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Introduction 

This research explores the way in which students in a middle school mathematics 

classroom comprehend the process of division. Students are taught how to divide, but how much 

of the division process is actually understood? Division is one of the four basic mathematical 

operations. In today's society, division is helpful when dealing with numerical transactions. For 

students who tend to not think long term, understanding division may not seem to have any 

relevance, instead students may learn the steps needed to divide for an upcoming quiz or test and 

then not hold onto the process of division for future use. 

I became interested in this topic while attending a Parent Teacher Association (PTA) 

meeting in a school district located in Long Island, New York. A discussion topic on the agenda 

for this meeting was to eliminate division from the school's curriculum. I was truly stunned that 

this was an option. Many people (parents and teachers alike) at this meeting felt that performing 

division should only be taught using a calculator. Resorting to exclusion or to teaching via 

calculators to save time or aggravation was unacceptable to me, especially since division is one 

of the basic mathematical computations used in everyday life. 

To only hold students accountable for memorizing steps of an algorithm or buttons on a 

calculator is not only unacceptable because of its questionable motives, but also because it 

undermines the intelligence of the middle school students. Middle school students are capable of 

understanding why each step in a division algorithm is implemented, which is why each student 

is given the opportunity in middle school to learn how to carry out division. 
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My study focuses on finding out what students misunderstand about the mathematical 

process of division so that teachers understand what will confuse or mislead their students before 

they even begin to teach their lesson on division. 

It is hypothesized that students at the middle school level, who are learning division, have 

common misconceptions about the process of performing division, especially when the 

division problem is expressed using different symbols or includes decimals/fractions. 

Furthermore, eighth graders will receive a higher mean score on their division quiz. 

During the study middle school students showed the investigator what was 

misunderstood by computing different types of division problems. Through the commonality of 

their misconceptions about the different division problems, teachers' can know what mistakes to 

tell the future students to look out for. The middle school teachers in this study expressed their 

prior knowledge on their grasp of the students' misunderstandings. Through the assistance of the 

participants', other teachers and students alike can benefit from the knowledge gained from the 

study on the topic of division. 

Literature Review 

Each student in the classroom depends on their teachers to be able to learn about division. 

Students are expected to understand division through the knowledge of their teachers. 

Unfortunately, division algorithms are likely to leave many people, teachers and students alike, 

with misconceptions. This review of literature explores perceptions of division through the eyes 

of teachers, adults, high school students, middle school students and elementary school students, 

in that order. 
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Adult and teacher misunderstandings 

By the time students become adults, they have explored many areas of division including 

division involving whole numbers, integers, fractions, and so on. In a study conducted by 

Kaasila, Pehkonen, and Hellinen, (20 1 0), pre-service elementary teacher participants were tested 

on their knowledge of division, specifically on division problems with and without remainders. 

The pre-service teacher participants were not to use calculators or a division algorithm. Of the 

two hundred and sixty-nine participants, only 45% showed complete or mostly correct solutions. 

Methods for solving these division problems included counting methods, recall of basic facts, or 

trial-and-error. Kaasila et al., (2010) concluded the following: 

We identified four main reasons for erroneous or incomplete solutions: (1) staying on the 
integer level (difficulties especially in conceptual understanding), (2) inability to handle 
the remainder ofthe division (difficulties especially in procedural fluency), (3) 
difficulties in understanding the relationships between different operations (problems 
especially in conceptual understanding), and ( 4) inadequate reasoning strategies 
(difficulties especially in adaptive reasoning). (p. 257-258) 

When a teacher possesses four main reasons as to why division was not mastered by pre-service 

years, their future students may certainly have misconceptions on the topic. 

Another study that focused on primary/lower secondary pre-service teacher participants 

tested their understanding of fractional division. This study was conducted by Rizvi and Lawson 

(2007). Through analyzing the participants' answers to multiple division questions, the 

researchers Rizvi and Lawson, (2007) determined the following: 

After examining the participants' overall performance, it is clear that prospective teachers 
needed to develop a better understanding of division of fractions. Their existing 
knowledge related to the topic was not adequate to allow them to either work on division 
problems for themselves, or to assist students to understand and solve such problems. The 
main reason for this low level of performance was reliance on the fair sharing and the 
repeated subtraction models. (p. 387) 
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Division is one of four basic operations, but when the core concept of division is not fully 

understood by pre-service teachers, their students may also not gain the core concept of division. 

Testing for an understanding of division in adults may reflect how much experience or 

how much memorization was involved during grade school. Robinson, Arbuthnott, and Gibbons 

(2002) noted that memorization from grade school was determined to be the most frequently 

used method, especially when tested on basic rather than more difficult division problems. 

Furthermore, older adult participants were found to be more likely to use the memory retrieval 

method on difficult problems than the younger adult participants in the study. Misconceptions 

that these participants may have had as students in elementary school could have affected their 

memory retrieval negatively. 

Middle school students' misunderstandings 

With elementary school aged students, studies have shown that the use of manipulatives 

and pictorial explorative methods aid in students' understanding of division. At the middle 

school level, students may still need the use of manipulatives if the transition from student 

exploration with manipulatives to using a more efficient algorithm was not concrete enough. 

Students of special education at the middle school level would be among the students 

who may still depend on manipulatives or pictures. Bennet and Rule (2005), conducted a study 

that involved middle school student participants with learning disabilities in mathematics. In the 

study the researchers used Skittles, numeral cards and base ten blocks in the experimental group 

to assist in the transition to the use of the long division algorithm. The control group in the study 

only learned algorithms and practiced the long division algorithm on computers during class 
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time. At the end of the study, Bennet and Rule (2005) determined that "the use of numeral cards, 

Skittles and base ten blocks or colored counters can help middle school students memorize the 

algorithm of division, along with giving them a concrete understanding of the meaning of the 

steps in long division" (p. 23). It seems that regardless of the age ofthe students, in order to 

understand the long division algorithm the use of manipulatives is a helpful aid. 

The uses of manipulatives help students build meaning toward division of fractions. In an 

experiment conducted by Cramer, Monson, Whitney, Leavitt, and Wyberg (2010) textbooks 

were examined and the researchers "found that few textbooks use context as a way to build 

meaning for the division of fractions" (p. 339). For students, especially middle school students, 

to gain sufficient knowledge of the division of fractions, the idea of fractions and division has to 

come together as one. Cramer et al., (2010), determined that "textbooks often use illustrations as 

a form of representation to build meaning. However, the transition from these pictures to the 

symbolic rule occurs quickly. In so doing, students may be getting an inadequate understanding 

of fraction division" (p. 339). The researchers insisted that teachers should provide what the 

textbooks are missing. One way to do this is to use pictures to represent fractions. The end result 

of Cramer et al., (2010) is "using pictures, students constructed a common-denominator 

procedure for fraction division. This connection between their picture solutions using common 

denominators and the symbolic procedure using common denominators was brought up later in 

the lessons" (p. 343). The textbook only provided pictures, thus using manipulatives to recreate 

these pictures helped connect the pictures in the textbook to the common-denominator algorithm. 

The sixth-grade participants in this study were capable of forming the common-denominator 

strategy for fraction division through pictures created in the process of solving division word 

problems. 
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Along with pictures, recalling previously learned mathematics helps with division of 

fractions. A study by Weinberg (2001) explored what middle school students know about the 

connections between division and fractions. Through this lack of understanding from the 

students, teachers may know where to begin building the bridge between the two topics to 

introduce division of fractions. Many researchers applaud the idea of explorative lessons taught 

alongside the textbook to merge previously learned mathematical ideas with new division 

algorithms (Gregg & Gregg, 2007; Kathleen et al., 2010; Lamb & Booker, 2004; Robinson & 

Dube, 2009a; Weinberg, 2001 ). 

With no explorative lessons used alongside a textbook, students may not be able to 

connect the right division algorithm with the division problem. Robinson and Dube (2009a), 

conducted an experiment in which they quizzed middle school participants on one division 

inversion problem per week. The division inversion problem can be described as a division 

problem where the inverse of division (multiplication) is used to solve the problem. The intent of 

the study was to determine if the student participants would catch on to the idea of the inversion 

concept on multiplication and division. With no pictorial or manipulative assistance, the middle 

school student participants had multiple opportunities to become aware of the inverse 

relationship that multiplication and division have. Robinson and Dube (2009a) determined that, 

"over a third of the students failed after several weeks of exposure to multiplication and division 

inversion problems, to discover or apply the inversion based shortcut" (p. 199). This result 

suggests that students may not learn why an algorithm works on their own without the use of 

manipulatives or pictures. In the continued experiment of Robinson and Dube (2009b), it was 

noted that in order for the middle school student participants to understand division inversion 

problems, more conceptual understanding is needed. 
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Elementary school students misunderstandings 

To ensure students retain the correct understanding of division, it helps when they do not 

learn the long division algorithm first. Kribs-Zaleta (2008) determined through his research on 

elementary school students using manipulatives to explore division that, "it is important to give 

students the opportunity to develop concrete models in their first experiences with these 

problems and to provide a balance of measurement and partitive division problems" (p. 457). 

When elementary aged students are given the chance to learn new ways in which to divide, they 

are likely to remember and use in the future the method they come up with to perform division 

on their own. According to Caliandro (2000), "Memorized procedures, in contrast, are frequently 

forgotten and have to be reviewed again and again" (p. 422). There needs to be a bridge between 

using manipulatives and applying that understanding to the division algorithm. A study 

conducted by Lee (2007) explores the transfer from using base ten blocks to performing the 

division algorithm. Using the base ten blocks, students in the study used the idea of the 

distributive property to solve division problems with or without remainders. The understanding 

of this method helped the students realize how the division algorithm is more efficient and how it 

relates to their previously learned knowledge of division. 

Elementary school students are just beginning to learn the basics of division. According 

to Sellers (20 1 0), the "division algorithm" is described as involving "steps that have them 

[students] work from left to right and keep making little division problems that involve only 

parts and pieces of the original numbers" (p. 516). The division algorithm is an elaborate 

process. Students at this age may find solving the long division problems with alternate methods 

to be more attainable, opposed to the long division algorithm Once alternate methods of solving 
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long division problems have been established, students may "reflect on the conceptual meaning 

buried within the division algorithm and see how this understanding connects to students' prior 

knowledge" (Martin, 2009, p. 483). Some researchers have come to categorize alternative 

strategies to the long division algorithm such as memory retrieval, multiplication, addition, 

grouping, derived facts/special tricks and other (Martin, 2009; Robinson et al., 2006; Robinson 

& Dube, 2008; Sellers, 201 0). According to Robinson et al., (2006), "multiplication" is defined 

as "using the related multiplication fact to retrieve the answer" and "addition" is defined as 

"adding the divisor until the dividend is reached and keeping track of how many times the 

division was added" (p. 230). The researchers referred to the term "grouping" as "determining 

how many groups of the divisor are in the dividend" and the phrase "derived facts" refers to 

"breaking the problem down into smaller and/or simpler components or using a solution strategy 

that applies only to certain types of problems" (p. 230). It was said that memory retrieval, 

multiplication and addition were used the most by students throughout elementary school, but 

memory retrieval was used regularly throughout each participating grade in the study (Martin, 

2009; Robinson et al., 2006; Robinson & Dube, 2008; Sellers, 2010). 

Memory retrieval may provide the students with a solution at a faster pace, but it may not 

help the students' understanding of the division process. Squire and Bryant (2002a, 2002b) 

conducted an experiment with elementary school student participants in grades one through four, 

and found that with age comes a better understanding of division. Through observing the first 

grade participants, the students' understanding of division was determined to have been impacted 

by their interpretation of sharing. When the researchers observed the fourth graders in the study, 

these students relied less on the concept of sharing and were able to solve division problems, 

even when the division problem did not correspond with sharing. Reasons for the gain in 
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understanding was determined by Squire and Bryant (2002b) as, "an improved understanding of 

the relations between variables in division problems, an improved ability to distinguish between 

these variables, and an improved ability to reinterpret information presented in a problem in a 

meaningful way" (p. 40). 

As students broaden their understanding of division from the idea of sharing students can 

then learn about division of fractions. Yim (2010) explored division of fractions with fifth grade 

students. He acknowledged the following: 

A simple method of calculating division by fractions would be to multiply the dividend 
by the reciprocal of the divisor. As division is the inverse operation of multiplication, the 
invert-and-multiply rule may be argued to be sound not only in a mathematical sense but 
also in a practical sense because of its simplicity and efficiency. When students obtain a 
result using a numerical algorithm, however, it would be meaningless unless they 
understood how the algorithm works. (p. 119) 

This acknowledgement shows that algorithms are most effective when the procedure is 

understood and when students understand why the algorithm works through the use of previous 

mathematical knowledge. In a pretest conducted by Sharp (2002), "no students knew an 

algorithm for division of fractions before participating in the study" (p.342). The previous 

mathematical knowledge that the fifth grade student participants in this study drew upon in order 

to divide fractions was repeated subtraction. Furthermore, as students explored the topic of 

division of fractions on their own, students were able to come up with algorithms by themselves. 

Although the invert-and-multiply algorithm was not discovered by these students, the common 

denominator algorithm was. 

As time may be a factor for teachers, exploration of division of fractions may not be the 

best when teaching from a textbook is the alternate option. In a comparison study conducted by 

Son (2010), different textbooks used by the United States of America and Korea were examined. 
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Specifically, comparison focuses on how the textbooks describe division of fractions. The study 

concluded that, "a lack of attention to division of fractions has been noted among early editions 

of other reform curricula in the USA" (p. 134). Furthermore, the study showed that teachers in 

Korea ventured further from the text and provided more strategies as well as more time for their 

students to become familiar with alternate strategies for a better mathematical understanding. In 

order for students to gain true understanding of division of fractions, sometimes the textbook will 

not be enough, because the textbook may not explain how an algorithm draws from previous 

knowledge. 

Even with the topic of division of decimals, students need to explore before they are 

handed an algorithm to use. In a study developed by Okazaki and Koyama (2005), fifth grade 

student participants used "rod" manipulatives to carry out division of decimals. Through this 

exploration, students noticed how the concept of a number line came into play. Finally, students 

were aware of divisions' inverse operation, multiplication. Another idea such as proportionality 

was discovered throughout the students' exploration. These ideas were discovered in no 

particular order so students' worked together through class discussions to get through division 

problems involving decimals. 

These researchers found some mistakes and limitations to their participants' work with 

division. Pre-service elementary school teacher and upper secondary student participants in the 

study conducted by Kaasila, Pehkonen, and Hellinen, (20 1 0), made careless arithmetic mistakes, 

showed that their thinking was limited to integer values, and left some division problems blank. 

No research was done by these authors involving middle school students. Furthermore, a 

different study conducted by Lee (2007) used elementary school student participants. These 

students had prior knowledge of place value systems and learned basic division facts, estimation, 
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and how to apply the distributive law prior to learning the traditional long-division algorithm. 

Moreover, a study conducted by Cramer et al., (2010), noted that students had access to 

manipulatives so that the sixth grade participants could solve division problems involving 

fractions. By eighth grade, perhaps, students can visualize the use of the manipulatives and solve 

without the tangible use of them. Will all these noted mistakes and prior knowledge come into 

play during this study? 

With all the studies discussed above, it can be noted that division combines many 

mathematical concepts that may or may not have been mastered by the time of the lesson on 

division. Misconceptions stem from the students' inability to build from previously learned 

mathematical concepts. Are there general misconceptions of division among middle school 

students or are there only a select few who become lost? 

Experimental Design 

This experiment was designed to test the hypothesis that students at the middle school 

level, who are learning division, have common misconceptions about the process of division. 

During this experiment at two different schools, students were asked to provide solutions to 

division problems while the students' teacher was to complete a survey. The survey asked what 

the teacher anticipated that the students will struggle with. The results of the students' division 

problems and the completed surveys were compared to determine if students had common 

misconceptions that should be addressed for the benefit of the students. Once the comparison 

was made between students understanding and teacher perception another comparison 

proceeded. This next comparison was between two schools that underwent the same experiment. 
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This experiment was conducted no more than one day per class participating in the experiment 

for a total of eight days. 

Subjects 

This study was conducted in two New York State locations. The first ofthe locations was 

Dunkirk Middle School in Dunkirk, New York. Located in Western New York, Dunkirk is 

thirty-eight miles southwest of Buffalo and has a population of 12,085 people. It is the western 

most city in the state of New York. The Dunkirk City School District has approximately 2,020 

students enrolled in the whole district. According to information from the "School Report Card" 

(latest results from the 2008-2009 school year), Dunkirk Middle School serves four hundred 

fifty-three students in grades six through eight. The average class size for mathematics in grade 

eight is fifteen. Of the four hundred fifty-three students, eight percent are black or African 

American, thirty-eight percent are Hispanic or Latino and fifty-four percent are white. About 

sixty-five percent ofthe students are eligible for free or reduced school lunch prices. The 

participants in this experiment were from the sixth grade and eighth grade levels at Dunkirk 

Middle School. Classes met for approximately forty minutes each day in a quarterly system. 

The second of the locations was Seaford Middle School in Seaford, New York. It is a 

suburb ofNew York City. Located on Long Island, Seaford is twenty-two miles east ofNew 

York City and has a population of 15,791 people. The Seaford Union Free School District had 

approximately 2,706 students enrolled in the whole district. According to the "School Report 

Card" (latest results from the 2008-2009 school year), Seaford Middle School served six hundred 

forty-eight students in grades six through eight. The average class size for mathematics in grade 
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eight was twenty-eight students. Of the six hundred forty-eight students, one percent were Black 

or African American, four percent were Hispanic or Latino, three percent were Asian or Native 

Hawaiian/other Pacific Islander and ninety-two percent are White. About four percent of the 

students were eligible for free or reduced-priced school lunch. The participants in this 

experiment were from the eighth grade level at Seaford Middle School. Classes meet for 

approximately forty minutes each day in a quarterly system. A breakdown of the two 

participating schools can be seen in Figure 1. 

Fi2ure 1. School Demographics 
School School I -Dunkirk Middle School School 2 - Seaford Middle School 

Dunkirk, NY Seaford, NY 
Location 38 miles Southwest of Buffalo 22 miles East ofNew York City 

Population: 12,085 Population: 15,79I 
OMS serves 453 students in grades 6-8 SMS serves 648 students in grades 6-8 

453 students: 648 students: 
School 8% Black/ African American I% Black/ African American 

Demographics 38% Hispanic/Latino 4% Hispanic/Latino 
54% White 3% Asian/Native Hawaiian/Other Pacific 

Islands 
Average Class Size for Math in grade 8: IS 92% White 

Average Class Size for Math in grade 8: 28 
Poverty Level 65% of students are eligible for 4% of students are eligible for free/reduced 

free/reduced lunch lunch 

Design 

This experiment lasted no more than four days per participating grade. This is because 

the experiment took place during the last period of the day, which is called homebase. Homebase 

is the time of the day when students are assigned a teacher, but may go elsewhere for help from 

another teacher. At Dunkirk Middle School, on day one, class A of student participants in grade 

six answered twelve division problems to the best of their ability while the students' teacher, 

Teacher A, took a survey on the teachers' perceived notions of students' difficulties in complex 
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areas of the processes for computing division. On day two at Dunkirk Middle School, the second 

class of student participants (class B) still in grade six answered the same twelve questions to the 

best of their ability while teacher A does not retake the survey. By days three and four, the 

experiment was conducted on class C and class D, respectively, of the sixth graders of Dunkirk 

Middle School. On day five, the eighth grade students from class E took the same twelve 

question division quiz while Teacher B took the same survey that was given to Teacher A. By 

day six, the students from class F took the quiz and Teacher B did not retake the survey. 

By the end of day six, the experiment conducted at Dunkirk Middle School was finished. 

Day seven began the experiment at Seaford Middle School. At day seven, the second eighth 

grade teacher, Teacher C, took the survey while class G took the twelve-question division quiz. 

Finally, by day eight, class H took the twelve-question quiz. The distribution of what went on 

each day is seen in Figure 2. 

Figure 2. Detailed Distribution of Study 
Day: What Students Do: What Teachers Do: 

Day 1 Class A takes the quiz Teacher A takes the survey 
Day2 Class B takes the quiz Teacher A does not retake the 

survey 
Day3 Class C takes the quiz Teacher A does not retake the 

survey 
Day4 Class D takes the quiz Teacher A does not retake the 

survey 
Day5 Class E takes the quiz Teacher B takes the survey 
Day6 Class F takes the quiz Teacher B does not retake the 

survey 
Day 7 Class G takes the quiz Teacher C takes the survey 
Day8 Class H takes the quiz Teacher C does not retake the 

survey 

Similarly to Dunkirk Middle School, the participants from Seaford Middle School 

participated in the experiment during the last period of the day, which is called self-help. Self-
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help works the same way that homebase does, where students are assigned a teacher for the 

period but may be excused to see an alternate teacher for help. A breakdown of the participants is 

seen in Figure 3. 

Figure 3. Breakdown of Participants 

School 1 - Dunkirk Middle School School 2 - Seaford Middle School 

Teacher A Teacher B Teacher C 

6th grade teacher gth grade teacher gth grade teacher 

Class A Class B Class C Class D Class E Class F Class G Class H 

17 20 13 14 13 13 13 13 

Students Students Students Students Students Students Students Students 

Every class was given a quiz with twelve division problems. There were six questions on 

the front side and six questions on the back side. See Figure 4 for the detailed division questions. 

The students solved these problems during the last period of the day. The last period of the day 

for both districts is approximately forty minutes long. The students were given that amount of 

time, but some students did not need the full forty minutes. The students were not allowed to use 

their notes and could not use a calculator on any part of the quiz. Also, the students had to work 

individually on the quiz. 



Figure 4. Division Quiz 

Answer all the questions to the best of your ability. 

1. 31289 2. 12132692 3. 401428 4. 4015900 
5 

5.-
8 

3 

4 
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3 2 
6. - + 2 7. 4 --7---

4 7 

1 
8. 3- --7-- 5 

3 
9. 0.715 --7-- 10 10. 2516.50 

11. 0.9115.3 12. 4.51675 

The twelve problems in the students' quiz were all appropriate for the sixth grade 

mathematics level. All twelve were chosen to be on the quiz because I wanted to know if the 

students were capable of finding the answer to all twelve problems without the use of a 

calculator. I anticipated incorrect multiplication facts used on all the division problems. 

The first problem was chosen to be on the quiz because it has a one-digit divisor and the 

quotient was a repeating decimal. Anticipated issues with this question were incorrect use of 

multiplication facts and incorrect display of a decimal remainder. The second problem was 

similar to the first because the quotient had a repeating decimal, but the problem also had a two-

digit divisor. Anticipated issues with this question were the same as for the first question. 

Problem three was used in the quiz because I wanted to test the students' understanding of zero 

in the quotient acting as a place holder. Probable mishaps with this question included improper 

placement of the decimal point and not using zero as a place holder for the ones-place. Question 
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four was included in the quiz so that the students' knowledge of dividing by multiples often was 

examined. 

The fifth question on this quiz involved a fraction divided by a fraction. The "long

division" algorithm was not used for this division problem. I wanted to see how the students' did 

when the division problem may not have been formatted to their liking. Question six and seven 

were similar to one another. They involved dividing a fraction by a whole number and a whole 

number by a fraction, respectively. The algorithm most students are taught to solve these types of 

questions is "Same, Change, Change," where the first number stays the same, then the division 

symbol changes to multiplication and the original divisor is flipped so that it is changed to its 

reciprocal. Projected student issues with these two problems were that students would only 

change the division sign and then multiply across or that the students would only change the 

whole number value into its reciprocal even if it was in the position that stayed the "same" 

according to the algorithm. 

Next, question eight was used in the quiz because the students had to remember how to 

change a mixed number into an improper fraction so that the students could divide an improper 

fraction by a whole number. An expected issue with number eight was that students forgot how 

to convert a mixed number to an improper fraction. Problem number nine was chosen because it 

required the students to divide a decimal by a power of ten. Since this problem was not written in 

the standard "long-division" format the students were expected to encounter an issue rewriting 

the problem to be in that form before carrying out the division. In other words, not knowing their 

division vocabulary words such as dividend, divisor, and quotient may cause an issue when 

solving the problem. 
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Problems ten, eleven and twelve were chosen because they involved the division of a 

decimal by a whole number, decimal by a decimal and a whole number by a decimal, 

respectively. These three problems required the proper placement of a decimal point in the 

quotient. The surveys that the teachers took asked about the anticipated issues teachers felt their 

students would have. 

The survey questions that the three teachers answered had to do with what they believe 

their students will struggle on as the students complete the quiz. See Figure 5 for the survey 

questions. 

Figure 5. Survey Questions 
Teacher AlBIC 
Your students were given a ditto involving division. The types of division problems that are used are as 
follows: 
A. One & two digit divisors with remainders B. Dividing by multiples often 
C. Zeros in the quotients D. Division of fractions by fractions 
E. Division of fractions by whole numbers F. Division of whole numbers by fractions 
G. Dividing decimals by decimals H. Dividing decimals by whole numbers 
I. Dividing whole numbers by decimals J. Dividing by powers often 
K. Division of mixed numbers by whole numbers 
1. How do you diagnose misconceptions students have with division? 
2. When teaching students about division for the first time or as a refresher, how do you address 
misconceptions previous students have had in the past? 
3. Of the types of division problems you know your students learned, which of them do you think the 
students will struggle with? What specifically do you think the students will find difficult? 
4. From past teaching experiences, on the topic of division, if a student cannot follow a division algorithm 
needed to solve a problem what is your plan of action? 
5. Are there types of division problems from above that you know your students have not learned yet? If 
so, do you believe your students are capable of understanding the process in which to carry out the 
division? 
6. In your professional opinion, what is the most common mistake(s) made by most students when 
solving a division problem? 
7. What method do you use to teach division? Methods may include: calculators, manipulatives, or 
software. 
8. Other comments on determining misconceptions of division. 

Eight questions were asked in the teacher survey. The first question asked was chosen so 

that the teacher could express how mistakes students made are found. The second question 

addresses misconceptions students made in the past. It asks what the teacher does about the 
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common mistakes made by prior students that the teacher had. The third question tests the 

teachers' knowledge of how well the teacher knows the students, academically, both individually 

and as a whole. The use of the forth question was for the teacher to explain how far he/she is 

willing to go to make sure the students understand division problems. The fifth question allowed 

the researcher of the present study to know if students had not yet learned how to carry-out a 

division problem, which may be an explanation as to why a student did not do well on a specific 

problem on the quiz. The next question, number six, was the main question that was compared to 

the students' quiz results. Are the most challenging problems thought by teachers actually the 

problems that were proven to be the most challenging by their students? How a teacher goes 

about teaching division problems may vary. Furthermore, different division problems may call 

for different teaching methods. This was why question seven was included in the teacher's 

survey. Finally, question eight was included in case any ofthe teacher participants' had more to 

say that was not already addressed. 

Data collection 

The data for this experiment was collected by analyzing the results of the division quiz. 

The data for this experiment was collected and analyzed to determine which grade (sixth or 

eighth) acquired the highest mean score. Each individual student's test was scored by finding the 

number of division problems they answered correctly. Once all the tests were individually 

scored, their class mean was calculated. A class-to-class comparison was done for all eight 

participating classes. Furthermore, the grade six and grade eight classes in Dunkirk Middle 

School was compared to one another. The number of correct answers, the question(s) most 

frequently left blank, and the specific question(s) that the class as a whole struggled with were 
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compared. The eighth grade class from Seaford Middle School was compared to the eighth grade 

class at Dunkirk Middle School. In addition to finding the class and grade means, another 

descriptive statistics method was used to further examine the data. Each teacher's survey was 

compared to how well the class did on the division quiz to see how in-tune the teacher was with 

the students. A final comparison was done by comparing the two teacher surveys from Dunkirk 

Middle School to the one teacher survey from Seaford Middle School. 

Methods of Data Analysis 

This experiment was a combination of a quantitative and qualitative study. Since there 

are several types of data which were collected, there were several different methods needed to 

analyze the data. The data was from the grades taken from the students division quiz, and form 

the results of the survey that the teachers completed while their students took the quiz. 

Analyzing division solutions 

After all one hundred sixteen students took the quiz and all three teachers took the survey 

the analysis began. The student quizzes were then graded for correctness. No partial credit was 

awarded. Each correct answer received one point for a total of twelve points. Mean scores were 

then compared for each of the eight classes so that each class and each grade could be compared. 

With the help ofMinitab, a statistical program, a one-way ANOVA was then used to 

analyze the data from the means to determine the significance of the variables (class and grade 

level). In addition to the ANOV A, boxplots and descriptive statistics were also examined. 
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Afterwards, a qualitative approach was used to determine the approaches that students used to 

arrive at a solution. 

Analyzing survey responses 

The teacher surveys were assessed to see if the teachers were confident in their students' 

division computations, and if not what could be done to help the students learn division. In the 

analysis of the teacher surveys, I looked for the similarities and differences of responses 

provided for the eight questions. To tie the surveys with the students' quiz, a comparison will be 

made to see if the teacher surveys resemble the students' quizzes in terms of common areas of 

struggle. 

Results 

To answer the question, "what are the most commonly missed division questions?" there 

were unexpected results. After analyzing the data from the eight classes who took the division 

quiz five main results emerged: 

• The mean quiz score of the sixth grade participants is 20.31% and the mean quiz score of 
the eighth grade participants is 21.79%. This showed that the eighth graders overall did 
perform better on the division quiz than the sixth graders. However, the overall scores of 
the division quiz were low, which created no statistical significance with a one-way 
ANOVA test. 

• The majority of students left answers on their quizzes blank or did not show work. The 
problem that sixth graders left blank most frequently was division of whole numbers by 
decimals, which was problem twelve. Eighth graders, however, left problem six blank, 
which is a division of a fraction by a whole number problem. As a whole, the students 
left question eight (improper fraction divided by a whole number) blank more frequently 
than the others. 
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• The division problem with the most correct responses for both the sixth and eighth 
graders was the division-with-remainder problem involving a one-digit divisor, which is 
problem one. 

• The overall most challenging problem for students (6th and 8th grade) was a division 
problem involving zero in the ones place, which is question three. This result showed that 
the biggest division misconception came from the lack of understanding place values. 

• Lack of place value understanding and lack of knowledge of multiplication facts were the 
most common mistakes noticed by teachers according to the teacher survey. 

Further details on the five main bullets are to follow. 

Quiz results 

Each students quiz was first graded for correctness. Then the means were calculated for 

each class (classes A- H) and then each grade (grade six and eight). Figure 6 showed the means 

per participating class. 

Figure 6. Mean Quiz Scores 

Class A Class B Class C Class D Grade Six Classes A-D 
Mean Quiz 
Score 10.78% 19.17% 29.49% 25% 20.31% 

Class E Class F Class G Class H Grade Eight Classes E-H 
Mean Quiz 
Score 25% 24.36% 12.18% 25.64% 21.79% 

As seen in Figure 6, the mean for the eighth graders was slightly higher than the sixth grade 

classes mean. The sixth grade participants had a 20.31% as their mean score and the eighth grade 

participants had a 21.79% as their mean score. Are these means statically significant? With 

further assistance from Minitab, when doing a one-way ANOVA with individual students' mean 

scores based on class (Class A- H) the p-value had to be greater than 0.05. In this comparison, 

the p-value was 0.128 which means that there was no statistical significance between students 

and class. Moreover, when doing the same one-way ANOVA with individual students' mean 
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scores based on grade level (grade six or eight) there still was no statistical significance between 

student and grade as the p-value is 0.699. To see the comparative scores of each class's mean 

score (classes A through H), refer to Figure 7. A boxplot in Figure 7 showed the spread of scores 

of the students in each class. The boxplot showed that every class had 0% as the lowest score. No 

student in any of the classes received a perfect score. A student in class F with the highest score 

was considered an outlier. Also, the mean value line showed variability across all the boxplots. 

Figure 7. Boxplot of the Means by Class 
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The line that connects the means in the boxplot from Figure 7 is to help compare where each 

class mean is. Class D, E, F, and H were very close to one another which can also be detected in 

Figure 6. Class D was a sixth grade class while E, F and H were eighth grade classes. The means 

of these eighth grade classes were relatively close to one another in mean scores. Class D and E 

had a mean score of25%. Class F had a mean score of24.35% and Class H had a mean score of 

35.64%. Another look into the means of students based on grade level can be done by examining 

Figure 8 found in Appendix F. 

As noted from above, the class means are extremely low. A look at the number of 

problems that each class answered correctly and incorrectly can be viewed in Figure 9 located in 
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Appendix G. From the number of incorrect answers per class, a further breakdown was done by 

examining the incorrect answers with work shown and incorrect answers due to the problems left 

blank. 

Figure 9 showed the number of students per class. It also had all twelve problems on the 

student quiz. Then it listed how many students within each class got that problem wrong. As seen 

by the column labeled "Wrong," overall, problem twelve was the problem that was answered 

incorrectly the most. Problem twelve from the division quiz involved the division of a whole 

number by a decimal. Problem twelve is 4.51675. With the two grade levels in the study, the 

sixth grade participants (classes A- D) had problem twelve incorrect more frequently than the 

other questions, but for the eighth grade participants (classes E- H) a different problem was 

incorrect more frequently than others. The eighth graders who were in classes E - H had problem 

five blank more often than problem twelve. Problem five from the division quiz involved a 

fraction divided by a fraction. Problem five is~ + ~.Conversely, both the sixth and eighth 
8 4 

grade participants answered problem one correctly, more so than the other problems. Problem 

one was the problem that had a one-digit divisor and the quotient has a repeating decimal 

answer. Problem one was 31289. 

There were one hundred sixteen student participants in this study. From Figure 9, the 

results showed that out of a possible one thousand three hundred ninety two answers, one 

thousand one hundred six of them were answered incorrectly. This left two hundred eighty six 

correctly answered problems. 

Figure 9.5 displayed the twelve division problems presented to all one hundred sixteen 

student participants that were involved in the study. The column labeled Percent Correct 
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represented the percentage of students as a whole that received credit for the number problem. 

The column labeled Percent Left Blank represented the percent of students as a whole who 

received no credit for the number problem since student omitted the problem. Notice that there 

was not one problem with a correct response percentage over sixty-five percent. Problem one 

received the highest number of correct responses. All eleven other problems had a percentage of 

less than fifty for correctness. Moreover, there were six omitted problems, namely problems 6, 7, 

8, 9, 11, and 12, with a percentage over fifty. Problem eight was the question that was left blank 

more frequently than the other problems. 

Figure 9.5. Overview of All Student Participants 

Problem Number Actual Problem Percent Correct Percent Left Blank 

1 31289 .:;n/c 8% 

2 12132692 35% 14% 

3 4or4zs 23% 16% 

4 4015900 24% 21% 
5 3 . ---

5 8 
. 

4 22% 46% 
3 
- -=- 2 

16% 59% 6 _4 . 
2 

7 
4-:--

15% 60% 7 

1 
3--:- 5 

12% 61% 8 3 
0.715--;- 10 

9 14% 58% 

10 25j6.50 17% 48% 

11 0.9115.3 9% 53% 

12 4.51675 3% 59% 

The numbers of correctly and incorrectly answered problems were mentioned above. 

Then, the number of incorrect answers with work shown and blank problems were examined. 
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This can be seen in Figure 10. The sixth grade classes, Classes A-D, had the most work shown 

for problems three and four, while the eighth grade classes, Classes E- H, had the most work 

shown for only problem three. Later, explanations of where the students went wrong during their 

explanation of problem three were explored. When the two eighth grade classes from Teacher B 

and the two eighth grade classes from Teacher C were examined there was a difference in which 

problem was answered incorrectly but with work provided as shown on Figure 10. Teacher B's 

(classes E- F) students showed more work for problem four, but failed to provide the correct 

answer. Teacher C's students (classes G- H) showed more work for problem three, but failed to 

provide the correct answer. Despite this discrepancy, the problem that was answered incorrectly 

most frequently by the sixth and eighth grade students was number three. 

Figure 10. Questions Answered Incorrectly With Work Shown 
Class A Class B Class C Class D Class E Class F Class G Class H 

Question 1 
31289 5 10 3 6 3 3 8 3 

Question 2 
12132692 7 11 7 10 4 5 10 5 

Question 3 
401428 8 14 7 8 5 6 12 10 

Question 4 
4015900 6 14 8 9 6 7 9 5 

Question 5 
5 3 

8 4 2 12 6 2 1 6 4 5 
Question 6 

3 
- +2 
4 2 8 6 3 2 3 3 3 

Question 7 
4+~ 0 8 5 3 3 4 2 4 7 

Question 8 
3~+ 5 0 7 6 3 3 2 4 6 3 

Question 9 
0.715 + 10 0 8 7 7 0 4 4 3 

Question 10 
2516.50 0 5 10 5 4 6 6 4 

Question 11 
0.9115.3 0 7 8 7 3 4 6 9 

Question 12 
4.51675 0 7 8 6 3 4 7 8 
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In Figure 11, was the number of times students in the eight classes left each of the 

problems blank. For the sixth graders, the twelfth problem was the one that was left blank with 

the greatest frequency. On the other hand, the eighth graders left problem six blank more so than 

any of the other problems. Classes E- F and classes G- H were eighth graders in class with 

Teacher Band C respectively. Teacher B's classes left different problems blank than Teacher 

C's classes. Teacher B's students left problems six and nine blank more frequently than the other 

problems. The students who were in Teacher C's classes left problem seven blank more 

frequently than the other problems. The problem that was left blank most frequently by all one 

hundred and sixteen students in the study was problem number eight. 

Figure 11. Questions Left Blank 
Class Class 

Class A Class B Class C D E Class F Class G Class H 
Question 1 

31289 1 I 1 1 3 0 1 1 
Question 2 
12132692 4 4 2 1 2 0 2 1 

Question 3 
401428 8 3 2 2 3 0 0 1 

Question 4 
4015900 11 3 1 3 2 2 1 I 

Question 5 
5 3 

8 4 11 1 1 5 11 7 9 8 
Question 6 

3 
- +2 
4 15 7 2 7 10 9 9 9 

Question 7 
4-7-~ 17 9 2 6 9 8 10 9 7 

Question 8 
3~ -7- 5 17 9 4 7 9 9 9 7 3 

Question 9 
0.715 -7- 10 17 10 4 5 11 8 8 4 

Question 10 
2516.50 17 I 1 1 6 4 6 3 8 

Question 11 
0.9115.3 17 12 3 6 9 7 5 3 

Question 12 
4.5f675 17 13 5 8 8 8 5 5 
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Qualitative data from the quiz results is just as important as the quantitative data. In the 

following paragraphs there are actual student sample work shown for answers that they provided 

on the quiz. A look at the student responses provided insight as to how students reached their 

responses. 

Figure 12 had three student responses to problem one on the division quiz. This problem 

was found to be the top most correctly answered question by both participating grades. The first 

student solution was taken from class A. This student showed the right work and obtained the 

correct answer. The second solution in Figure 12 was from a student in class E. The answer that 

this student reached was also correct. The difference between these two answers is that the 

student from class A was more advanced than the one from class E. This is because the student 

from class A understood enough about this division problem to know that repeated decimals 

have a symbol, the "bar" over the repeating three. The older student from class E however was 

not at the level of understanding decimals and chose to answer with an "R" signifying a 

remainder of one. The last solution in Figure 12 was a solution taken from class C. Class Chad 

sixth grade students. From the work given, this student does not understand that when a decimal 

point is not shown it is understood to be at the end of the number and what follows after the 

decimal point are zeros. 

Figure 12. Student Work Samples ofNumber One 
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Figure 13 had two student responses to problem three on the division quiz. This problem 

was found to be the most challenging problem with work shown for students in both grades. The 

first solution in Figure 13 was from a student in class B. It is an example of a correct way to 

arrive at the right answer. However, the last solution in Figure 13 was an example of an incorrect 

solution to the long division problem from a student in class F. This students' work is a 

representation of what was commonly found in other students' work that did not solve this 

problem correctly. There was a lack of understanding that zero can be used as a place holder in 

the quotient here. 

Figure 13. Student Work Sample ofNumber Three 
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Figure 14 showed one student response to problem four taken from the division quiz. 

This student work came from class C. Class C was a sixth grade class. This student learned how 

to do long division with a method dubbed, "Magic 7." This method was used by other sixth 

grade participants as well. The long division symbol was extended so that it resembles the 

number seven. The student divided so that the entire number in the dividend was used opposed to 

each digit of the dividend. By this method the student computed multiple division problems 

opposed to one. In this solution, the student preformed 4015900,4011900 and 401300. Each 

number off to the right of the extended line was a part of the answer in an expanded form. When 

the student reaches zero or in this case a remainder, the student knew to stop and add up the 

numbers that were listed on the right of the extended line. What is then added becomes the 



Taylor, 31 

answer put in the quotient's spot. This method may be thought of by students as fun, but it is still 

an alternate algorithm in disguise. 

Figure 14. Student Work Samples of Number Four 
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Another method that Teacher A, claimed xthe students learned was "DMSB -Dunkirk 

Middle School Boys." If this method is remembered, the students should know to Divide, 

Multiply, Subtract and Bring-down. This method was not explicitly written out by a student to be 

shown as an example, but it was another way the students were taught to remember the steps to 

an algorithm. 

Figure 15 had three student responses to problem five. The first response was from a 

student in class D who chose to make good use of the method, "SCF- Same Change Flip." This 

sixth grade student did not reduce the fraction, but the answer was still correct. The student knew 

to keep the first fraction the way it was. Then, the student knew to change the division symbol to 

a multiplication symbol and finally to change the last fraction to its reciprocal. The use of this 

method was commonly seen throughout other student participants who answered this problem 

correctly. Unfortunately, there were other students who neglected this method and came up with 

an incorrect answer. The middle solution of Figure 15 was from a student in class G. This 
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student carried out division of the numerators and then carried out division of the denominators. 

The third solution came from a student in class G as well. This student did the opposite of 

division and multiplied the numerators together and then multiplied the denominators together. 

Students have learned that division and multiplication are interchangeable, but this was an 

incorrect way to use that idea. 

Figure 15. Student Work Sample ofNumber Five 
5 3 

s. 8-:- 4 
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Figure 16 had two student solutions of work for problem seven. The first solution within 

Figure 16 was from a student in class E. This eighth grade student used "SCF" and was able to 

change the improper fraction to a whole number. The second solution, also taken from an eighth 

grader in class E, was of an incorrect solution. The student tried to follow the algorithm "SCF," 

but was unsuccessful at the end. This student knew to change the division sign to a multiplication 

sign, but neglected to change the fraction to its reciprocal form. 

Figure 16. Student Work Samples ofNumber Seven 
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The next set of solutions, for question eight, can be found in Figure 17. The solution on 

the left was taken from a student in class B. This sixth grader was able to transform the mixed 
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number into an improper fraction before dividing and then rewrote the equation to be solved. The 

solution on the right in Figure 17 provided an incorrect solution. This student from class B was 

not able of changing the mixed number into an improper fraction correctly. Since the student was 

unable to come up with the correct improper fraction, then the student arrived at the wrong 

answer. 

Figure 17. Student Work Samples ofNumber Eight 

Figure 18 had student samples of problem eleven. The first solution was a correct 

solution taken from a student in class H. The second problem in the middle was also taken from 

class H. This student did not double check their work. The third solution on the right in Figure 18 

was taken from class F. This incorrect answer was common among students who got this 

problem incorrect. This student ignored the decimal point(s) and divided as if the numbers were 

whole numbers. This solution showed that there was a lack of understanding of place values and 

magnitude of numbers. 

Figure 18. Student Work Samples ofNumber Eleven 
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Figure 19 had three student responses to problem twelve of the division quiz. The first 

solution, which was correct, came from a student in class F. The middle solution found in Figure 

19 came from a student in class B. This was another example of using the method called "Magic 

7 ," although using it did not produce the correct answer. The student forgot to move the decimal 

point to the right of the five in 4.5 and the student forgot to do the same for the number in the 

dividend. The student solution to the right of Figure 19 was from class C. This student showed a 

lack of understanding each step for the long division algorithm and incorrectly used zero as a 

place holder. 

Figure 19. Student Work Samples ofNurnber Twelve 
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From all the qualitative data described above, student results showed commonalities. 

Students need to be more proficient in their multiplication facts and in checking their work. In 

addition, students should have a better understanding of reciprocals and they need to have a 

better grasp of place values and place holders. Is it possible that the participating teachers picked 

up on these results? 

Survey results 

Obtaining qualitative survey data is just as important as the qualitative data from the 

student quizzes. The qualitative data from the surveys allowed for an understanding of the 
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thought process from a teacher's perspective. The teacher survey used in this study can be seen 

in its entirety in the Appendix E. 

Question one: How do you diagnose misconceptions students have with division? 

All three participating teachers responded with the use of the same techniques. They review 

student work through dry-erase board practice, quizzes and tests, and homework. When student 

work does not support the answer, all the teachers know they have to diagnose a problem. 

Question two: When teaching students about division for the first time or as a refresher, how 

do you address misconceptions previous students have had in the past? 

Teacher A, who teaches sixth graders wrote, "I try to go back and make a basic connection 

between multiplication and division- how opposites work together." Teachers Band C 

mentioned the use of visual models. Teacher C wrote, "I try to show a simpler example with a 

visual model in order for students to grasp the concept. Especially when I get questions about 

division of decimals and why the answer is bigger." 

Question Three: Of the types of division problems you know your students have learned, 

which of them do you think the students will struggle with? What specifically do you think the 

students will find difficult? 

The three teacher participants agreeably wrote division with fractions. However, their reasoning 

behind the choice of fractions is different. Teacher A believed that students tend to struggle when 

she presents them with anything other than "whole number" problems. Teacher B blamed 

laziness on behalf of the eighth graders. Teacher C believed the process or algorithm(s) used to 

change division into multiplication is hard for the students to comprehend. 
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Question Four: From past teaching experiences, on the topic of division, if a student cannot 

follow a division algorithm needed to solve a problem what is your plan of action? 

The response from Teacher A is to try and teach the students a different method or a method 

taught in the past that may have been forgotten. For this teacher, it is easy to find a different 

method to teach because the students come to her from four different elementary schools. All the 

students may have learned a different algorithm before entering sixth grade. The eighth grade 

teacher from Dunkirk Middle School wrote that she explains the phrase, "what will go into" to 

the students and then has her students follow an example step-by-step until each step is 

memorized. Teacher C goes back to the drawing board and uses a visual diagram to demonstrate 

where each step from an algorithm is coming from. 

Question Five: Are there types of division from above that you know your students have not 

learned yet? If so, do you believe your students are capable of understanding the process in 

which to carry out the division? 

On a yearly basis the sixth grade teacher sees a wide variety of the mathematical material 

covered when it comes to division. Depending on which elementary school the student(s) came 

from depends on how much practice with division the student(s) has had. In Teacher A's 

opinion, this leads to the students being capable of working through a division problem, but most 

students cannot carry out each step by themselves. Teacher B agrees with teacher A that the 

students are capable but not always willing to do the work alone. Seaford Middle School's eighth 

grade teacher, Teacher C, believes the students have learned all types of division problems and 

are all capable of arriving at an answer. 
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Question Six: In your professional opinion, what is the most common mistake(s) made by 

most students when solving a division problem? 

The response from this question was mentioned in the bullets at the beginning of the results 

section. Teacher C referred to division with decimals, and stated that students make mistakes 

when placing the decimal point in the quotient and noted that the students confuse place values. 

Teacher B also mentioned students incorrectly placing digits within the quotient in the wrong 

place, but added that the students tend to multiply incorrectly and sometimes subtract incorrectly. 

Not knowing multiplication facts is part of Teacher A's response as well as careless 

computational errors when dealing with multi-step problems such as long division. All three 

teachers agreed that they see students struggle with the concept of place values and are not fluent 

in their multiplication facts. These two areas of struggle need to be addressed so that students can 

perform better on division problems. 

Question Seven: What method do you use to teach division? Methods may include: 

calculators, manipulatives, or software. 

The sixth grade teacher described how the "traditional way" is usually taught first and then tricks 

are used after there is an understanding of the traditional way. The eighth grade teacher in the 

same school as teacher A uses "the good old fashion way: paper and pencil," without the use of 

manipulatives or calculators. The eighth grade teacher from Seaford Middle School wrote, 

"Students generally use a calculator for all types of division problems." 

Question Eight: Other comments on determining misconceptions of division. 

Teacher C added, "I think students view this as the hardest operation and therefore have 

preconceived notions about it." 
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Through the teacher responses it is evident that division that involved whole numbers is 

not of a concern for the three teachers. However, the teachers were aware of the students struggle 

with place values and not knowing multiplication facts. 

In conclusion, there is no statistical significance between students and class or between 

students and grade level on the quiz. It was observed that students left questions blank as 

opposed to showing guess work when a student struggled with a division question. The teacher 

survey was very insightful. The teachers had the same preconceived notions about their students 

computing division problems. Implications on these results are discussed in the following 

section. 

Implication for Teaching 

The hypothesis throughout this study was that there would be common misconceptions 

among middle school students when computing division. It was believed that through a division 

quiz, students could communicate their misconceptions about division to their teacher, and 

through a survey that asked about division, teachers could communicate their understanding of 

student mistakes made while computing division problems. 

Clearly, the middle school students participating in the study communicated through their 

quiz scores that they still have a lot to learn about division when a calculator and other 

technology is not available. 

Implication 1: Just because technology is available in the classroom, that does not mean 

students should stop practicing division problems by hand. 
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From the responses of the teacher surveys it is not uncommon for teachers to give 

students a calculator to check their mathematics or to aide them through their mathematics. As 

was evident from the quiz scores, the student participants did not do well relying on paper and 

pencil algorithms. Division is one of the four basic mathematical computations. As one of the 

four basics, students should be competent in computing division without a calculator. Perhaps, 

there is too much dependency on today's technology and less emphasis on the mathematics 

occurring at each step of an algorithm. 

New York State requires schools to provide calculators for their students. New York 

State should also require students to learn that calculators should be used to check answers not 

only create them. It would be more beneficial for students to learn how to carry out division 

problems by hand as opposed to using a calculator since not all students may have access to a 

calculator outside of school. 

Implication 2: Educators need to be prepared to spend time ensuring that students know that 

not showing relevant work or not attempting a problem will not help their grade. 

As a teacher, encouraging students to do something is sometimes necessary. 

Encouraging students to put relevant work down as opposed to leaving the question blank is 

important to do. Teachers need to see where the students are struggling so some relevant work 

shown is better than nothing. Some teachers believe in partial credit, especially in mathematics 

where multi-step problems such as long-division are being graded. Even if there is no partial 

credit awarded, showing work can assist in learning what went wrong. 

Furthermore, students need to know the intentions of their teacher for quizzes/tests. 

Teachers intend on learning what their students have comprehended from the mathematical 
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material taught. So, if a student leaves a question blank, that does not provide much of an 

explanation for the teacher. 

Implication 3: Educators could focus on the use of manipulatives at the middle school level 

when teaching division. 

All three of the teachers did not state on the survey that visual models or manipulatives 

are used to assist in the instruction of division. Manipulatives are used more often at the 

elementary school level. However, manipulatives are a great tool for students at any age. 

Manipulatives may provide the opportunity for a better understanding of division as it can be 

both visual and tangible. 

Using manipulatives or visual models could be especially helpful when teaching how to 

divide a fraction by a fraction. A lesson that makes use of manipulatives for this division 

problem could help clear up why or how the famous algorithm "SCF" or same-change-flip 

works. Moreover, manipulatives could help bring back the number sense that may become lost 

when using a calculator. 

Implication 4: Educators need to be prepared to spend time being creative with mathematics. 

Seemingly, students respond well to tricks/phrases or mnemonics that help them 

remember steps to a division problem. As seen in the example with a fraction divided by a 

fraction, students used "SCF," or same-change-flip, to remember what to do at each step of the 

algorithm used to solve the division problem. Mnemonics are designed to help students improve 

their memory of new information. This strategy may prove to be beneficial to wide ranges of 

ability levels and at all grade levels. More tricks/phrases or mnemonics should be developed so 

that students can remember the steps for division problems using zero as a place holder, and for 
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other examples. When teaching mathematical content teachers should not only tell their students 

what is important to remember, but teachers should also give students ways to remember it. As 

seen from the student work solutions, some students will still struggle with the math despite the 

mnemonic, but practicing the mathematics with the trick/phrase or mnemonic will always add to 

the students' success. 

If I could make changes to this study I would have given the same quiz twice to the same 

students. I would allow half the students to use a calculator during the first quiz and then not 

allow the students who used it on the first quiz during the second. The students who did not use 

the calculator on the first quiz would then be allowed to use it during the second quiz. The two 

quizzes would be given a week apart. Then, there would be a comparison to see if using the 

calculator first helped the students come up with the right answer without the use of a calculator. 

Furthermore, I would check each student's quiz to make sure that all questions have some 

relevant work shown on them so that there are no questions left blank. 

Alternatively, I would have created two different quizzes for the students to take. One 

quiz would only have long division problems on it and the other would only have division 

problems involving fractions. No calculators would be allowed for either quiz. Then I would 

have compared the two quizzes to see which quiz had a high mean score. 

To add to this study, I would attach a short survey to the student quiz consisting of 

several questions to gain a better student perspective. I would ask questions such as, which 

question was the easiest for you and which question was the hardest for you and to explain why. 

I assumed that the students' work on the quizzes would be enough of an explanation on their part 

to tell me about how the students view division problems. Adding a student survey would only 
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help the study delve deeper into the common misconceptions that students have while computing 

a division problem. 

The purpose of this study was to determine which types of division problems students 

had the most trouble with. A deeper purpose of this study was to determine if students make the 

same mistakes on a division problem or not. It was determined that there was a commonality 

among students for which question was left blank the most and there was a commonality among 

students for which question was answered incorrectly the most. Having different middle school 

grade levels and students from two different schools did not vary the misconceptions that 

students had while computing division problems on their quizzes. The teacher survey was 

insightful and it would be beneficial to take their comments into consideration. Having 

discussions about why students take quizzes may inform students as to why the quizzes are 

important in the classroom. Practicing division problems without the use oftoday's technology 

just may be the biggest influence in regard to students doing well on division quizzes. 
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Appendix A 
TO: Parents/Guardians of Students 
FROM: Sarah J. Taylor 
DATE: 
RE: Consent Form 

Purpose, Procedure, and Benefits 

The purpose ofthis study is to determine common misconceptions of the division algorithm(s) 
that are taught in the mathematics classroom. 
During homebase/self-help, students will receive a quiz consisting of twelve division questions. 
While taking the quiz, students may not use their calculator. 
The goal of this study is to determine if there are common mistakes made among students while 
dividing. This is an important study because of the potential benefits it may hold, not just for your 
child, but for mathematics education in its entirety. 

Related Information 

Your child has been asked to participate in this study because he/she is a member of Mrs. Hayes' 
mathematics class. 
To maintain confidentiality, neither your child's name nor yours will be used in any way, shape 
or form. Any name or identification will not be used with any materials related to the study. 
There is no cost (nor any compensation) to participate in this study. 
Participation in this study is voluntary. Students may withdraw at any time. No penalty can or 
will be assessed to the student or yourself for declining participation. Since this quiz is not a 
regular part of the class, the quiz grade will not be recorded in the teachers' personal grade-book. 
No risks beyond the stress of normal math class are anticipated to the students. This study deals 
primarily with what the students have already learned, so there should be no undue stress or strain 
placed on the students. If students need to speak with someone other than Ms. Taylor or the 
teacher, the principal has been apprised of the study. 
The potential benefits to you and your child will be to receive a better understanding of the 
process in which to divide and an overall improvement in performance within the math 
classroom. 
Please read over and discuss the information with your child to make sure everyone is fully aware 
of everything involved with this study. 
For additional information or any questions you might have, please feel free to contact Ms. 
Taylor by email: tayl0435@fredonia.edu or by mail: Mathematical Science Department 

SUNY Fredonia 
Fenton Hall 

You may also contact Ms. Taylor's college advisor, Dr. Keary Howard, at SUNY Fredonia by 
phone: 716-673-3873 or by email: keary.howard@fredonia.edu 
Or you may contact the Human Subjects Protection Administrator, Maggie Bryan-Peterson, at 
SUNY Fredonia by phone: 716-673-3528 or by email: petersmb@fredonia.edu 

Please complete the attached consent form and return with your child. Remember, this form authorizes 
the use of the data from your child's performance for the purposes of research. 
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Parental Consent Form 

SUNY Fredonia 

Your child's participation in this important study is greatly appreciated. Please print and sign your name 
below to indicate your agreement to participate in the study. Feel free to retain a copy of this letter for 
your files. Thank you for your full consideration regarding this request. Once again, please be advised 
that your consent authorizes the use of your child' s quiz grade for the data required in the study. 

Voluntary Consent: I have read this ditto and have been fully apprised of this study and all that it entails. 
My signature indicated that I agree to allow my son/daughter to participate in this study. If I withdraw my 
son/daughter from this study, I understand that there will be no penalty assessed to my child. I understand 
that my son's/daughter's confidentiality will be maintained. I understand that ifl have any questions 
about the study, I may contact Ms. Sarah Taylor by email at tayl0435@fredonia.edu 

Please return this original, completed consent form as soon as possible to Mrs. Hayes. Thank you for your 
cooperation. 

Parent/Guardian Name (please print): --- - - - --- - - - - - - - - --- - - - - -

Parent/Guardian Signature: - - - - - - - - - - - - - - --- - - - - --- - - - - -

Date: ----- --- --- ---

Parent/Guardian Contact Information (not required): 

Phone: - ------------ --- ------------
Email: - --- - ------ --- --------- ---
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AppendixB 
TO: Students in Sixth/Eighth Grade 
FROM: Sarah J. Taylor 
DATE: 
RE: Consent Form 

You are being asked to participate in a research project. 

To participate, you must simply come to class and participate in the same way that you normally 
would. 

By signing the consent form, you are allowing Ms. Taylor to use your grade information and data 
in the study. 

This project will take place over the course of one homebase/self-help period. 

Your quiz will be the focus ofthe project and will not be included in your mathematics grades. 

Your name will never be used in any way. The study will not identify you personally. Only your 
grade will be used in the project. 

Ms. Taylor may ask to keep the quiz to use as an example in the study. This is only by your 
choice. To make sure your identity is safe, your name would be removed from the example before 
it is included as part of the project. 

There are no risks participating in this study beyond any stress from a normal mathematics class. 
However, if there is a problem that you would like to discuss with someone other than Ms. 
Taylor, the principal is aware of the study and will be available to you. 

Please remember that this study is an attempt to make learning easier for you, your fellow 
classmates and for future mathematics students. 

There is no penalty for not signing the consent form. 

You will not be paid or given rewards for participation. 

For additional information or any questions you might have, please feel free to contact Ms. 
Taylor by email: tayl0435@fredonia.edu or by mail: Mathematical Science Department 

SUNY Fredonia 
Fenton Hall 

You may also contact Ms. Taylor's college advisor, Dr. Keary Howard, at SUNY Fredonia by 
phone: 716-673-3873 or by email: keary.howard@fredonia.edu 
Or you may contact the Human Subjects Protection Administrator, Maggie Bryan-Peterson, at 
SUNY Fredonia by phone: 716-673-3528 or by email: petersmb@fredonia.edu 

Please discuss this with your parent or guardian. 
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Student Consent Form 

SUNY Fredonia 

Thank you for being a part of this study. Please print and sign your name in the space provided to show 
that you agree to participate. Remember that signing the form allows Ms. Taylor to use your quiz for the 
research project. 

Voluntary Consent: I have read this ditto and I am fully aware of all that this study involves. My 
signature below shows that I freely agree to participate in this study. I understand that there will be no 
penalty for not participating. I understand that I may withdraw from the study at any time, also without 
penalty. I understand that my name and any other personal information will be kept out of the study. I 
understand that ifl have any questions about this study, I may contact Ms. Taylor by email at 
tayl0435@fredonia.edu 

Please return this original, completed consent form as soon as possible to your teacher. Thank you for 
your cooperation. 

Student Name (please print): ------------ ------------

Student Signature: _______________________________________________________ __ 

Date: -------------------

Parent/Guardian Signature: ---------------------------------------------------
(Witness) 

Date: _________________ _ 



TO: Teachers 
FROM: Sarah J. Taylor 
DATE: 
RE: Consent Form 

Purpose, Procedure, and Benefits 
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Appendix C 

The purpose of this study is to determine common misconceptions of the division algorithm(s) 
that are taught in the mathematics classroom. 
During homebase/self-help, students will receive a quiz consisting of twelve division questions. 
While taking the quiz, students may not use their calculator. 
While students are taking the quiz, teacher participants will take a survey. The survey includes 
questions about the teachers' approaches to teaching division and addressing student 
misconceptions. 
The goal of this study is to determine ifthere are common mistakes made among students while 
dividing. This is an important study because of the potential benefits it may hold, not just for your 
students, but for mathematics education in its entirety. 

Related Information 

You have been asked to participate in this study because you are a mathematics faculty member 
of a middle school. 
To maintain confidentiality, your name will not be used in any way, shape or form. Any name or 
identification wi11 not be used with any materials related to the study. 
There is no cost (nor any compensation) to participate in this study. 
Participation in this study is voluntary. You may withdraw at any time. No penalty can or will be 
assessed to the teacher for declining participation. 
There are no risks (if any) anticipated in participating in this study. This study deals primarily 
with what the students have already learned, so there should be no undue stress or strain placed 
on you. If you need to speak with someone other than Ms. Taylor, the principal has been apprised 
ofthe study. 
The potential benefits to you will be to receive a better understanding of how students perceive 
the process in which to divide and an overall improvement in performance within the math 
classroom. 
For additional information or any questions you might have, please feel free to contact Ms. 
Taylor by email: tayl0435@fredonia.edu or by mail: Mathematical Science Department 

SUNY Fredonia 
Fenton Hall 

You may also contact Ms. Taylor's college advisor, Dr. Keary Howard, at SUNY Fredonia by 
phone: 716-673-3873 or by email: keary.howard@fredonia.edu 
Or you may contact the Human Subjects Protection Administrator, Maggie Bryan-Peterson, at 
SUNY Fredonia by phone: 716-673-3528 or by email: petersmb@fredonia.edu 

Please complete the attached consent form and return to Ms. Taylor. Remember, this form authorizes 
the use of the data from your performance for the purposes of research. 
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Teacher Consent Form 

SUNY Fredonia 

Your participation in this important study is greatly appreciated. Please print and sign your name below to 
indicate your agreement to participate in the study. Feel free to retain a copy of this letter for your files. 
Thank you for your full consideration regarding this request. Once again, please be advised that your 
consent authorizes the use of your survey responses for the data required in the study. 

Voluntary Consent: I have read this ditto and have been fully apprised of this study and all that it entails. 
My signature indicated that I agree to allow myself to participate in this study.lf I withdraw myself from 
this study, I understand that there will be no penalty assessed to me. I understand that my confidentiality 
will be maintained. I understand that ifl have any questions about the study, I may contact Ms. Sarah 
Taylor by email at tayl0435@fredonia.edu 

Please return this original, completed consent form as soon as possible to Ms. Sarah Taylor. Thank you 
for your cooperation. 

Teacher Name (please print): - - --- - - --- - - --- - --- - - ---

Teacher Signature: _ _ _ _________ _ _______ ________ ______ _ ____ __ 

Date: - - --- - - - --

Teacher Contact Information (not required): 

Phone: ---- ------ - --- ------ - ---

Email:--------- ----- - --- -------
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ID Code _ ___ _ _ _ _ _ _ _ _ 

Answer all the questions to the best of your ability. 

1. 31289 

4. 4015900 

2. 12132692 

5 
5.-

8 

3 

4 
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Teacher AlBIC Class 112 

3. 401428 

3 
6. - ...;- 2 

4 



2 
7. 4 -7--

7 

10. 2516.50 

1 
8. 3- -7- 5 

3 

11. 0.9115.3 
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9. 0.715 -7- 10 

12. 4.51675 
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AppendixE 

Teacher AlBIC Your students were given a ditto involving division. The types of division problems that are 
used are as follows: 

A. One & two digit divisors with remainders 
C. Zeros in the quotients 
E. Division of fractions by whole numbers 
G. Dividing decimals by decimals 
I. Dividing whole numbers by decimals 
K. Division of mixed numbers by whole numbers 

B. Dividing by multiples often 
D. Division of fractions by fractions 
F. Division of whole numbers by fractions 
H. Dividing decimals by whole numbers 
J. Dividing by powers often 

1. How do you diagnose misconceptions students have with division? 

2. When teaching students about division for the first time or as a refresher, how do you address 
misconceptions previous students have had in the past? 

3. Of the types of division problems you know your students learned, which of them do you think the 
students will struggle with? What specifically do you think the students will find difficult? 

4. From past teaching experiences, on the topic of division, if a student cannot follow a division 
algorithm needed to solve a problem what is your plan of action? 
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5. Are there types of division problems from above that you know your students have not learned 
yet? If so, do you believe your students are capable of understanding the process in which to carry 
out the division? 

6. In your professional opinion, what is the most common mistake(s) made by most students when 
solving a division problem? 

7. What method do you use to teach division? Methods may include: calculators, manipulatives, or 
software. 

8. Other comments on determining misconceptions of division. 
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Figure 8. Boxplot of Means by Grade 
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Appendix G 

Figure 9. Total Number of Right and Wrong Responses 

class size 17 20 13 14 13 13 13 13 

A B c D E F G H Wrong Right 

1 6 11 4 7 6 3 9 4 so 66 
2 11 15 9 11 6 5 12 6 75 41 
3 16 17 9 10 8 6 12 11 89 27 
4 17 17 9 12 8 9 10 6 88 28 
5 13 13 7 7 12 13 13 13 91 25 
6 17 15 8 10 12 12 12 12 98 18 
7 17 17 7 9 12 12 12 13 99 17 
8 17 16 10 10 12 11 13 13 102 14 
9 17 18 11 12 11 12 12 7 100 16 

10 17 16 11 11 8 12 9 12 96 20 
11 17 19 11 13 12 11 11 12 106 10 
12 17 20 13 14 11 12 12 13 112 4 
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