given equation into simpler forms, 
until an equivalent equation of the form x = a, a = a, or a = b results (where a and b are different numbers).  

2. Solve linear equations with rational number coefficients, including equations whose solutions require expanding 
expressions using the distributive property and collecting like terms.  
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Appendix F 

Figure 34. Analysis of Problem #1 

Problem #1: 

€ 

7x − 6 + 9 = 4x  

Skill Tested College Students 8th graders 
Combining Like Terms 9  (12%) 20  (56%) 
Moving Terms to Other 
Side of Equal Sign 

7  (9%) 14  (39%) 

Addition/Subtraction 
Mistakes 

4  (5%) 2  (6%) 

Multiplication/Division 
Mistakes 

1  (1%) 2  (6%) 

Mistakes Involving 
Negative Numbers 

13  (17%) 10  (28%) 

Left Problem Blank 2  (3%) 5  (6%) 
 

The most common mistake occurred combining .  Many students combined these to 15, but 

kept the subtraction sign. 

Figure 35. Analysis of Problem #2 

Problem #2: 

€ 

8x − 2 − 3x = −x + 4  

Skill Tested College Students 8th graders 
Combining Like Terms 3  (4%) 10  (28%) 
Moving Terms to Other 
Side of Equal Sign 

1  (1%) 13  (36%) 

Addition/Subtraction 
Mistakes 

4  (5%) 0  (0%) 

Multiplication/Division 
Mistakes 

0  (0%) 3  (8%) 

Mistakes Involving 
Negative Numbers 

2  (3%) 5  (14%) 

Left Problem Blank 5  (6%) 4  (11%) 
 

The most common mistake made occurred when combining  and .  Most students 

combined those to .  Many of them also made a mistake when subtracting x from  (or 11x 

in some cases).   
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Figure 36. Analysis of Problem #3 

Problem #3:  

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

1  (1%) 2  (6%) 

Addition/Subtraction 
Mistakes 

3  (4%) 2  (6%) 

Mistake Due to Variable 
Other than x 

0  (0%) 1  (3%) 

Left Problem Blank 0  (0%) 1  (3%) 
 

Overall, there were no major issues solving Problem #3. 

Figure 37. Analysis of Problem #4 

Problem #4: 

€ 

a =19a +18  

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

13  (17%) 11  (31%) 

Addition/Subtraction 
Mistakes 

5  (6%) 3  (8%) 

Multiplication/Division 
Mistakes 

0  (0%) 4  (11%) 

Mistakes Involving 
Negative Numbers 

12  (16%) 9  (25%) 

Mistake Due to Variable 
Other than x 

1  (1%) 8  (22%) 

Left Problem Blank 5  (6%) 7  (19%) 
 

The mistake made the most with this equation was moving a or the 19a to either side of the equal 

sign.  Most students either subtracted a, and then did not subtract 18, or subtracted 19a from a 

incorrectly. 
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Figure 38. Analysis of Problem #5 

Problem #5:  

Skill Tested College Students 8th graders 
Distribution Property 5  (6%) 19  (53%) 
Moving Terms to Other 
Side of Equal Sign 

6  (8%) 8  (22%) 

Addition/Subtraction 
Mistakes 

6  (8%) 2  (6%) 

Multiplication/Division 
Mistakes 

4  (5%) 4  (11%) 

Mistakes Involving 
Negative Numbers 

7  (9%) 12  (33%) 

Left Problem Blank 1  (1%) 6  (17%) 
 

The biggest mistake with this equation occurred when distributing the negative sign.  Many 

students did not do this, or when they did, also combined the x and 4 to obtain -4x.  Also, 

students did not add or subtract negative integers correctly.  In Figure 39, the student did not 

know how to distribute the negative sign.  He/she appeared to know how to distribute the 3 even 

though he/she did so incorrectly.  This student also subtracted 6x from -4x and obtained 10x, 

omitting the negative sign in the answer.  Several students were not able to successively 

distribute the negative one but were able to distribute the three successfully. 

Figure 39.  Student Sample of Problem #5 
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Figure 40. Analysis of Problem #6 

Problem #6: 

€ 

6 − 7x =13 

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

5  (6%) 9  (25%) 

Addition/Subtraction 
Mistakes 

3  (4%) 3  (8%) 

Multiplication/Division 
Mistakes 

1  (1%) 5  (14%) 

Mistakes Involving 
Negative Numbers 

7  (9%) 14  (39%) 

Left Problem Blank 4  (5%) 1  (3%) 
 

The most common mistake occurred when isolating the variable.  Many students did not obtain 

 as an answer.  In most cases, their answer was either 1 or 0. 

 

Figure 41. Analysis of Problem #7 

Problem #7:  

Skill Tested College Students 8th graders 
Distributive Property 2  (3%) 4  (11%) 
Moving Terms to Other 
Side of Equal Sign 

2  (3%) 2  (6%) 

Addition/Subtraction 
Mistakes 

1  (1%) 3  (8%)  

Multiplication/Division 
Mistakes 

0  (0%) 1  (3%) 

Left Problem Blank 1  (1%) 4  (11%) 
 

Most students successfully answered this problem.  The most common error occurred with the 

distribution property:  many students multiplied the first term by five but not the second term. 
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Figure 42. Analysis of Problem #8 

Problem #8: 

€ 

2x − 5 = 8 

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

2  (3%) 5  (14%) 

Addition/Subtraction 
Mistakes 

1  (1%) 3  (8%) 

Multiplication/Division 
Mistakes 

8  (10%) 9  (25%) 

Left Problem Blank 1  (1%) 3  (8%) 
 

The most frequent mistake occurred when dividing 13 by two.  Many students either did not 

perform the division or obtained and answer of 6.1 instead of 6.5.  The incorrect decimal answer 

was likely a result of incorrectly converting the remainder to a decimal. 

Figure 43. Analysis of Problem #9 

Problem #9:  

Skill Tested College Students 8th graders 
Distributive Property 9  (12%) 16  (44%) 
Moving Terms to Other 
Side of Equal Sign 

1  (1%) 7  (19%) 

Addition/Subtraction 
Mistakes 

0  (0%) 0  (0%) 

Multiplication/Division 
Mistakes 

1  (1%) 2  (6%) 

Left Problem Blank 2  (3%) 1  (3%) 
 

The placement of the factor of 4 caused the most confusion with this problem.  Students often 

combined the number and variable and multiplied by 4 to obtain 8x as an answer.  Another 

problem that occurred was when students recognized that the four was to be distributed, but did 

not multiply through by every term inside the parenthesis.  Figure 44 is an example of a mistake 

students often made. 
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Figure 44. Student Sample of Problem #9 

 

Figure 45. Analysis of Problem #10 

Problem #10: 

€ 

4x + 3 = 5x −11 

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

2  (3%) 11  (31%) 

Addition/Subtraction 
Mistakes 

3  (4%) 2  (6%) 

Multiplication/Division 
Mistakes 

0  (0%) 1  (3%) 

Mistakes Involving 
Negative Numbers 

1  (1%) 8  (22%) 

Left Problem Blank 1  (1%) 4  (11%) 
 

Many students made mistakes when adding and subtracting the variables and integers to 

move them to the same side of the equal sign.  They were unable to obtain a correct answer when 

negative integers were involved.  In Figure 15, the student combined the 4x and 5x incorrectly 

and subtracted three from -11 incorrectly. 

Figure 46. Student Sample of Problem #10 
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Figure 47. Analysis of Problem #11 

Problem #11: 

€ 

−3+ 4 +10x =11x  

Skill Tested College Students 8th graders 
Combining Like Terms 3  (4%) 13  (36%) 
Moving Terms to Other 
Side of Equal Sign 

1  (1%) 10  (28%) 

Addition/Subtraction 
Mistakes 

0  (0%) 0  (0%) 

Multiplication/Division 
Mistakes 

0  (0%) 1  (3%) 

Mistakes Involving 
Negative Numbers 

2  (3%) 3  (8%) 

Left Problem Blank 2  (3%) 3  (8%) 
Many students added -3 and 4 and obtained 7 as an answer, losing sight of the negative sign.   

Figure 48. Analysis of Problem #12 

Problem #12: 

€ 

3x + 7 =16 

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

2  (3%) 3  (8%) 

Addition/Subtraction 
Mistakes 

3  (4%) 2  (6%) 

Multiplication/Division 
Mistakes 

3  (4%) 1  (3%) 

Left Problem Blank 1  (1%) 1  (3%) 
 

This problem was mostly solved correctly. 

Figure 49. Analysis of Problem #13 

Problem #13: 

€ 

r + 2r = 6  

Skill Tested College Students 8th graders 
Combining Like Terms 6  (8%) 13  (36%) 
Addition/Subtraction 
Mistakes 

3  (4%) 1  (3%) 

Multiplication/Division 
Mistakes 

1  (1%) 3  (8%) 

Variable Other than x 0  (0%) 10  (28%) 
Left Problem Blank 1  (1%) 1  (3%) 
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The most common mistake occurred when combining the like terms on the left-hand side.  Many 

students multiplied the two terms to obtain instead of 3r (see Figure 50). 

Figure 50. Student Sample of Problem #13 

 

Figure 51. Analysis of Problem #14 

Problem #14:  

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

9  (12%) 11  (31%) 

Multiplication/Division 
Mistakes 

8  (10%) 10  (28%) 

Left Problem Blank 5  (6%) 7  (19%) 
 

Students did not understand how to isolate the variable in this problem, or failed to 

recognize that this is a division problem that could be solved by multiplying through by 3 to 

obtain 24 as the final answer. 

 

 

 

Figure 52. Analysis of Problem #15 
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Problem #15: 

€ 

9x + 4 = 8x  

Skill Tested College Students 8th graders 
Moving Terms to Other 
Side of Equal Sign 

1  (1%) 15  (42%) 

Addition/Subtraction 
Mistake 

2  (3%) 0  (0%) 

Mistake Involving 
Negative Numbers 

4  (5%) 4  (11%) 

Left Problem Blank 4  (5%) 7  (19%) 
 

The error that occurred the most happened when moving the 9x to the other side of the equal 

sign.  Most students added 9x and obtained 17x or subtracted 8x but then didn’t subtract 4 to the 

other side. 
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Screenshot of Sample of Data 

 

 

 

 

 

 

 

 

 

 

A c D G H K N 0 
Movln Sid : Comblnln ::: Addit ion : Subtraction ::: Multi llcatlon : Olvls!on : Ne atlve 51 : Variab le Ot : Total fJIIsse : Left Blank : Gender : Year : Nationality 

0 0 0 0 0 0 0 0 0 0 Fem ale Freshman White/Caucasia n 
2 0 0 o• 10 0 Fem ale Senior White/Caucasia n 
0 0 o• 3 0 Fem ale Freshman White/Caucasia n 
0 0 o• 0 0 Male Junior White/Caucasia n 
0 0 o• 0 2 Male Junior White/Caucasia n 
2 2 o• 7 1 Fem ale Freshman Hlspanlc/LatJno 
0 2 o• 10 2 Male Freshm an White/Caucasia n 
0 0 o• 1 0 Male Sophomore White/Caucasia n 

o• 6 2 Male Sen ior White/Caucasia n 
10 o• 0 Female Freshm an White/caucasia n 
11 o• 2 Fem ale Freshm an White/Caucasia n 
12 o• 1 Fem ale Freshman Pacific I slander 
13 o• 0 Fem ale Freshm an White/Caucasia n 
14 or 0 Male Freshm an White/caucasia n 
15 o• 0 Fem ale Freshman White/Caucasia n 
16 o• 0 Male Freshman White/Caucasia n 
17 o• 0 Male Freshm an White/Caucasia n 
18 o• 0 Fem ale Freshm an Whlte/Caucasla.n 
19 o• 0 Ma!e Freshman Whlte/Caucasla.n 
20 o• 1 Blank Blank Blank 
21 o• 0 Fem ale Freshm an Whlte/Caucasla.n 
22 o• 0 Fem ale Freshm an Blank 
23 o• 1 1 Fem ale Freshm an Whlte/Caucasla.n 
24 o• 1 0 Fem ale Freshm an WhlteJcaucasla.n 
25 o• 2 0 Fem ale Freshm an Whlte/Caucasla.n 
26 o• 0 0 Ma!e Freshm an Whlte/Caucasla.n 
27 o• 2 0 Ma!e Freshm an Asian 
28 or 0 0 Ma!e Freshman Whlte/Caucasla.n 
29 0 • . 3 0 Ma!e Freshm an Whlte/Caucas!a.n 
30 o• 2 0 Fem ale Freshm an Whlte/Caucasla.n 
31 o• 10 0 Fem ale Freshm an Whlte/Caucasla.n 
32 0 12 12 Ma!e Sophomore Whlte/Caucasla.n 
33 o• 0 0 Ma!e Freshm an Whlte/Caucasla.n 
34 o• 3 0 Ma!e Sen ior Whlte/Caucasla.n 
35 o• 0 Fem ale Freshm an Whlte/Caucasla.n 
36 o• 0 Fem ale Freshm an Whlte/Caucasla.n 
37 o• 0 Fem ale Sen ior Whlte/Caucasla.n 
38 o• 0 Fem ale Freshm an Hlspanle/La[lno 
39 o• 0 Ma!e Freshm an Whlte/Caucasla.n 
40 o• 0 Ma!e Freshm an Whltejcaucasla.n 
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