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Introduction 

 The research in this study examines misconceptions exhibited by undergraduate Survey of 

Precalculus and Survey of Calculus students in regard to the topic of radical expressions.  The 

aim of this study was to attempt to explain the source of student misconceptions with radicals 

and to offer suggestions for improving the teaching of radicals.  Many students view the concept 

of a radical very abstractly and do not possess a concrete, geometric understanding of what a 

radical actually means (Sirotic & Zazkis, 2007).  Students are frequently taught to memorize 

properties and shortcuts to work with radicals algebraically.  Learning mathematics in this 

manner can actually hinder a student’s number sense and aid the development of misconceptions 

about radicals and related mathematical concepts such as exponents, irrationality, and complex 

numbers (Gomez & Buhlea 2009; Ozkan, 2011; Ozkan & Ozkan, 2012).   

 My interest in this topic originated from my experiences during student teaching when I 

had the opportunity to teach the entire high school mathematics curriculum: Integrated Algebra, 

Geometry, Algebra 2/Trigonometry, and Precalculus.  At each of these grade levels, radicals 

were viewed very unfavorably by students and met with groans of disgust.  It seemed that the 

majority of students struggled to correctly apply properties to simplify a radical expression.   

 It also became apparent to me that most students did not attach any physical or geometric 

meaning to radicals, especially radicals which do not have a perfect square radicand.  I noticed 

that most students did not attach a geometric meaning to square roots when the majority of the 

Algebra 2/Trigonometry class I was teaching was unable to find the length of a side of a square 

with an area of   inches squared, an “easy” problem on a radicals test.  I explained to the class 

that the term square root means exactly as it says: the root, or side, of a square with a given area.  

I was surprised to learn that most students had never thought of the term ‘square root’ in this 

way, and one student even told me that he would start to call them “square’s roots”.       
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 The concept of a radical carries with it many subtleties that can cause confusion to even 

those well versed in mathematics (Crisan, 2012; Needham, 1997).  Geometric problems 

involving radicals often require the reader to attach a physical meaning to an irrational number.  

Studies show that the majority of secondary mathematics students are unable to interpret radicals 

geometrically, demonstrating that their number sense is very weak (Sirotic & Zazkis, 2007).  

Secondary mathematics students often lack a geometric understanding of radical numbers, as 

well as the prerequisite algebraic skills required to concretely grasp the concept of a radical 

expression (Gomez & Buhlea 2009; Ozkan, 2011; Ozkan & Ozkan, 2012; Sirotic & Zazkis, 

2007).  These observations have led to the development of the following hypothesis statement:   

 

It is hypothesized that the majority of undergraduate students in Survey of Precalculus 

and Survey of Calculus will lack a geometric understanding of radicals and at least 90% 

of students in this study will be unable to geometrically construct an exact length of   .  

It is further hypothesized that students in this study will be significantly better at 

combining like terms to form a polynomial than at combining like radical terms. 

 

 The hypothesis was tested through a ten-problem assessment given to each of the two 

undergraduate mathematics classes.  There was not a control group for this experiment because 

the assessment was designed to investigate common student misconceptions with radicals which 

were related to the hypothesis statements.  Students were given 25 minutes to complete the 

assessment and five minutes to complete a follow-up six-question survey.  The main purposes of 

the survey were to collect data on student demographics.  The following literature review 

discusses current research, teaching strategies, standards, and history associated with radicals.  
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Literature Review 

 The literature review discusses research and teaching strategies associated with radical 

expressions.  The review begins with an historical background which discusses the role of 

radicals in the development of influential mathematical concepts.  Following this section is an 

analysis of how radical expressions are represented in the New York State and Common Core 

State Standards as well as how radicals have been represented on past New York State Regents 

Examinations.  The review continues with an analysis of four textbook introductions to the topic 

of radical expressions.  The following section examines several articles, published in various 

mathematics journals, on the subject of teaching radicals.  Lastly, the review explores current 

research on common student misconceptions regarding radical expressions. 

Radical Expressions: An Historical Perspective 

 The concept of a radical expression, or more specifically square and cube roots, has a 

recorded history thought to date back to 1800 B.C. in Egypt and Babylonia.  The idea of square 

and cube roots seems to have come from geometric representations, specifically finding the 

length of a side of a square or cube with a known area (Eves, 1990; Gullberg, 1997; Hooper, 

1948; Katz, 1993).  The historical section discusses the importance of a geometric interpretation 

of radicals in the development of the concepts of irrationality and complex numbers. 

 Much of our knowledge of ancient Egyptian mathematics comes from the Rhind Papyrus, 

which contains collections of mathematical problems and recipe-like solutions thought to have 

been written around 1800 B.C.  The results for certain square roots are used throughout the 

Rhind Papyrus, but their actual computation is not given.  The Rhind Papyrus marks one of the 

earliest known records for the result of a square root.  All problems involving square roots in the 

Rhind Papryrus contain a perfect square radicand.  There is no evidence in the Rhind Papyrus 

that the ancient Egyptians worked with irrational numbers.  It is thought that Egyptians had 
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square root tables which they referred to when solving problems involving square roots, but 

these tables have yet to be discovered (Katz, 1993).  

 The earliest known records of square root tables came from the ancient Babylonians.   

Eves (1990) reports that ancient Babylonians are credited with the creation of the first recorded 

table which calculates the square and cube roots of numbers from   to   .  These tables are 

thought to have been created around 1800 B.C.  Ancient Babylonians are also credited as the first 

civilization to record accurate approximations of non-square numbers, like   , which would 

ultimately become known as irrational numbers.  The Babylonians were able to accurately 

approximate    to five decimal places, but there is no record of how this approximation was 

determined.  The Babylonians also created a table of Pythagorean Triples, which suggests they 

were able to correctly apply the Pythagorean Theorem over 1,000 years prior to the birth of 

Pythagoras.  Armed with a close approximation of    and the Pythagorean Theorem, the 

Babylonians were able to find accurate approximations of other irrational numbers.    

 Although ancient Babylonians are thought to have been able to approximate irrational 

numbers by 1800 B.C., the concept of irrationality did not develop for at least another 2,500 

years.  Hooper (1948) writes that the Greeks were thought to be the first to discover the concept 

of irrational numbers around 530 B.C.  Hooper states that the famous Greek mathematician 

Pythagoras believed at one time that everything in the universe was connected in some way with 

numbers.  Pythagoras and his followers, the Pythagoreans, believed that any two lengths were 

commensurable, meaning that they must have some common measure.  For example, the lengths 

    and     are commensurable, since they have a common measure of    .  It was reportedly 

discovered geometrically that the lengths    and   are incommensurable by a member of the 

Pythagoreans while inspecting the diagonal of a square with an area of   unit squared.  The 
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discovery of incommensurability refuted the Pythagoreans core belief that all numbers were 

connected with some common measure.  For this reason, it is believed that the concepts of 

incommensurability and irrationality were kept a secret by Pythagoras.  The Pythagoreans were 

reportedly sworn to secrecy by punishment of death to the first member that revealed the 

discovery of incommensurability.  The development of the concept of irrational numbers was in 

turn delayed for about another 150 years until the Greek mathematician Eudoxus found a way to 

work geometrically with irrational numbers.     

  Another key mathematical concept that has been developed from a geometric 

interpretation of radical expressions is imaginary or complex numbers.  Complex numbers 

involve the square root of a negative number, such as     , which is today represented by the 

imaginary unit  .  These numbers are thought to have first come under discussion in 1525, but 

were not viewed seriously at the time by most of the mathematical community.  The concept of 

complex numbers was originally dismissed because they were thought to be useless and 

impossible to work with.  Even the great mathematician Leonhard Euler mistakenly argued that 

          , incorrectly generalizing the radical product rule to negative numbers.  It was 

not until 1799 that Caspar Wessel, a Norwegian surveyor, discovered a geometric interpretation 

for complex numbers as points in the complex plane.  Wessel also determined a geometric 

interpretation for adding and multiplying two complex numbers.  The discovery of a geometric 

interpretation for adding and multiplying imaginary numbers marked the first time that the 

concept of complex numbers received any serious acknowledgment from the mathematical 

community (Needham, 1997).  The historical section continues by tracing the development of the 

notation for the radical symbol.  
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 The notation for the radical symbol has taken thousands of years to develop.  Ancient 

writers such as the Egyptians, Babylonians, and Greeks commonly wrote out the word for root or 

side in front of the number from which a root was to be extracted.  It is thought that the Latin 

word radix, meaning root, is the origin of our modern term radical.  The modern notation for a 

square root first appeared in Germany during 1525 in Christoff Rudolff’s Die Coss. This symbol 

began to be generally adopted during the 17
th

 century, but with many variations.  It was not until 

the 18
th

 century that the radical symbol was standardized and developed into our modern 

notation.  Several different symbols have been used by mathematicians to denote radicals of 

different indices.  Some examples of these symbols and the mathematicians who used them are 

listed in Figure 1 (Gulberg, 1997). 

 

  

 

 

 

 

 

 

 

 

  

 

 

Figure 1.  List of Symbols Used to Denote the Radical Sign From 

1484-1659. Gullberg (1997). New York, p. 135. 
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Figure 2.  Summary of Major Mathematical Milestones 

Related to Radical Expressions.  

 

 The concept of a radical has a recorded history dating back almost 4,000 years.   

Figure 2 marks the approximate dates of major mathematical milestones related to radical 

expressions, which begins with the first recorded history of square roots in ancient Egypt and 

Babylonia and leads up to the development of our modern notation.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 The concepts of irrationality and complex numbers are two influential mathematical ideas 

which were developed from a geometric interpretation of radical expressions.  These two 

mathematical ideas are viewed today as essential mathematical concepts and are heavily 

represented on current and past national and state mathematical standards and assessments.                                                                                          

Year Milestone 

1800 B.C. Records of the results of perfect 

square roots are shown in the Egyptian 

Rhind Papyrus and Babylonian tablets 

1800 B.C. Records of the first accurate 

approximation of    are shown in 
Babylonian tablets 

530-680 B.C. Greek mathematicians discover the 

concepts of incommensurability and 

irrationality 

1525 The modern notation for a radical, 

 , first appears in Germany 

1525  Complex numbers begin to merit the 

discussion of mathematicians 

1799 Casper Wessel discovers a geometric 

interpretation for complex numbers, 

which begin to receive significant 

acknowledgement from the 

mathematical community. 

1700-1800 The modern notation for a radical is 

standardized 
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Representation of Radicals in Mathematical Standards and Assessments 

 This section describes the previous New York State Mathematics Standards, 

implemented in 2005, and the new Common Core State Standards in Mathematics related to 

radical expressions.  Following an inspection of these standards is an investigation into the 

representation of radicals on New York State Regents Exams over the past 25 years, which 

includes Course III, Math B, and the current Algebra 2/Trigonometry Exams. 

 Representation of radicals in New York State and Common Core State Standards 

The topic of radicals first appears in the 2005 New York State’s Mathematics Curriculum in 

Integrated Algebra, typically taken by students in their first year of high school.  Students in 

Integrated Algebra are expected to know how to simplify radical terms which do not have a 

variable in the radicand and how to perform operations of addition, subtraction, multiplication, 

and division on like and unlike radical terms and express the result in simplest form (New York 

State Education Department, 2005). 

 Radicals are more heavily represented in the Algebra 2/Trigonometry curriculum.  In this 

course, students are expected to perform arithmetic operations on radicals which have variables 

in the radicand, rationalize a denominator, express the square root of a negative number in terms 

of  , determine the conjugate of a complex number, perform arithmetic operations on complex 

numbers, rewrite algebraic expressions with rational exponents as radical expressions and vice 

versa, and be able to solve radical equations and check for extraneous roots.  The topic of 

radicals does not appear explicitly in the Geometry standards, the course which follows 

Integrated Algebra and precedes Algebra 2/ Trigonometry in New York State’s Mathematics 

Curriculum (New York State Education Department, 2005).  Next, the Common Core State 

Standards regarding radical expressions are inspected. 
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 The Common Core State Standards in Mathematics are in their first year of 

implementation in New York State.  Radical expressions are first introduced in the Common 

Core in eighth grade, one year earlier than the New York State’s previous mathematical 

standards.  In eighth grade, students are expected to perform arithmetic operations with radicals 

and integer exponents.  Eighth grade students are also expected to evaluate square roots of small 

perfect squares and perfect cubes and are also expected to know that    is irrational.  

Furthermore, eighth grade students are expected to be able to approximate irrational numbers and 

locate these approximations on the number line (National Governors Association Center for Best 

Practices, 2010). 

 The Common Core Mathematics Standards are listed by topic unlike New York State’s 

previous mathematics standards which are listed by course.  The topic of radicals next appears in 

the Common Core under the section of High School Number and Quantity.  Here, students are 

expected to rewrite numbers with rational exponents as radical expressions and vice versa and be 

able to use properties of rational and irrational numbers.  High school students are also expected 

to be able to express negative square roots in terms of  , perform arithmetic on complex 

numbers, and graph complex numbers as points in the complex plane (National Governors 

Association Center for Best Practices, 2010).  

 The topic of radicals next appears under the section of High School Algebra.  High 

school students are expected to solve simple rational and radical equations in one variable, give 

examples showing how extraneous solutions may arise, and be able to solve quadratic equations 

by taking square roots, completing the square, using the quadratic formula, and by factoring.  

Under the topic of High School Functions, students are expected to graph the square root and the 

cube root functions (National Governors Association Center for Best Practices, 2010).   
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 It seems that the Common Core Mathematics Standards places far less emphasis on 

simplifying radical expressions than the previous New York State Mathematics Standards which 

were implemented in 2005.  The Common Core State Standards appear to place more emphasis 

on the representation of complex numbers, the recognition of irrational numbers, and on 

graphical representations of radical functions. 

 Representation of radicals on past New York State Regents Examinations                   

Radicals are represented heavily on Algebra 2/Trigonometry New York State Regents 

Examinations.  Some sample problems from the January 2012 exam include solving the radical 

equation           for  , and expressing the radical expression  
    

   

 
 in simplest form.  

(New York State Board of Regents Algebra 2/Trigonometry Examination, January 2012).  

Sample problems from the January 2011 exam on the topic of radicals include rewriting the 

expression  
 

  in radical form, rationalizing the denominator of the expression 
    

    
, and writing 

the expression 
        

     
 in simplest radical form (New York State Board of Regents Algebra 

2/Trigonometry Examination, January 2011).   

 The questions involving radicals are very similar on the August 2010 Algebra 

2/Trigonometry Exam.  One problem in particular asks students to simplify the expression 
 

     
. 

The answer given in the key is 
   

  
, which upon first glance seems perfectly correct.  An issue 

with this problem is that the variables are not restricted to be non-negative (New York State 

Board of Regents Algebra 2/Trigonometry Examination, August 2010).  The issue of not 

restricting variables to be non-negative has occurred on all three Algebra 2/Trigonometry 

Regents Examinations cited in this review, which may influence the misconception that     
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 , when in fact         when   is not restricted to be non-negative; a fact students should 

know before moving on to undergraduate mathematics courses.  

 The topic of radicals has been represented similarly on previous Math B and Course III 

New York State Regents Examinations.  The issue of not restricting variables to be non-negative 

is also prevalent on many of these exams.  The topics which involve radicals on past Course III 

and Math B exams are the same as those represented on current Algebra 2/Trigonometry exams.  

These topics consist of simplifying radical expressions, combining like radical terms, 

rationalizing a denominator, determining the domain of a square root function, writing negative 

square roots in terms of  , and solving radical equations.  There are typically four to six problems  

 

Figure 3.  Problems Related to Radicals on Past New York State Regents Examinations.  

  

*RD – Rationalizing a Denominator; SR – Simplifying Radicals; AR – Arithmetic Operations 

with Radicals; CN – Operations with Complex Numbers; RE – Solving Radical Equations;  

D – Finding the Domain of a Radical Expression   

Note: some problems involve multiple concepts 

Exam/Year Type and Number 

of Problems 

Involving Radicals*  

Total Number of 

Problems Involving 

Radicals 

Total Number of 

Problems on Exam 

Course III (June 1987) RD(1), SR(2), AR(3), 

CN(2), RE(1), D(1)  

5 35 

Course III (June 1998) SR(2), OR(3), CN(3), 

RE(1), D(1) 

5 35 

Math B (August 2004) RD(1), SR(2), OR(3), 

CN(2), D(1) 

4 34 

Math B (June 2009) RD(1), SR(2), OR(3), 

CN(2), RE(1), D(1)  

5 34 

Algebra 2/Trigonometry 

(August 2010) 

SR(2), OR(4), CN(3), 

D(1) 

6 39 

Algebra 2/Trigonometry 

(January 2011) 

RD(1), SR(2), OR(4), 

CN(1)  

4 39 

Algebra 2/Trigonometry 

(January 2012) 

SR(4), CN(2), OR(3), 

RE(1) 

5 39 
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from these topics on each exam (New York State Board of Regents Course III Examination, June 

1987, June 1998; New York State Board of Regents Math B Examination, August 2004, June 

2009).  Figure 3 on the previous page highlights the type and the amount of problems involving 

radicals on the seven New York State Regents Examinations cited in this section.    

 It appears that the topic of radicals has been consistently represented on New York State 

Regents Exams over the past 25 years.  It will be interesting to see how the implementation of 

the Common Core State Standards in Mathematics will affect the representation of radicals on 

future New York State Regents Exams, which will be aligned with the Common Core by the 

2014-2015 school year.  The implementation of the Common Core Mathematics Standards may 

also have an effect on how future textbooks introduce the topic of radicals.  The literature review 

continues with an analysis of four textbook introductions to the concept of radicals. 

Treatment of Radicals in Textbooks                                                                                        

 Most textbooks seem to introduce radicals in a similar manner.  The four textbooks in this 

review all introduce the concept of a square root as a number, that when squared, returns the 

radicand.  For example,       since      and        .  All four textbooks subsequently 

introduce the term principal (or positive) square root and negative square root and define      

as the principal square root of 9, while        is defined as the negative square root of 9.  

The term principal square root is introduced by textbooks to remove the ambiguity of the square 

root definition so that there is only one solution to the square root of a positive number.  The 

textbooks in this review all state that the radical sign,  , is assumed to mean the principal 

square root if the radicand is non-negative.  The textbooks cited in this section all introduce 

radicals algebraically without mention of a geometric interpretation of a square root (Blitzer, 

2010; Dugopolski, 2009; Johnson & Steffensen 1994, Martin-Gay, 2001).  
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 Blitzer (2010) continues his introduction to radicals by showing that for any real number 

 ,        .  He then introduces the product rule for square roots, see Figure 4, and gives 

examples of using the product rule to simplify  

square roots, see Figure 5.  Blitzer specifically 

states the product rule for square roots (and the  

quotient rule) in both directions, see Figure 4.   

An interesting note is that in Example 2b, see  

Figure 5, the author does not state in the  

original problem that    .  Instead, he waits  

until the solution to Example 2b to state that  

   , therefore          .  This may  

influence some students to assume that     is  

always equal to  , even though the author  

previously defines         and later defines  

    
     when   is even.  In a  

subsequent example, Blitzer fails to restrict  

    in the problem of simplifying 
     

   
,   

again making this assumption in the solution.  However, Blitzer is more careful in the following 

student exercises to restrict variables to be non-negative.  The author continues by introducing 

the addition and subtraction of like radicals.  Blitzer defines like radicals as expressions which 

have the same radicand and index.  Blitzer uses the distributive property to demonstrate the 

addition of like radicals:                         .  He then gives examples of 

combining radicals which first require simplification.  Blitzer goes on to generalize the radical 

Figure 4. The Product Rule for Square Roots. 

Blitzer (2010). Upper Saddle River, NJ, p. 32. 

Figure 5. Using the Product Rule to Simplify Square 

Roots. Blitzer (2010). Upper Saddle River, NJ, p. 33. 
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product and quotient rules to  th roots and then uses properties of radicals to define the 

following concept of rational exponents. 

 The next textbook in this review uses almost an identical approach to introduce the 

simplification of radicals as Blitzer (2010).  Johnson and Steffensen (1994) first introduce the 

product and quotient rules for  th roots and use these rules to demonstrate how to simplify 

radicals.  The authors also state the fact that     
     when   is even, but then go on to specify 

that their textbook assumes     
   when   is even from that page forward.  Blitzer does not 

make this specification anywhere in his textbook.  Johnson and Steffensen provide a two-step 

strategy for adding or subtracting radicals: completely simplify each radical as much as possible, 

and then use the distributive property to collect any like radicals.  Similarly to Blitzer, Johnson 

and Steffensen use properties of radicals to define rational exponents.       

 The final two textbooks in this review use a slightly different approach to introduce the 

simplification of radicals as Blitzer (2010) and Johnson and Steffensen (1994).  Dugopolski 

(2009) and Martin-Gay (2001) differ from the first two textbooks in this review in that they 

introduce rules for exponents first, and then use rules for exponents to define radicals and derive 

the product and quotient rules for radicals.  From here, Dugopolski and Martin-Gay proceed with 

an introduction to radicals which is similar to the first two textbooks in this review.  Dugopolski 

and Martin-Gay first provide examples of how to use the radical product and quotient rules to 

simplify radicals, followed by a demonstration of how the distributive law can be used to 

combine like radical terms.  Dugopolski (2009) never acknowledges the rule that     
     

when   is even in his textbook, but always restricts variables to be non-negative which 

guarantees     
  .  Martin-Gay (2001) does acknowledge this rule in his introduction to 

radicals and is consistent with applying it throughout the remainder of that section: either by 
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using the fact that     
     when   is even or by specifying that the variables in the radicand 

are non-negative.  However, in the following section Martin-Gay is not consistent with applying 

the rule     
     as the answer key states in one example that  

   

    
   

  
 even though   and   

are not restricted to be non-negative. 

 Techniques for the simplification of radicals in each of the four textbooks in this review 

are similar in that each uses the product and quotient rules as their main strategy for simplifying 

radicals.  Each textbook also uses the distributive property to demonstrate the addition and 

subtraction of like radicals.  In Blitzer (2009) and Martin-Gay (2001) the rule     
     when   

is even is given, but this property is subsequently misused in following examples.  Johnson and 

Steffenson (1994) rectify this issue by stating that their textbook assumes     
   when   is 

even while Dugopolski (2009) always restricts variables in the radicand to be non-negative.  It is 

interesting to note that Blitzer’s textbook is the only textbook in this review that presents the 

radical product and quotient rules in both directions, see Figure 4.                                                                                  

 From this textbook review, it is evident that the concept of a radical has many inherent 

subtleties.  All four textbooks in this review used an algebraic approach to introduce the concept 

of radicals and there was no mention of a geometric interpretation for radicals (Blitzer, 2010; 

Dugopolski, 2009; Johnson & Steffensen 1994, Martin-Gay, 2001).  It appears that many 

educators also rely on an algebraic approach when introducing radicals to students (Ozkan & 

Ozkan, 2012).  For many mathematics educators, radicals are one of the hardest topics to teach to 

students because there are many subtleties which students, and even some educators, have 

trouble understanding (Crisan, 2008; Crisan, 2012).  In the following section, a variety of 

strategies for teaching the concept of radicals are explored. 
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Instructional Methods for Teaching Radical Expressions  

 There are various ways to approach teaching the topic of radicals.  In this section, several 

articles from different mathematical journals are investigated.  Some of the articles in this section 

provide teacher accounts about common terms and concepts regarding radicals with which their 

students often struggle (Ball, 2008; Crisan, 2008; Crisan, 2012; Foster, 2010; Gomez & Buhlea, 

2009; Knuth & Ellis, 2009; Naraine, 1993; Puritz, 2005; Roach, Gibson, & Weber, 2004).  The 

other articles in this section provide strategies for teaching radicals, most of which use a 

geometric approach to help students visualize properties of radicals and concretely grasp the 

concept of an irrational number (Fishman, 2010; Gough, 2007; Haworth, 2005; Hsu, Lin, Chen, 

& Yang, 2012; Pagni, 2007; Scott, 2011). 

 The ambiguity of the radical sign.  Several articles in this section describe teacher 

accounts of student misconceptions about the radical sign and the vocabulary associated with the 

radical sign.  Ball (2008), Crisan (2008), Crisan (2012), and Roach et al. (2004) all describe their 

students’ struggles in understanding when to use only the principal, or positive, square root of a 

number.   

For example, students in each of the articles listed in the previous paragraph expressed 

confusion when asked to evaluate a perfect square number, such as   .  The students in each 

article knew that the answer was either   or   , but they were confused to which response was 

correct.  Crisan (2008) reports that she was surprised to see many mathematics textbooks state 

that       since      and        , but then subsequently define the symbol   as the 

principal square root and state that     .  Crisan writes that this is a very confusing definition 

for students to understand and teachers often completely skip over the term principal square root 

to avoid further student confusion.  When Crisan asked her high school seniors for an answer to 
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   , almost all of them reportedly answered   .  However, when asked to simplify     , every 

student in this class reportedly gave an answer of    , but not      .  Crisan explained to her 

students that      , since the sign   is conventionally used to denote the principal square 

root.  Crisan states that her students’ confusion related to the principal square root probably came 

from solving quadratic equations like      , where the definitive correct answer is      

because                     .  She ends the article by writing “no wonder that my 

first year undergraduates need a lot of convincing before they understand why         for all 

real numbers  ” (p. 45). 

 As a follow up to her 2008 article, Crisan (2012) expresses her frustration with the 

ambiguity of the square root symbol and the vocabulary used to read the symbol.  Crisan (2012) 

writes that when asked to find the square roots of 16, the answers are indeed   .  However, 

when asked “What is the square root of 16?” or “What is radical 16?” the answer is simply  .  

Ball (2008) and Roach et al. (2004) express similar frustrations with the ambiguity in the 

vocabulary for the square root symbol and report student misconceptions regarding the principal 

square root similar to those reported by Crisan (2008).  

 The next article discussed in this section investigates the ambiguity of the radical sign as 

it changes meaning from arithmetic to algebra. Gomez and Buhlea (2009) state that the radical 

sign holds different interpretations in algebra and arithmetic.  For example, in arithmetic    is 

conventionally assigned one result, namely the principal square root.  In algebra, the radical sign 

slightly changes its meaning as is evident in the quadratic equation                 

      .  Gomez and Buhlea investigate a particular case study involving the ambiguity of the 

radical sign with a Spanish secondary mathematics teacher, Patricia.  Patricia states that the 

equality     
   

 
 cannot be true because     

 has an even index, meaning it has two opposing 
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roots, whereas   
 

 has an odd index, meaning it has only one root.  Patricia also states that 

several textbooks define equivalent radicals as having the same roots.  However, Patricia is 

puzzled because she also cites a textbook definition that      
   

 
 if     are natural 

numbers,         which implies     
   

 
.  Gomez and Buhlea go on to state that because 

of the assignment of the principle square root,     
   

 
 and in general      

   
 

 if     

         .  Gomez and Buhlea note this issue expressed by Patricia as one of many 

reasons why mathematicians decided to define the square root of a positive number one specific 

value, namely its principal square root.  With this restriction, much of the ambiguity inherent 

with the radical sign disappears.  This section continues with a review of articles which describe 

specific strategies for teaching radicals.   

 Strategies for teaching radicals.  This section reviews specific strategies for teaching 

radicals which were published in various mathematics journals.  Most of the articles cited in this 

section use a geometric approach to allow students to discover and visually grasp properties of 

radicals.  Other articles in this section describe unique approaches to teach properties of radical 

expressions to students.   

The following article describes a unique approach to teach the simplification of radicals 

through a card game.  Fishman (2008) states that this game can be used as a way to introduce the 

product rule for square roots and he reports a high level of student engagement and interest in the 

game.  The card game can be used to teach basic factoring and multiplication facts as well as 

procedures for simplifying radicals.  Fishman’s students also reported that they could remember 

the product rule much easier once they likened it to a rule in this card game.  The game is a 

variation of the card game Go Fish.  Each number valued card is expressed as a square root.  For 

instance, if a student is dealt the hand 2, 3, 3, 5, 5, 7 the student’s hand is represented by the 
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Figure 6. Paper Folding Activity. Hsu, Lin, 

Chen, & Yang (2012). Taiwan, p. 301. 

radical expression                   .  Just like in Go Fish, students take the 

duplicates out of their hand and place them in their pile.  Each matching pair allows for the 

student to take that number out of the radical.  For instance, in the example the student’s hand 

would become              , which is       in simplest radical form.   

 The next article in this section describes the use of a geometric approach to introduce the 

concept of irrationality.  Pagni (2007) describes in detail how to use the Pythagorean Theorem to 

construct a length of an irrational number.  He starts by finding the length of the irrational 

number    (the hypotenuse of an isosceles right triangle with legs of  ).  He then shows how    

can then be used in the Pythagorean Theorem to create the length   , how    can be used to 

make a length of    and so on; much like the ancient Babylonians are thought to have done to 

find accurate approximations of irrational numbers.  Pagni goes on to demonstrate a straight-

edge and compass construction for creating the length of a square root of any positive number.   

  A more hands-on geometric approach is used in the next article to show the existence of 

square roots and properties of square roots.  Hsu et al. (2012) suggest  

using a paper folding activity which allows students to discover 

properties of square roots geometrically, see Figure 6.  The goal  

of this paper folding activity is to show the existence of    as the  

side length of a square with an area of two.  Hsu et al. suggest  

a follow up activity which can be used to show that 

         by inspecting a square with an area of    

units squared and splitting it into four squares each with an area of   units squared, see Figure 6.  

The purpose of the activity is to remove a common student misconception that a radical 

distributes over addition, by geometrically showing that           .      



  A STUDY OF COLLEGE STUDENTS’                                                           ERLANDSON 20 
 

 The topic of radicals seems to be widely misunderstood by many mathematics students 

and even some mathematics educators (Ball, 2008; Crisan, 2008; Crisan, 2012; Gomez & 

Buhlea, 2009).  The concept of a radical has developed from the ancient times of the 

Babylonians and Egyptians in 1800 B.C. and has picked up a few subtle nuances along the way.  

For example, in 1800 B.C. concepts such as negative numbers, irrationality, and complex 

numbers were not yet in existence, so there was no need to worry about defining terms such as 

principal square root or the rule that        .   

In the present age of high stakes testing and a wide ranging mathematics curriculum, 

students are expected to grasp concepts such as irrationality and complex numbers, along with 

several other terms and subtleties which are inherent with radical expressions in just a few short 

weeks.  Certain concepts regarding radicals have taken almost 4,000 years to develop to where 

they are today, so it is reasonable to expect that many students will experience difficulty in 

grasping concepts such as irrationality in such a short period of time.  The following section 

explores current research regarding common student misconceptions with radicals.   

Common Student Misconceptions with Radical Expressions 

 A possible reason for student misconceptions regarding the topic of radicals may be the 

ambiguous and subtle nature of the radical sign (Crisan, 2008; Crisan, 2012; Gomez & Buhlea, 

2009).  Research studies suggest that mathematics students commonly misuse properties when 

simplifying radical expressions, especially properties which involve an absolute value (Huntley 

& Davis, 2008; Ozkan, 2011; Ozkan & Ozkan, 2012).  Studies also suggest that students often 

display misconceptions with geometric representations of radical expressions, especially those 

which are irrational (Huntley & Davis, 2008; Sirotic & Zazkis, 2007). 
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 The first study in this section examines students’ geometric understanding of irrational 

numbers.  Sirotic and Zazkis (2007) conducted their study with 46 prospective secondary 

mathematics teachers in British Columbia.  The assessment used in the study by Sirotic and 

Zazkis tests the participants’ abilities to represent irrational numbers geometrically.  The 46 

participants were asked to find the exact location of    on the number line.  The study reports 

that only 10 out of 46 responses used a geometric approach by applying the Pythagorean 

Theorem (1 of these 10 responses was incorrect), while the other 36 participants relied on the 

decimal approximation of   .  In interview surveys conducted after the assessment, many of the 

46 prospective secondary mathematics teachers suggested that it was impossible to find the exact 

location of    on the number line because its decimal approximation is never ending.  However, 

many of these same participants conceded that it would be possible to locate the exact location of 

 
 

 
 on the number line even though 

 

 
 also has a never ending decimal approximation.  Sirotic and 

Zazkis state that the findings of their study suggest a decimal representation of irrational 

numbers does not contribute to the conceptual understanding of irrationality.  They suggest that a 

geometric representation of irrational numbers should be used to introduce the concept of 

irrationality.  

  The next study discussed in this section researches how students approach problems 

which involve radicals.  Huntley and Davis (2008) conducted a study with 44 pairs of third year 

high school mathematics students, most of whom were high achieving.  The study investigates 

student approaches to two algebra problems involving square roots.  Student pairs were given the 

option of using graphing calculators in solving these problems.  The first problem,    
 

  
  , 

was answered completely by 28 of the 44 pairs of students and 24 pairs used a graphing 

calculator.  The second problem,       
 

   , was answered completely by 21 of the 44 pairs 
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and 29 pairs used a graphing calculator.  Findings from this study suggest that students prefer to 

use symbol manipulation over a graphic representation in their original attempt to find a solution.  

Students tended to use graphical or other representations to solve the two problems on the 

assessment only when their original attempt of symbol manipulation failed.  However, students 

commonly used their graphing calculators only to check their original solutions.  The final 

finding reported in this study is that the majority of student pairs were unable to make proper use 

of their graphing calculators when solving problems which involve radicals that are unfamiliar 

and presented without context in symbolic form. 

 The final two studies described in this section were conducted in Istanbul and used 

almost identical assessments and reported nearly identical findings.  Ozkan (2011) conducted a 

study which consisted of 140 high school students in a grade nine class from Istanbul.  The 

purpose of this study was to determine common student misconceptions with radicals.  An 18 

problem assessment was given to students in the study.  Sample problems from this assessment 

which less than 50% of students answered correctly were:  Problem 1: Express the rational and 

irrational number sets.  Problem 3: When is     ?  Problem 7: Find the result of      .  

Problem 8: Find the result of  
           

     
 
    

 .  Problem 11:  When     find the result of  
  

 
  and 

 
     

 
  .  The findings of this study suggest that many students do not have a conceptual 

understanding of rational and irrational numbers.  Students in this study also tended to have the 

misconception that taking the square root of a number always decreases its value and that 

      for all values of  .  Many students in the study also displayed the misconception that a 

radical distributes over addition and subtraction and used incorrect properties such as      

      and          for all values of   and  .  Ozkan suggests that many of these errors 
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derive from previous misconceptions that students have developed in prerequisite mathematical 

topics such as arithmetic operations and absolute value.  He proposes that these misconceptions 

must first be resolved in order for students to understand the concept of radicals.   

 The following study was conducted one year after Ozkan’s 2011 study.  Ozkan and 

Ozkan (2012) conducted a nearly identical study to Ozkan (2011) the following year with grade 

ten students from Istanbul regarding misconceptions with radicals.  Ozkan and Ozkan (2012) 

report similar student misconceptions and use a nearly identical assessment as Ozkan (2011).  

Ozkan and Ozkan (2012) suggest that teachers must first correct the misconceptions students 

have with the prerequisite topics of operations, absolute value, and factorizations before moving 

on to the topic of radicals.  To help resolve the misconceptions regarding radical expressions 

which were prevalent in this study, Ozkan and Ozkan suggest to spend more time teaching the 

concept of a radical, allow for students to discover the algebraic rules of radicals rather than 

presenting properties formally, and to use appropriate materials and technology to allow students 

to develop the concept of a radical in a concrete way. 

 The concept of radical expressions is very subtle by nature and can cause a myriad of 

student misconceptions.  Many of these misconceptions may result from previous difficulties 

students have experienced in mathematics.  Research suggests that many mathematics students 

do not have a conceptual understanding of irrational numbers, absolute value, factoring, and 

arithmetic operations (Huntley & Davis, 2008; Ozkan & Ozkan, 2012; Ozkan, 2011; Sirotic & 

Zazkis, 2007).  Without a firm grasp of these prerequisite topics, it is nearly impossible for 

students to gain a conceptual understanding of radical expressions which goes beyond the mere 

memorization and application of algebraic rules.   
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 The aim of the following research study is to detect common student misconceptions 

linked with radical expressions regarding the hypothesis statement and to offer suggestions to 

improve the teaching of radicals.  Results from the study and Implications for Teaching are 

summarized following the Experimental Design.  A five-day unit on teaching radicals which is 

aligned to the Common Core State Standards was created based on the results and implications 

of this study and is included at the end of the Implications for Teaching section.     
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Experimental Design and Data Collection 

 This experiment was designed to test the hypothesis that undergraduate Survey of 

Precalculus and Survey of Calculus students would lack a geometric interpretation of radical 

expressions, and that at least 90% would be unable to construct an exact length of   .  The 

experiment also tests the hypothesis that students would be significantly better at combining like 

terms to form a polynomial than at combining like radical terms.  During the study, students 

from each class completed an identical ten-problem assessment.  The problems selected were 

chosen to test the hypothesis statement as well as to locate any other areas that students struggle 

with when working with radical expressions.  Students were also asked to complete a six-

question survey to group assessment scores and to help further explain any misconceptions 

exhibited during the assessment. 

Participants   

 This study was conducted at a state university in the northeastern United States.  The 

university consists of approximately 5,730 students: 5,398 undergraduate and 332 graduate 

students.  About 53% of these students are residents from local counties.  The remaining student 

population mainly comes from other parts of the state.  About 57.4% of students enrolled on 

campus are female and approximately 85% of students are Caucasian, 2.6% African American, 

2.1% Asian, 2.7% Hispanic, and 0.6% Native American.  The university has approximately 255 

full-time faculty and 223 part-time faculty. 

 Forty-nine undergraduate students participated in this study.  These 49 students were 

enrolled in either Survey of Precalculus or Survey of Calculus; both are mathematics courses for 

non-mathematics majors.  In order to fulfill a College Core Curriculum (CCC) requirement for 

mathematics, a requirement for graduation, students must complete Survey of Calculus.   
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Students who complete Survey of Precalculus must move on to Survey of Calculus in order to 

fulfill their mathematics requirement.  The breakdown of 

students in this study is as follows: 19 students from Survey 

of Precalculus and 30 students from Survey of Calculus; 28 

males and 21 females; 18 freshmen, 17 sophomores, 10 

juniors, and 4 seniors.  Figure 7 summarizes the breakdown 

of participants in this study.  Consent was received from 

students in each class prior to their completion of the 

assessment and survey.                                                                                                                                                                                                                                                                                          

 

Design 

 The main focus of this research was to determine if students in this study have a visual, 

geometric understanding of radicals rather than merely a procedural, algebraic understanding.  

However, the assessment also tests for an algebraic knowledge of radicals to determine any 

common misconceptions that occur.  A follow-up survey was given to determine each student’s 

ability level and experience in mathematics and also collected demographic data about each 

student’s class rank, gender, and their perceived difficulty of the assessment. 

 Students were given 25 minutes at the beginning of class to individually complete a ten-

problem assessment and were provided with a straightedge and had the option of using a 

graphing calculator.  Directly following the assessment, students were given five minutes to 

complete a six-question survey.  The experiment was conducted anonymously.  Each student was 

instructed not to write their name on either the assessment or the survey.  In order to match each 

student’s assessment with their survey, only one piece of paper was handed out during the 

Gender Number of Students 

Male 28 

Female 21 

  

Class  

Survey of 

Precalculus 

19 

Survey of 

Calculus 

30 

  

Class Rank Number of Students 

Freshman 18 

Sophomore 17 

Junior 10 

Senior 4 

Figure 7.  Student Demographics.  
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experiment; on the front was the assessment and on the back was the survey.  Figure 8 

summarizes the design of this experiment. 

 

 

 

 

Instrument Items and Justification 

 Since the experiment was mainly designed to determine if college students can interpret 

radicals geometrically, three of the ten problems on the assessment require a geometric 

knowledge of radicals to solve.  The assessment also contains four problems intended to test 

whether students are significantly better at combining like terms to form a polynomial than at 

combining common radical terms.  The final three problems on the assessment involve the 

simplification of radicals.  The survey questions were designed to further examine student’s 

geometric understanding of radicals and to obtain student demographics.  

 Justification of assessment problems.  The problems on the assessment are comparable 

to problems from the prerequisite chapter on radical expressions of the textbook Precalculus 

Essentials used in each of the two undergraduate courses (Blitzer, 2010).  Students entering 

Survey of Precalculus are expected to be familiar with the types of problems on the assessment, 

which are covered in high school and usually reviewed during the first week or two of the Survey 

of Precalculus course.  The assessment problems given to the participants in this study are shown 

in Figure 9 on the following page.  The assessment also appears in Appendix A.   

  

Instrument Allotted Time # of Questions Provided 

Materials 

Assessment 25 minutes  10 Straightedge 

and Calculator 

Survey 5 minutes 6 None 

Figure 8.  Summary of the Experimental Design. 
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Assessment Directions:  DO NOT INCLUDE YOUR NAME ON THIS ASSESSMENT.   

 

You will have 25 minutes to complete this assessment.  Answer all questions to the best of your 

ability.  You are permitted to use your calculator and a ruler, but not your classmates.  If you 

finish early, you may also complete the survey on the back of this page. 
 

1.  What is the length of a side of a square with an area of 2 inches squared?      

______ inches 

 

2.  What is the length of the diagonal of a square with an area of 2 inches squared? 

_______ inches 

 

3.  Construct the exact length of    using the grid to the right and a ruler:  

 

For questions 4-7, add or subtract terms where ever possible: 

4.                   5.                

 

6.      
 

          
 

        7.                

 

 

 

For questions 8-10, write each expression in simplest radical form.  Assume that all 

variables are nonnegative.   

 

8.               9.        

 

 

 

 

10.             

Figure 9.  Instrument for College-Level Study: Assessment.  
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Figure 10.  Summary of the Justification of Assessment Questions. 

 Figure 10 gives a summary of the justification for the ten-problems used in the 

assessment.  Problems 1, 2, and 3 are all intended to test for a geometric understanding of square 

roots.  For Problems 1 and 2, students will need to know how to determine the length of a side of 

a square with a known area.  For Problem 2, students must also apply the Pythagorean Theorem 

using radical lengths to determine the length of the diagonal of a square with an area of   inches 

squared.  Problem 3 specifically tests the hypothesis statement that 90% of participants in this 

study will be unable to construct an exact length of   .  To answer this problem, students need 

to recognize to use the Pythagorean Theorem in order to construct the exact length of   .  

  

  

 Problems 4 and 6 test the participants’ skills in combining like radical expressions, while 

Problems 5 and 7 test the participants’ abilities to combine like terms to form a polynomial.  

Problems 4 and 6 are approximately the same difficulty level of Problems 5 and 7.  Problems 5 

and 7 are included in the assessment to test the hypothesis that participants will be significantly 

better at combining like terms to form a polynomial than at combining like radical terms. 

 Problems 8, 9, and 10 involve the use of the radical product rule to simplify a radical 

expression.  These problems do not specifically test the hypothesis statement of this study, other 

Problem 

Number 

Geometric 

Understanding 

of Square Roots 

Pythagorean 

Theorem 

Radical 

Product 

Rule 

Combining 

Like Radical 

Terms 

Variable 

in 

Radicand 

Combining Like 

Terms to Form 

a Polynomial 

1 X      

2 X X X    

3 X X     

4    X   

5      X 

6    X   

7      X 

8   X    

9   X  X  

10   X  X  
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than to compare student scores in this category to scores on problems requiring a geometric 

interpretation of radicals.  Problems 8, 9, and 10 are also included in the assessment to determine 

misconceptions exhibited by participants while using the product rule for square roots.  Problem 

8 requires the participants to use the product rule in both directions.  For example, in Problem 8 

participants may first use the product rule to multiply the two radical terms   (        

      ), but then the participants must also use the product rule in the reverse direction in order 

to get the expression into simplest radical form.  Problems 9 and 10 require participants to be 

able to use the product rule for square roots to simplify radical expressions with a variable in the 

radicand.   

 Justification of survey questions.  Directly following the assessment, students were 

given a six-question survey which they had five minutes to complete.  The questions on the 

survey were intended to gain demographic information about each student as well as to obtain 

information to help further explain any misconceptions exhibited on the assessment.  The survey 

questions for this study are shown in Figure 11 on the following page and also appear in 

Appendix A.       

 Question 1 is included to judge student opinions of the overall difficulty level of the 

assessment.  Question 2 had students rate their ability level in mathematics in order to determine 

a correlation between each student’s self rated mathematical ability and assessment score.  

Question 3 on the survey asked students their gender and class rank in order to classify students’ 

assessment responses into different groups.  Questions 4 and 5 were included to determine if 

students struggle the most with problems requiring a geometric understanding of radicals.  

Question 6 is intended to gain information about each student’s mathematical background and 
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ability in order to further group the assessment responses.  The following section discusses the 

methods of data collection used to analyze the instruments of this study. 

 

 

1.  Rate the level of difficulty of this assessment: 

Very Easy            Easy            Moderately Difficult            Difficult             Extremely Difficult 

 

2.  Rate your level of ability in mathematics on a scale from 1-10: 

Bad    1    2 3 4 5 6 7 8 9 10 Good 

 

3.  

a)  What is your class ranking? 

Freshman                         Sophomore                         Junior                         Senior 

 

b)  What is your gender? Male  Female 

 

4.  Write the number of the question which was easiest and the most difficult: 

Easiest:  Question # ___    Most Difficult:  Question # ___ 

 

5.  Do you believe that it is possible to construct an exact length of an irrational number like   ? 

Yes  No 

 

6.  In what year did you last take an algebra course?  What grade did you receive in the course?   

 

Figure 11.  Instrument for College-Level Study: Survey. 
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Methods of Data Analysis 

 Both quantitative and qualitative data from the Experimental Design are analyzed in the 

Results section.  The main focus of the analysis was to determine the validity of the hypothesis 

statement.  To determine the validity of the hypothesis, assessment responses were grouped by 

type of problem and evaluated with an analysis of variance (ANOVA) using a general linear 

model with the statistical software Minitab 16.  Overall mean scores on each type of assessment 

problem, as well as each individual problem, were compiled to further assess the participants’ 

geometric understanding of radicals as compared to their algebraic understanding of radicals.  

The study also has a qualitative component which contains samples of student work on the 

assessment and examines the type of strategy used by students on each assessment problem. 

Analysis of Assessment   

 In order to accumulate data to test the hypothesis statement, each student’s assessment 

was scored based on the rubric shown in Figure 12.   

Each response on the assessment was graded and 

given an integer point value from 0-2.  An incorrect or 

incomplete response which used an incorrect method 

was given a score of 0 points.  A response which used 

a correct method, but obtained an incorrect solution 

due to an arithmetic error or another type of error  

received a score of 1 point.  A correct response received a score of 2 points.      

 Overall means were investigated for each individual problem on the assessment.  Also, 

problems were grouped into four categories: geometric interpretation (Problems 1, 2, and 3), 

combining like radicals (Problems 4 and 6), simplifying radicals (Problems 8, 9, and 10), and 

combining like terms (Problems 5 and 7).  The overall mean scores in each of these categories 

Type of Response Score  

Correct Solution 2 Points 

Incorrect Solution Using 

a Correct Method 

1 Point 

Incorrect/Incomplete 

Solution Using an 

Incorrect Method 

0 Points 

Figure 12.   Assessment Scoring Rubric. 
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were calculated to determine which category students struggled with the most.  The hypothesis 

states that the majority of students will lack a geometric understanding of square roots.  This 

statement was tested by an analysis of variance (ANOVA) using the Tukey method at the 0.05 

significance level to determine if students scored significantly worse on geometric interpretation 

problems (Problems 1, 2, and 3) than on the other two categories of problems involving radicals.  

Also, the hypothesis states that at least 90% of students would be unable to construct an exact 

length of an irrational number, which can be confirmed if at least 45 of the 49 participants 

(approximately 92%) were not able to construct a length of    (Problem 3).                                                                    

 The overall results from Problems 4 and 6 on the assessment were also compared to the 

overall results of Problems 5 and 7 using an ANOVA test.  The results from the two categories 

of problems are compared using the Tukey method at the 0.05 significance level.  The hypothesis 

states that overall, students will perform significantly better on Problems 5 and 7 (combining like 

terms) than on Problems 4 and 6 (combining like radicals).                                                                                                                                                                       

 A qualitative analysis of student solution strategies was also examined for each individual 

problem, as well as for each category of problem involving radicals.  This section contains 

samples of student responses and examines techniques which tended to be successful and 

unsuccessful for each problem.  The qualitative section allows for further analysis of each 

problem and provides further explanation of misconceptions which commonly occurred on the 

assessment. 

Analysis of Survey  

 The primary purpose of the survey was to generate demographic data about each student 

to group the quantitative data obtained from the assessment.  Overall student scores as well as 

scores from each problem type on the assessment are grouped by the survey responses based on 
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gender, class rank, the perceived mathematical ability of each student, and the mathematical 

background of each student.  An analysis of variance (ANOVA) using the Tukey method at the 

95% confidence interval was used to determine if there was a significant difference in the overall 

scores between male and female students.                                                                                                   

 Overall means on the assessment based on the class rank of students were also examined 

to determine if class rank had an influence on overall mean scores.  Results from Question 5 on 

the survey (Is it possible to construct an exact length of   ?) were analyzed to further determine 

the participants’ geometric understanding of radicals.  Also, the survey was used to determine if 

there was a correlation between the participants’ perceived mathematical ability and their overall 

test score.  Finally, the participants’ ratings of the difficulty of the assessment were investigated 

to determine how the participants viewed the assessment.  The findings from an analysis of the 

assessment and survey are examined in the Results section.  The pedagogical importance of these 

two instruments is then discussed in the concluding Implications for Teaching section.  
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Results 

Quantitative Results 

 Six primary results were obtained from the Experimental Design.  The statistical software 

Minitab 16 was used to analyze the assessment and survey.  An analysis of the data showed the 

initial hypothesis statement should not be rejected.  Data suggests the majority of students in this 

study lacked both a geometric and an algebraic understanding of radicals.  Furthermore, 

participants were significantly better at combining like terms to form a polynomial than at 

combining like radicals.  The following six results summarize the primary findings of this study: 

 There was no significant difference in performance on geometric problems and 

simplifying radical problems.  Students had the lowest overall mean scores on 

geometric and simplifying radical problems, but no significant difference existed 

between the two categories ( -value       ).  Students scored significantly worse ( -

value        ) on both geometric and simplifying radical problems than on combining 

like radical problems. (Simplifying Radicals: Problems 8, 9, 10:        ; Geometric 

Interpretation of Radicals: Problems 1, 2, 3:        )  

 

 All but one student failed to construct an exact length of   .  Problem 3 was by far 

the most difficult for students in this study.  Only 2 of 49 responses made mention of 

the Pythagorean Theorem.  Of the 49 students in this study, 48 were unable to 

geometrically create an exact an exact length of    (approximately 98% of students).  

This result confirms the first half of the hypothesis statement that at least 90% of 

students would be unable to construct an exact length of   .  (Problem 3:        ; 47 

Incorrect Responses, 1 Partially Correct Response, 1 Correct Response)  
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 Students scored significantly better on combining like term problems than on 

combining like radical problems.  Students scored the highest on these two types of 

problems, but scored significantly better on combining like term problems.  This result 

confirms the second half of the hypothesis statement.  (Combining Like Terms: 

Problems 5, 7:        ; Combining Like Radicals:        ;  -value       )  

 

 Males did not perform significantly better than females.  Males achieved a higher 

overall mean score than females, but no significant difference existed in the assessment 

scores between genders. (Females:        , Males:         ,  -value      ) 

 

 There is a low positive correlation between each student’s self-rated mathematical 

ability and overall assessment score.  It appears that there is a very low association 

between self rated mathematical ability and overall assessment score.  However, one 

student’s self rated mathematical ability of 1 with an overall assessment score of 16 

greatly lowered the positive correlation.  (Correlation Between Self Rated 

Mathematical Ability and Total Assessment Score:        ) 

 

 Higher class ranking predicted a lower overall mean score. The only significant 

difference was between freshmen and seniors:  There was no significant difference 

between the assessment scores of freshmen, sophomores, and juniors, or between 

sophomores, juniors, and seniors.  Only freshmen scored significantly higher than 

seniors ( -value       ) on the assessment. (18 Freshmen:         ; 17 

Sophomores:        ; 10 Juniors:       ; 4 Seniors:        ) 
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Figure 13.  Assessment Mean Scores by Problem. 

 

Result 1:  There was no significant difference between geometric problems and simplifying 

radical problems.                                                                                                                                     

 Figure 13 lists the mean scores for each assessment problem and ranks the difficulty of 

each problem,    being most difficult.  Figure 14 lists the mean scores for each category of 

problem.  Clearly, the geometric problems (Problems 1, 2, and 3) and simplifying radical 

problems (Problems 8, 9, and 10) were the most difficult.  None of these six problems had a 

mean score greater than      while Problems 4, 5, 6, and 7 all had mean scores greater than    .  

Although geometric problems had the lowest mean score, an analysis of variance (ANOVA) 

using the Tukey method at the 0.05 significance level determined that there was no significant 

difference ( -value       ) between geometric and simplifying radical problems.  This 

ANOVA test also showed that students scored significantly worse ( -value       ) on 

geometric and simplifying radical problems than they did on combining like radical problems.  

  Problem Mean Score                         

(Out of 2 possible points) 

Level of 

Difficulty 

3.  Construct the exact length of   .      10 

10.                 9 

1.  What is the length of a side of a square with an area of      

      2 inches squared?      

     8 

8.                7 

9.             6 

2.  What is the length of the diagonal of a square with an    

      area of 2 inches squared? 

     5 

4.                      4 

6.      
 

          
 

            3 

5.                     2 

7.                     1 
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Category Problems Mean Score                        

(Out of 2 possible points) 

Level of Difficulty 

Geometric Interpretation 1, 2, 3 0.45 4 

Simplify Radicals 8, 9, 10 0.56 3 

Combining Like Radicals 4, 6 1.54 2 

Combine Like Terms 5, 7 1.79 1 

 

 

Result 2:  About 98% of students were unable to construct an exact length of   .   

 The research conducted by Sirotic and Zazkis (2007) was the basis for the hypothesis 

statement that at least 90% of students will be unable to construct an exact length of   .  In 

Sirotic and Zazkis (2007) there were 37 of 46 prospective secondary mathematics teachers 

(about 80%) who were unable to locate the exact location of    on the number line.                     

 Assessment Problem 3 is nearly identical to finding the exact location of    on the 

number line.  For the 49 non-mathematics majors in this study, it was hypothesized that at least 

90% would be unable to construct the exact length of   .  Results show that 48 of 49 students in 

the study (about 98%) were unable to construct this length, confirming the hypothesis statement.  

There were 10 students who left this problem blank.  Only two responses on Problem 3 

recognized to use the Pythagorean Theorem.    

 Results from the survey show that 40 of 49 students (about 82%) believed it was 

impossible to construct an exact length of   .  Also, Problem 3 was ranked the most difficult by 

28 of 49 students in the study (about 57%).  These two results from the survey help to validate 

the hypothesis that students in this study lack a geometric understanding of radicals.              

Figure 14.  Mean Scores by Problem Type. 
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Result 3: Students scored significantly better on combining like term problems than on 

combining like radical problems.   

 Result 3 confirms the second half of the hypothesis statement.  Overall mean scores were 

complied for each category of problem.  Students scored highest on Problems 5 and 7 

(combining like terms) with a mean score of         points.  The mean score for Problems 4 

and 6 (combining like radicals) was         points.  The mean scores were compared among 

these two categories with an analysis of variance using the Tukey method at the 0.05 significance 

level.  The ANOVA test showed that mean scores on combining like term problems were 

significantly higher than mean scores on combining like radical problems ( -value       ).   

 

Result 4: Males did not perform significantly better than females. 

  There were 28 males and 21 females in this study.  Males obtained an overall mean score 

of           points out of 20 possible points.  Females obtained an overall mean score 

of          points.  From an ANOVA test using the Tukey method at the 0.05 significance 

level, it was determined that males did not perform significantly better than females ( -value 

     ).  A male student was the only one who was able to construct an exact length of   .     

 

Result 5: There is a low positive correlation between each student’s self rated mathematical 

ability and overall assessment score.   

 Self rated mathematical ability was not a good predictor of overall assessment scores.  

Figure 15 shows a scatter plot of the data.  Student’s self rated mathematical ability did not have 

a strong correlation with overall assessment score.  There was a low positive correlation (  

     ) between mathematical ability and overall assessment score.   
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 However, one particular data point may have skewed Result 5.  If data from the student 

who rated their mathematical ability as 1 and scored 16 points out of 20 on the assessment was 

removed, the correlation would be much stronger (       ).     

 

 

 

 

 

 

 

 

 

 

Result 6: Higher class ranking predicted a lower overall mean score. The only significant 

difference was between freshmen and seniors.                                                                                     

 There were 18 freshmen, 17 sophomores, 10 juniors, and 4 seniors in this study.  

Freshmen had the highest overall mean score:          points, followed by sophomores: 

        points, juniors:        points, then seniors:         points.   The only significant 

difference that existed in overall mean scores was between freshmen and seniors.  Freshmen 

performed significantly better than seniors ( -value       ) on the assessment.                                                         

 Result 6 makes sense, because the undergraduate courses Survey of Precalculus and 

Survey of Calculus are non-mathematics major courses.  Students tend to complete these courses 

during their freshmen or sophomore year of college.  Juniors and seniors who are taking Survey 

Figure 15.  Scatter Plot of Total Assessment Score and Self-rated Mathematical Ability.                                      
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of Precalculus or Survey of Calculus are likely to be either retaking the course or have not taken 

a mathematics course since high school.  Consequently, it is not surprising that freshmen scored 

highest on the assessment.  Much of the material on the assessment should have been relatively 

fresh in the minds of freshmen and sophomores from high school, whereas juniors and seniors 

may not have worked with radicals for three to four years.                

Secondary Results: 

 A secondary result obtained from the analysis of the Experimental Design was that high 

school algebra grades were not a great predictor of assessment scores.  There were 14 students 

who reported receiving an A in their last algebra course, with a mean overall assessment score: 

        points out of 20.  There were 17 students who reported receiving a B:         points, 

6 students who received a C:         points, and 2 students who received a D:         points.  

There were ten students in the study who did not respond to this survey question.   

 The only significant difference occurred between students who received a D and students 

who received a C in their past algebra course.  Students who received a D significantly 

outperformed students who received a C on the assessment ( -value       ).  However, there 

were only two students who reported scoring a D and six students who reported scoring a C in 

their last algebra course.  Therefore, this result was not deemed important enough to be a primary 

result.  There was also low negative correlation (        ) between the number of years since 

last taking an algebra course and overall assessment scores. 

 Lastly, 40 students viewed the assessment as being either average or difficult.  There 

were 21 students who reported that the assessment was ‘difficult’, 19 reported the assessment as 

of ‘average difficulty’, and 7 reported the assessment as ‘easy’.  The following qualitative results 

section explores the techniques and misconceptions exhibited by students on the assessment.  
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Qualitative Results 

 The qualitative results were obtained by analyzing the solution strategies used by students 

on each problem of the assessment.  Each assessment problem was analyzed individually to 

determine both misconceptions and successful methods that students often employed.  This 

section also explains in greater detail how the assessment responses were scored and the type of 

responses which warranted partial credit.  Samples of student work on the assessment are 

included in this section and several samples are included in Appendix C.   

  

Problem 1:  What is the length of a side of a square with an area of 2 inches squared? 

 Surprisingly, Problem 1 was rated the easiest by students, even though the quantitative 

results show that Problem 1 had the third worst mean score.  There were seven students who 

gave a decimal approximation of   , receiving a partial credit score of 1.  Thirty-five students 

received a score of 0 on this problem.  The most common incorrect solutions to Problem 1 were 

1, 2, or 4 inches with no work shown.   

 Some common misconceptions that occurred on Problem 1 involved using the area 

formula for a square.  Students commonly wrote the formula for the area of a square as     , 

failing to realize that the length and width of a square are of equal length.  Three students gave 

an answer of 
 

 
, clearly exhibiting a misconception with the formula for the area of a square.  

Another misconception that commonly occurred on Problem 1 was that students often thought an 

area of   inches squared meant the square had an area of     .  One student exhibited a 

misconception between area and volume on Problem 1 and stated that      .  
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Problem 2:  What is the length of the diagonal of a square with an area of 2 inches squared? 

 It was anticipated that Problem 2 would be more difficult that Problem 1 on the 

assessment.  However, the quantitative results show that students scored twice as high on 

Problem 2 than on Problem 1.  There were 25 incorrect solutions and six partially correct 

solutions to Problem 2.  It appears that many students may have guessed the answer this problem 

correctly, since several responses write an answer of   for both Problems 1 and 2 without any 

work shown.  Students who received partial credit on this problem employed the Pythagorean 

Theorem correctly, but used an incorrect length for the side of the square. 

 Misconceptions on Problem 2 were difficult to determine because the majority of 

incorrect responses did not show any work.  The clearest misconception that was determined 

from an analysis of Problem 2 was that the majority of students were unable to recognize to use 

the Pythagorean Theorem.  One student clearly exhibited a misconception with radicals by 

attempting to use calculus to answer Problem 2.  It was clear from Problems 1 and 2 that the 

majority of students in this study lacked a geometric understanding of a square.    

      

Problem 3:  Construct the exact length of   .  

 Problem 3 was by far the most difficult for students in this study.  There were 10 students 

who left this problem completely blank.  The other incorrect responses mostly used a decimal 

approximation of        and found this approximation on the number line.  Some responses 

created the horizontal line      , clearly exhibiting the misconception that a line has a finite 

length.  As was seen in the quantitative results, the majority of students in this study believed 

that is was impossible to create an exact length of   . 
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 Many students did not seem to understand what Problem 3 was asking, demonstrating a 

lack of a geometric understanding of radicals.  One student wrote “I’m not sure what this is 

asking, with what units?  How?”  Some students attempted a geometric strategy of creating a 

square with an area of   units squared.  This response would have warranted partial credit, had 

students labeled the side length of the square as their solution.    

 Partial credit on Problem 3 was awarded to responses which cited the Pythagorean 

Theorem.  Surprisingly, only 2 of the 49 responses recognized to use the Pythagorean Theorem 

to answer Problem 3.  Only 1 of the 49 responses applied the Pythagorean Theorem correctly to 

create an exact length of   , see Figure 16.  An interesting note is that the one student who 

correctly answered Problem 3 also gave incorrect responses to both Problems 1 and 2. 

  

 

Figure 16.  Student Response to Assessment Problems 1, 2, and 3. 

 

 

Problem 4:                  (combine like radicals) 

 Students were generally successful on Problem 4.  There were 36 correct solutions and 10 

incorrect solutions.  Three of the responses gave partially correct solutions.  Correct responses 
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recognized that only like radical terms can be combined.  Responses which were correct often 

rewrote the expression to place like radical terms next to each other:                .   

 Partial credit was awarded to responses which recognized to collect like radicals, but 

made a careless mistake in copying down the rest of the expression.  Incorrect responses mainly 

exhibited the following three misconceptions:          ,            , or      

     .  Four of the incorrect solutions used a calculator to approximate their solution.   

 

Problems 5:                 ,  Problem 7:                (combine like terms) 

 Problems 5 and 7 are grouped together because both problems had nearly identical scores 

and student misconceptions.  Problem 5 received four incorrect responses and three partially 

correct responses.  Problem 7 received four incorrect responses and two partially correct 

responses.   

 The majority of students seemed comfortable combining like terms to form a polynomial.  

No specific strategy seemed to be employed by students on these problems other than 

recognizing to combine like terms.  One of the four incorrect responses on each problem did not 

follow the directions and attempted to factor this expression.  The other incorrect responses to 

Problem 5 gave a solution of    , displaying the misconception that          .  One 

incorrect response to Problem 7 was         , a solution which exhibits several 

misconceptions.  The remaining two incorrect responses on Problem 7 were left blank.  Partial 

credit was awarded on Problems 5 and 7 when the student was able to combine like terms, but 

made an error in copying a sign.   
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 One student received partial credit on both Problems 5 and 7.  This student obtained the 

correct answer, but then exhibited the misconception of combining unlike terms, see Figure 17.  

Surprisingly, the student was correctly able to combine like radicals to answer Problems 4 and 6. 

 

 

 

 

 

 

 

Figure 17.  Student Responses to Assessment Problems 4, 5, 6, and 7. 

 

Problem 6:      
 

          
 

      (combine like radicals) 

 Students were generally successful at answering Problem 6.  There were eight partially 

correct responses and seven incorrect responses on Problem 6.  Students who answered Problem 

6 correctly were able to recognize that like radicals have both the same index and radicand.  Just 

as on Problem 4, there were four incorrect responses which used a calculator to approximate the 

solution.  Two of the incorrect responses were left blank.  The final incorrect response displayed 

the misconception that     
 

       .  Partial credit was awarded to responses which were 

able to combine like radicals, but made a mistake in arithmetic or in copying down a sign.  An 

interesting “misconception” was displayed by four students who received partial credit.  These 

students mistakenly interpreted     
 

 as             .  These responses were originally 

marked incorrect until this interpretation was discovered, see Figure 18. 



  A STUDY OF COLLEGE STUDENTS’                                                           ERLANDSON 47 
 

      

 

 

Figure 18.  Student Response to Assessment Problem 6.  

 

Problem 8:  Simplify          

 There were 32 incorrect responses to Problem 8.  Eight responses received partial credit 

and nine responses received full credit.  Generally, it seemed like most students ran out of time 

on Problems 8, 9, and 10 as many solutions were left blank or incomplete.  Partial credit was 

awarded to students who implemented the product rule for square roots correctly to partially 

simplify the expression, but did not express the solution in simplest radical form.   

 Many students struggled to use the product rule for square roots in both directions.  

Partial credit was not awarded to students who gave an answer of     , because no other work 

was shown and there was no attempt to further simplify the expression.  Partial credit was 

awarded to students who individually simplified both     and    , but did not express their 

final answer in simplest radical form.  There were 10 incorrect responses that gave a solution of 

    .  Several students incorrectly used their calculator to find a decimal approximation of the 

expression.   

 There was one glaring misconception exhibited on Problem 8.  It appeared that the 

majority of students either did not understand the product rule for square roots or they did not 

understand the definition of simplest radical form.  Students were often able to apply the product 

rule in one direction to either multiply or factor radicals.  However, most students did not 

recognize to apply the product rule in each direction in order to get the expression into simplest 
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radical form.  The majority of student responses contained either multiple radicals or a radical 

with a perfect square left in the radicand.  Correct responses on Problem 8 tended to simplify the 

expression to     , then use the product rule to simplify the expression.  Only two of the nine 

correct responses individually simplified each radical term, then used the product rule for square 

roots to multiply any leftover radicals.      

 

Problem 9:  Simplify       

 Problem 9 received 26 incorrect responses and 14 correct responses.  Partial credit was 

awarded to nine of the student responses.  Misconceptions in simplifying     were identical to 

those reported in Problem 8.  However, there were other misconceptions which occurred when 

simplifying    .  Since the variable in this problem was restricted to be non-negative,             

             .  Many students displayed misconceptions when using the radical product 

to simplify an expression with a variable in the radicand.  Several students displayed the 

misconception         .  Two students displayed the misconception that                             

 Other difficulties on Problem 9 again came from a lack of understanding of the product 

rule for square roots or the term simplest radical form, just as on Problem 8.   One student also 

showed a significant misconception with exponents.  The student exhibited the misconception 

that             
 
 which demonstrates a severe misunderstanding of exponents, see Figure 

19.   

 Partial credit on Problem 9 was awarded in the same way as in Problem 8.  If the student 

was able to correctly, but not completely simplify the expression, a student received partial 

credit.  Correct responses to Problem 9 tended to employ the strategy of using the product rule to 
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completely factor the expression before computing any radicals.  For example:       

                                .      

 

Figure 19.  Student Response to Assessment Problems 8, 9, and 10. 

Problem 10:  Simplify           

 There were seven correct responses and six partially correct responses on Problem 10.  

Problem 10 was essentially a combination of Problems 8 and 9.  Students did not exhibit any 

misconceptions on Problem 10 which were not discussed in Problems 8 and 9.  The student 

discussed in Problem 9 again displayed the misconception that           
 
.   

 The most successful strategy on Problem 10 was to first use the product rule to obtain the 

expression      , then completely factor this result to express the solution in simplest radical 

form.  One response to Problem 10 recognized the rule        .  However, it was not 

necessary to apply this rule since Problem 10 restricted all variables to be non-negative.       

 The pedagogical significance of the results is discussed in the following Implications for 

Teaching section.  The implications discussed in the following section were then applied to 

create a five-day unit for teaching radicals which is included at the end of the next section.  This 

unit is intended to introduce the concept of radical expressions to students in either eighth or 

ninth grade and is aligned to the Common Core State Standards in Mathematics.    
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Implications for Teaching  

 The initial hypothesis of this study stated that undergraduate students in Survey of 

Precalculus and Survey of Calculus would lack a geometric understanding of radical expressions.  

It was further hypothesized that students in this study would be significantly better at combining 

like terms to form a polynomial than at combining like radical terms.                                                    

 Results from the study validate these hypotheses and provide pedagogical implications to 

improve the teaching of radicals.  The pedagogical implications obtained from the results of this 

study are discussed here.  Also discussed in this section are suggestions for future research and a 

few concluding remarks.  Implications from this study were then applied to create a five-day unit 

for teaching radicals which is included at the end of this section.  The following three 

implications summarize the pedagogical significance of this study.       

 

Implication 1:  Radicals may be better understood if introduced to students geometrically. 

 It was clear from the results of the assessment that students in this study lacked a 

geometric understanding of radical expressions.  The majority of students in this study struggled 

to answer problems which required a geometric understanding of radicals and only one student 

was able to construct an exact length of   .  A geometric understanding of radicals is crucial in 

order to conceptually understand concepts such as irrationality and complex numbers.                                                                                         

 I would suggest letting students discover a geometric interpretation of a square root when 

introducing radicals.  Students can discover a geometric interpretation of a square root by 

investigating the areas and side lengths of different sized squares.  The majority of students in 

this study did not recognize how to find the length of a side of a square with a known area.  
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Allowing students to discover this interpretation of a square root may increase their conceptual 

understanding of radicals.   

 Another strategy to allow students to see radicals geometrically would be to explain how 

to construct radical lengths using the Pythagorean Theorem.  The results showed that about 98% 

of students participating in this study were unable to construct an irrational length of   .  

Students may better understand the concept of irrationality if they are able to visualize irrational 

lengths geometrically. 

 Possessing a geometric interpretation of radicals may help students to better understand 

the latter concepts of irrationality and complex numbers.  The Literature Review showed that 

these two concepts are heavily represented in the current Common Core Mathematical Standards 

and on current state Regents Examinations.  

 

Implication 2:  Students may better understand and remember the radical product and 

quotient rules if allowed to discover these rules for themselves. 

 The radical product and quotient rule are often introduced to students without any 

justification or proof.  Students are generally asked to memorize these two rules which may hold 

no meaning.  Most students struggle to remember and apply the radical product and quotient 

rules to simplify radical expressions (Ozkan, 2011; Ozkan & Ozkan, 2012).  The students in this 

study frequently misused the product rule. 

 I would suggest allowing students to discover the radical product and quotient rules for 

themselves, rather than presenting these rules to students formally.  To accomplish this 

discovery, the following types of problems can be posed to students: Is         ?  Is 

 
  

 
 

   

  
 ?  After a thorough exploration of these types of problems, students may be able to 
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conjecture the radical product and quotient rules for themselves.  This exploration may also help 

students remember the radical product and quotient rules because students should now know 

how to justify these rules using specific examples.        

   

Implication 3:  The combination of like terms to form a polynomial can be compared to the 

combination of like radical terms to help students remember this property of radicals. 

 The results of this study showed that students were significantly better at combining like 

terms to form a polynomial than they were at combining like radical terms.  A good way to 

introduce the concept of combining like radicals is by making a comparison to combining like 

terms.                                                                                                                                                         

 One way to make this comparison is to substitute like radicals with common variables.  

For example, the expression                could be rewritten as            if 

we let      and     .  Once like terms are combined to form the polynomial      , the 

radicals may be substituted back into the expression.  In order to understand this strategy, 

students must first understand the definition of like radicals as well as understand how to 

combine like terms.  Students are generally taught to combine like terms before they are taught 

to combine like radicals.  Therefore, comparing these two processes may help to activate a 

student’s prior knowledge of mathematics and help students recall how to combine like radicals. 

Suggestions for Future Research 

 The results showed that the majority of students in this study did not possess a geometric 

understanding of radicals.  It would be interesting to see if the results of this study could be 

replicated with a larger sample of undergraduate or high school students.  Another application 

for this study may be to draw comparisons between results obtained from high school and 
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undergraduate students.  An adaptation of this research may be to create a study with a focus on 

a qualitative analysis through interviews with students prior to and following the completion of 

the assessment.  Student interviews and assessments could then be examined to further explain 

students’ solution strategies and misconceptions related to radical expressions.               

Concluding Remarks 

 The motivation behind this study was to determine whether undergraduate students were 

able to attach a physical, geometric meaning to radicals.  In general, it appears that students in 

this study do not understand the concept of radicals geometrically or algebraically.  Methods for 

introducing the concept of radicals are demonstrated in the unit for teaching radicals which 

appears on the following page.  The unit demonstrates a student-centered approach to exploring 

properties of radicals.  The unit is intended for five 40 minute class periods and is aligned to the 

Common Core State Standards in Mathematics.  The unit is based on the results and implications 

obtained from this research study.  Both teacher and student copies are included with the unit.   

 Following the unit on teaching radicals are references which were cited in this study.  

Lastly, Appendix A contains a copy of the instruments used in the Experimental Design, 

Appendix B includes the consent forms given to the participants of the study, Appendix C 

includes samples of student assessments, and Appendix D contains the raw data obtained from 

the assessment and survey used in this study.  Problems of interest from the samples of student 

assessments are circled in Appendix C.        
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A Student-Centered Exploration of Radicals 

 

 This unit is intended for eighth or ninth grade students.  The unit describes a strategy for 

instilling a geometric interpretation of radicals in students through exploration.  Furthermore, the 

unit describes strategies for introducing algebraic properties and rules of radical expressions, also 

through student exploration.  The concept of irrationality is also discussed.  The unit concludes 

with a review and an assessment.  This unit is intended to last for five 40 minute class periods.       

 

Professional Standards Addressed: 

This lesson addresses the following Common Core State Standards (CCSS) in mathematics: 

 

 CCSS.Math.Content.8.G.B.7:  Apply the Pythagorean Theorem to determine unknown side 

lengths in right triangles in real-world and mathematical problems in two dimensions. 

 CCSS.Math.Content.8.NS.A.1:  Know that numbers that are not rational are called irrational. 

 CCSS.Math.Content.8.EE.A.2:  Use square root and cube root symbols to represent solutions to 

equations of the form x
2
 = p and x

3
 = p, where p is a positive rational number. Evaluate square 

roots of small perfect squares and cube roots of small perfect cubes. Know that √2 is irrational. 

 CCSS.Math.Content.HSA-APR.A.1:  Understand that polynomials form a system analogous to 

the integers, namely, they are closed under the operations of addition, subtraction, and 

multiplication; add, subtract, and multiply polynomials. 

 

Instructional Objectives: 

Following the conclusion of this lesson, students should be able to: 

 Understand a geometric interpretation of radicals. 

 

 Justify the radical product and quotient rules through specific examples. 

 

 Combine like radical terms by a comparison to combining like terms. 

 

 Understand the basic definition of irrationality. 

 

 Use the radical product and quotient rules to simplify radical expressions. 

 

Instructional Protocol: 

 

 Day 1:  Explore a geometric interpretation of radicals 

 

 Day 2:  Compare combining like radicals to combining like terms 

 

 Day 3:  Discover the radical product and quotient rules 

 

 Day 4:  Simplifying radicals using the radical product and quotient rules 

 

 Day 5:  Discuss irrationality and review of Day 1 – Day 4 

http://www.corestandards.org/Math/Content/8/G/B/7
http://www.corestandards.org/Math/Content/8/NS/A/1
http://www.corestandards.org/Math/Content/8/EE/A/2
http://www.corestandards.org/Math/Content/HSA/APR/A/1


  A STUDY OF COLLEGE STUDENTS’                                                           ERLANDSON 55 
 

Day 1: A Geometric Interpretation of Radicals (Teacher Copy) 

A radical is an expression which contains the symbol  . 

Radicals can have different indices.  For example: The symbol   means “square root”.                 

The symbol  
 

 means “cube root”.  What does the symbol  
 

 mean?  “fourth root”   

The term underneath the radical sign is called the “radicand”.   

 

In this unit, we will mainly investigate square roots.  The most basic algebraic definition of a 

square root is a number, that when squared, gives the radicand.  For example: 

     because      

A cube root has a similar definition.  It refers to a number, that when cubed, gives the radicand. 

Today, we explore a visual interpretation of a square root. 

To do this, let’s investigate a square with an area of   inches squared. 

 

We first need to remember the formula for the area of a square 

“                   ” 

 

Example 1:  Determine the length of the sides of the square 

Solution:                 

 

Example 2:  Determine the length of the sides of a square with an area of       

Solution:            

Activity 1:  Complete the table by determining the length of a side of a square with given area. 

Area of Square 9 16 25 100 2 5 13 376   

Side Length 3 4 5 10                   

 

Example 3:  Fill in the blanks of the following statement: 

The length of a side of a square with an area of       is        inches  
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Thinking of a square root in this way gives us a visual, geometric interpretation.  You can 

remember this interpretation by calling them “square’s roots”.  So a square root is just what it 

says:  “the root, or side, of a square with a given area” 

 

Food For Thought:  Can you think of a geometric interpretation of a cube root? 

Solution:  The length of the sides of a cube with a given area 

 

Another way to visualize square roots is to use the Pythagorean Theorem. 

Example 3:  Use your calculator to find a decimal approximation of    to 3 decimal places. 

Solution:        36 

We could create an exact length of    by creating a square with an exact area of  .  However, 
this is more difficult to do than you would imagine.                                                                                  

Let’s look at how the Pythagorean Theorem can be used to create an exact length of   . 

 

Example 4:  What is the length of the hypotenuse of a right triangle with legs of length   and  ? 

Solution: 

                             

Therefore, we can physically create a length of    by using the Pythagorean Theorem. 

 

Activity 2:  Complete the table by using the Pythagorean Theorem to find the lengths of the legs 

of a right triangle with a given hypotenuse. 

Hypotenuse                       

Leg 1 1 1 3 2 2 5 

Leg 2 2 1 1 3 4 5 

 

Later in the week, we will define the term irrational.   

All the hypotenuse lengths in the above table are irrational.  However,    is not irrational. 

Example 5:  Why do you think    is rational and    is irrational? 

Solution:     is a perfect square while    is not 
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Day 2: Combining like Radical Terms (Teacher Copy) 

 

Today, we explore how to combine like radical terms. 

 

We have previously completed a unit in which we discussed combining like terms.  Combining 

like radicals uses the exact same strategy. 

 

Example 1:  Combine any like terms in the expression:                        

Solution:                

Example 2:  Explain how you knew which terms were “like terms” 

Solution:  Terms which have the same variable and the same exponent 

 

Why can we do this?  The mathematical reason why we are allowed to combine like terms is the 

distributive property.  We factor the common term out of our “like terms” and add the 

coefficients. 

For example:                       

Therefore, we simply add the coefficients of any like terms.  Another interpretation is that we 

have three    terms and are adding nine    terms to this.  Therefore we have twelve   ’s.  

Remember,   can be anything we want it to be, even a radical! 

 

If you are comfortable with combining like terms, then you should have no problem combining 

like radicals!  It uses the same exact concept. 

However, we must first give a definition of what we consider to be “like radicals”. 

 

Definition:  Like radicals are radical terms which have the same radicand and index. 

For example:      and      are like radicals, but     and     are not like radicals. 

 

Example 2:  Combine any like radicals in the expression:                   

Solution:           
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Example 3:  Combine any like radicals in the expression:                      

Solution:               

 

Notice that the only like radicals are the terms which have the same radicand. 

 

Now let’s attempt to combine like cube roots.  The process works in the exact same way.  Any 

cube roots which have identical radicands are considered to be like radicals. 

 

Example 4:  Combine any like radicals in the expression:     
 

    
 

   
 

    
 

 

Solution:      
 

    
 

 

 

Remember that our definition of like radicals requires two radicals to have both the same index 

and the same radicand. 

Therefore,     and    
 

 are NOT like radicals. 

 

Let’s take a look at an example which has both square and cube roots. 

 

Example 5:  Combine any like radical terms:        
 

        
 

         
 

 

Solution:            
 

        
 

 

 

Practice:  Practice what you’ve learned today by completing the following four examples.  If 

you do not complete this practice in class, this will be your homework for tomorrow. 

1.                  2.    
 

          
 

     

Solution:               Solution:    
 

          
 

 

 

3.    
 

    
 

    
 

        4.         
 

    
 

   
 

     

Solution:     
 

    
 

        Solution:     
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Day 3:  Discovering the Radical Product and Quotient Rule for Radicals (Teacher Copy) 

 

Now that we’ve discussed how to add and subtract radicals, we need some rules for multiplying 

and dividing radicals. 

The good news about multiplying and dividing radicals is that you do not have to worry about 

finding like radical terms, just like you are able to multiply and divide unlike terms in a 

polynomial. 

 

Today, you will attempt to discover rules for multiplying and dividing radicals. 

 

To do this, you need to answer the problems in the following activity.  You may work with your 

neighbor or you can choose to work individually.  I will be around to answer any questions. 

 

One thing you should know before starting the activity is that the radical sign in a sense acts as a 

set of parentheses.  For example:           and  
  

 
   .  You may also individually 

compute each radical when multiplying or dividing radicals, if possible.   

 

Activity 1:  Answer the following problems to discover a rule for multiplying radicals 

1.                    6.             

 

2.                      7.                 

 

3.                     8.                

 

4.                      9.                 

 

5.    
 

   
 

             10.       
 

     
 

   

 

Notice that the problems on each row have the same solution. 
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11.  Can you conjecture a formula for multiplying radicals?  If so, fill in the blanks.  Don’t worry 

about being wrong take your best shot!  We will discuss this problem together at the end of class. 

For nonnegative numbers   and  :                and in general    
 

  
 

    
 

 if     

(nonnegative just means 0 or bigger) 

 

Activity 2:  Complete the following problems to discover a rule for dividing radicals.   

 

1.  
   

  
   

 

 
      6.   

  

 
      

 

2.  
    

   
 

  

 
      7.   

   

  
      

 

3.  
   

  
 

 

 
      8.   

  

 
      

 

4.  
   

  
 

 

 
      9.   

  

 
      

 

5.  
    
 

  
  

 

 
      10.   

   

 

 
    

 
   

Again, notice that the problems on each row have the same solution. 

 

11.  Can you conjecture a formula for multiplying radicals?  If so, fill in the blanks.  Don’t worry 

about being wrong take your best shot!  We will discuss this problem together at the end of class. 

For nonnegative numbers   and  :  
  

  
    

 

 
                 and in general  

  
 

  
   

 

 

 
  if     

 

12.  Look back to Activity 1 and try to fill in the following rule.  We will discuss this as a class.   

Rule for multiplying identical square roots if    :             
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Day 4:  Simplifying Radicals Using the Radical Product and Quotient Rules (Teacher Copy) 

Now that we have rules for multiplying and dividing radicals, we can learn to simplify radicals.  

First, let’s review the four properties of radicals which we have learned so far this week. 

1.      
 

    
 

    
 

          and        
 

   
 

     
 

        

2.     
 

 

 
   

   

  
                and         

   

  
   

 

 

 
                

3.        
 

    
 

        
 

            

4.                 if       

Before we learn strategies to simplify radicals, we must define what simplified means. 

Definition:  An expression is in simplest radical form if: 

1.  There are no perfect squares left in the radicand and, 

2.  There are no radicals in the denominator and, 

3.  There is only one radical symbol in the final expression 

For example:        is not in simplest radical form but    is in simplest radical form. 

Now let’s look at how the properties we have learned this week can help us to simplify radicals. 

 

Example 1:  Simplify     

Strategy:  Factor the radicand and by looking for any perfect square factors.  Then break the 

radical up using the radical product rule (Property 1) and compute the perfect square factors. 

Solution:                          

Example 2:  Simplify     

Solution:                 

Alternate “Fail-Safe” Strategy for Simplifying Radicals 

Step 1:  Write the prime factorization of the radicand 

Step 2:  Break apart each term in the radicand using the radical product rule (Property 1) 

Step 3:  Use Property 4 to compute any pair of repeated radicals 

Step 4:  Multiply the “leftover” radicals together using the radical product rule (Property 1) to 

write your answer in simplest radical form. 
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Example 3:  Simplify     by using this “fail-safe” strategy 

Solution:                                   

As you can see, the “fail-safe” strategy requires a little more work than looking for perfect 

squares in the radicand.  However, sometimes the radicand is so large it is tough to determine the 

perfect squares easily, so this “fail-safe” strategy may actually be quicker at times. 

Now let’s look at examples of simplifying radicals using the radical quotient rule (Property 2) 

Example 4:  Simplify 
   

  
 

Strategy 1:  Simplify the numerator and then try to simplify the entire expression. 

Strategy 2:  Use Property 2 (radical quotient rule) to rewrite the expression then simplify. 

 

Solution Using Strategy 1:  
   

  
 

     

  
       

Solution Using Strategy 2:  
   

  
  

  

 
       

As you can see, both strategies got us the same answer.  It is up to you to decide which you like 

best or which strategy will work best in a given situation.  We will not discuss simplifying 

radicals with a variable in the radicand until later in the year. 

Practice:  Complete the following practice problems.  Consider this tonight’s homework if you 

don’t get them done in class.  I will be around to answer any questions. 

1.  Simplify         5.  Simplify      

Solution:              Solution:      

2.  Simplify 7  28      6.  Simplify  
  

  
 

Solution:                           Solution:   
  

  
 

   

   
 

 

 
 

3.  Simplify          7.  Simplify 
   

  
 

Solution:                     Solution:  
   

  
  

  

 
    

4.  Simplify 245  - 125      8.  Simplify 
   

  
     

Solution:  245  - 125                    Solution:             
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Day 5:  Definition of Irrationality and Review (Teacher Copy) 

Today, we finish our unit on radicals by discussing the concept of irrationality and also review 

what we have done this week. 

 

We saw on Day 1 that numbers that are perfect squares are rational, while number that are not 

perfect squares are irrational.   

For example:    is rational since it is a perfect square, i.e.      

However,    is irrational since it is not a perfect square, i.e.          

 

Notice that the decimal approximation of    takes up the entire line of a calculator screen.   

This means that the decimal keeps going past what the calculator can show us. 

 

Definition:  The easies definition of irrationality is a number which has a never-ending, and 

never repeating decimal. 

 

Example 1:  Type    into your calculator.  Does it seem like the decimal has some kind of 

repeating pattern?  It does not, therefore    is irrational. 

However, never-ending and never-repeating are not the same thing.  . 

 

Example 2:  Type 
 

 
 into your calculator.  Does it seem like the decimal has a repeating pattern?   

Yes, 
 

 
           .  Therefore the decimal repeats and 

 

 
 is rational. 

 

Technical Definition:  The technical definition of irrationality is a number which cannot be 

expressed as a ratio of two integers, i.e. 

For any integers   and  , the number   is irrational if 
 

 
   

Example 3:  Can you think of a definition for rational number?  (Hint: opposite of irrational) 

Solution:  A number   which can be expressed as a ratio of two integers: 
 

 
   

Therefore, by this definition 
 

 
 is rational.  Any fraction of integers is rational by definition. 
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History:  History?  In math class?  Yep, you got it.  You know all about the Pythagorean 

Theorem by now.  It was made famous by a Greek mathematician who proved the theorem 

around 530 B.C.  Can you guess his name?  Nope, it was Pythagoras.   

This guy took his math very seriously.  He and his followers, the Pythagoreans, viewed 

mathematics as a religion.  They believed every number in the universe was connected by 

mathematics.  They also did not believe in irrational numbers. 

One of his followers reportedly discovered a geometric proof that the lengths    and   did not 
have a common measure, leading to the discovery of irrational numbers.   

 

Example 4:  What is the length of a diagonal of a square with an area of   unit squared? 

Solution:                

NOTE:  All square roots of “non-perfect” square numbers are irrational so    is irrational 

Now back to our history lesson.  Pythagoras was so stunned by the discovery of irrational 

numbers that he made his followers swear not to reveal the secret to anyone.  The punishment for 

anyone who revealed this secret was a death sentence!  I wasn’t kidding; this guy took his math 

very seriously!   

Now that you have some context of how irrational numbers were discovered, let’s review what 

we have learned this week.  The following problems are the types of problems you can expect on 

your exam next week!  You may take the rest of the class to complete these problems 

individually or with a partner.  As always, I will be around to answer any questions.  Consider 

these problems your homework for the weekend if you don’t get them done, so work hard to 

complete them in class if you can!      

 

Exam Practice Problems: 

1.  Tell if the following numbers are rational or irrational.  Explain your reasoning. 

a)      (Irrational, non-perfect square)      b)       (Rational, perfect square)                       

c)    (Irrational, never-ending, never-repeating decimal) 

2.  Simplify   
 

    
 

        
 

                  Solution:     
 

    
 

     

3.  Simplify               Solution:                               

4.  Simplify               Solution:                                  

5.  Simplify 
   

   
  

  

  
                Solution:   

  

  
 

   

   
    

 

 
   

 

 
     

6.  Give two methods for making a board with an exact length of     inches.  (See Day 1) 



  A STUDY OF COLLEGE STUDENTS’                                                           ERLANDSON 65 
 

Day 1: A Geometric Interpretation of Radicals (Student Copy) 

A radical is an expression which contains the symbol  . 

Radicals can have different indices.  For example: The symbol   means                  

The symbol  
 

 means  What do you think the symbol  
 

 mean?    

The term underneath the radical sign is called the  

 

In this unit, we will mainly investigate square roots.  The most basic algebraic definition of a 

square root is a number, that when squared, gives the radicand.  For example: 

     because      

A cube root has a similar definition.  It refers to a number, that when cubed, gives the radicand. 

Today, we explore a visual interpretation of a square root. 

To do this, let’s investigate a square with an area of   inches squared. 

 

We first need to remember the formula for the area of a square 

                  

 

Example 1:  Determine the length of the sides of the square 

Solution:   

 

Example 2:  Determine the length of the sides of a square with an area of       

Solution:   

Activity 1:  Complete the table by determining the length of a side of a square with given area. 

Area of Square 9 16 25 100 2 5 13 376   

Side Length          

 

Example 3:  Fill in the blanks of the following statement: 

The length of a side of a square with an area of       is           inches  
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Thinking of a square root in this way gives us a visual, geometric interpretation.  You can 

remember this interpretation by calling them “square’s roots”.  So a square root is just what it 

says:  “the root, or side, of a square with a given area” 

 

Food For Thought:  Can you think of a geometric interpretation of a cube root? 

Solution:   

 

Another way to visualize square roots is to use the Pythagorean Theorem. 

Example 3:  Use your calculator to find a decimal approximation of    to 3 decimal places. 

Solution:      

We could create an exact length of    by creating a square with an exact area of  .  However, 
this is more difficult to do than you would imagine.                                                                                  

Let’s look at how the Pythagorean Theorem can be used to create an exact length of   . 

 

Example 4:  What is the length of the hypotenuse of a right triangle with legs of length   and  ? 

Solution: 

           

Therefore, we can physically create a length of    by using the Pythagorean Theorem. 

 

Activity 2:  Complete the table by using the Pythagorean Theorem to find the lengths of the legs 

of a right triangle with a given hypotenuse. 

Hypotenuse                       

Leg 1       

Leg 2       

 

Later in the week, we will define the term irrational.   

All the hypotenuse lengths in the above table are irrational.  However,    is not irrational. 

Example 5:  Why do you think    is rational and    is irrational? 

Solution:   
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Day 2: Combining like Radical Terms (Student Copy) 

 

Today, we explore how to combine like radical terms. 

 

We have previously completed a unit in which we discussed combining like terms.  Combining 

like radicals uses the exact same strategy. 

 

Example 1:  Combine any like terms in the expression:                        

Solution:   

Example 2:  Explain how you knew which terms were “like terms” 

Solution:   

 

Why can we do this?  The mathematical reason why we are allowed to combine like terms is the 

distributive property.  We factor the common term out of our “like terms” and add the 

coefficients. 

For example:                       

Therefore, we simply add the coefficients of any like terms.  Another interpretation is that we 

have three    terms and are adding nine    terms to this.  Therefore we have twelve   ’s.  

Remember,   can be anything we want it to be, even a radical! 

 

If you are comfortable with combining like terms, then you should have no problem combining 

like radicals!  It uses the same exact concept. 

However, we must first give a definition of what we consider to be “like radicals”. 

 

Definition:  Like radicals are radical terms which have the same radicand and index. 

For example:      and      are like radicals, but     and     are not like radicals. 

 

Example 2:  Combine any like radicals in the expression:                   

Solution:   
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Example 3:  Combine any like radicals in the expression:                      

Solution:   

 

Notice that the only like radicals are the terms which have the same radicand. 

 

Now let’s attempt to combine like cube roots.  The process works in the exact same way.  Any 

cube roots which have identical radicands are considered to be like radicals. 

 

Example 4:  Combine any like radicals in the expression:     
 

    
 

   
 

    
 

 

Solution:   

 

Remember that our definition of like radicals requires two radicals to have both the same index 

and the same radicand. 

Therefore,     and    
 

 are NOT like radicals. 

 

Let’s take a look at an example which has both square and cube roots. 

 

Example 5:  Combine any like radical terms:        
 

        
 

         
 

 

Solution:   

 

Practice:  Practice what you’ve learned today by completing the following four examples.  If 

you do not complete this practice in class, this will be your homework for tomorrow. 

1.                  2.    
 

          
 

     

Solution:       Solution:   

 

3.    
 

    
 

    
 

        4.         
 

    
 

   
 

     

Solution:       Solution:   
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Day 3:  Discovering the Radical Product and Quotient Rule for Radicals (Student Copy) 

 

Now that we’ve discussed how to add and subtract radicals, we need some rules for multiplying 

and dividing radicals. 

The good news about multiplying and dividing radicals is that you do not have to worry about 

finding like radical terms, just like you are able to multiply and divide unlike terms in a 

polynomial. 

 

Today, you will attempt to discover rules for multiplying and dividing radicals. 

 

To do this, you need to answer the problems in the following activity.  You may work with your 

neighbor or you can choose to work individually.  I will be around to answer any questions. 

 

One thing you should know before starting the activity is that the radical sign in a sense acts as a 

set of parentheses.  For example:           and  
  

 
   .  You may also individually 

compute each radical when multiplying or dividing radicals, if possible.   

 

Activity 1:  Answer the following problems to discover a rule for multiplying radicals 

1.            6.        

 

2.             7.          

 

3.            8.         

 

4.             9.          

 

5.    
 

   
 

     10.       
 

  

 

Notice that the problems on each row have the same solution. 
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11.  Can you conjecture a formula for multiplying radicals?  If so, fill in the blanks.  Don’t worry 

about being wrong take your best shot!  We will discuss this problem together at the end of class. 

For nonnegative numbers   and  :                and in general    
 

  
 

           if     

(nonnegative just means 0 or bigger) 

 

Activity 2:  Complete the following problems to discover a rule for dividing radicals.   

 

1.  
   

  
       6.   

  

 
  

 

2.  
    

   
     7.   

   

  
  

 

3.  
   

  
     8.   

  

 
  

 

4.  
   

  
     9.   

  

 
  

 

5.  
    
 

  
      10.   

   

 

 
  

Again, notice that the problems on each row have the same solution. 

 

11.  Can you conjecture a formula for multiplying radicals?  If so, fill in the blanks.  Don’t worry 

about being wrong take your best shot!  We will discuss this problem together at the end of class. 

For nonnegative numbers   and  :  
  

  
                    and in general  

  
 

  
               if     

 

12.  Look back to Activity 1 and try to fill in the following rule.  We will discuss this as a class.   

Rule for multiplying identical square roots if    :        
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Day 4:  Simplifying Radicals Using the Radical Product and Quotient Rules (Student Copy) 

Now that we have rules for multiplying and dividing radicals, we can learn to simplify radicals.  

First, let’s review the four properties of radicals which we have learned so far this week. 

1.      
 

    
 

    
 

          and        
 

   
 

     
 

        

2.     
 

 

 
   

   

  
                and         

   

  
   

 

 

 
                

3.        
 

    
 

        
 

            

4.                 if       

Before we can learn strategies to simplify radicals, we must define what simplified means. 

Definition:  An expression is in simplest radical form if: 

1.  There are no perfect squares left in the radicand and, 

2.  There are no radicals in the denominator and, 

3.  There is only one radical symbol in the final expression 

For example:        is not in simplest radical form but    is in simplest radical form. 

 

Now let’s look at how the properties we have learned this week can help us to simplify radicals. 

Example 1:  Simplify     

Strategy:  Factor the radicand and look for any perfect squares.  Then break the radical up using 

the radical product rule (Property 1) 

Solution:       

Example 2:  Simplify     

Solution:       

Alternate “Fail-Safe” Strategy for Simplifying Radicals 

Step 1:  Write the prime factorization of the radicand 

Step 2:  Break apart each term in the radicand using the radical product rule (Property 1) 

Step 3:  Use Property 4 to compute any repeated radicals 

Step 4:  Multiply the “leftover” radicals together using the radical product rule (Property 1) to 

write your answer in simplest radical form. 
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Example 3:  Simplify     by using this “fail-safe” strategy 

Solution:       

As you can see, the “fail-safe” strategy requires a little more work than looking for perfect 

squares in the radicand.  However, sometimes the radicand is so large it is tough to determine the 

perfect squares easily, so this “fail-safe” strategy may actually be quicker at times. 

Now let’s look at examples of simplifying radicals using the radical quotient rule (Property 2) 

Example 4:  Simplify 
   

  
 

Strategy 1:  Simplify the numerator and then try to simplify the entire expression. 

Strategy 2:  Use Property 2 (radical quotient rule) to rewrite the expression then simplify. 

 

Solution Using Strategy 1:  
   

  
  

 

Solution Using Strategy 2:  
   

  
  

As you can see, both strategies got us the same answer.  It is up to you to decide which you like 

best or which strategy will work best in a given situation.  We will not discuss simplifying 

radicals with a variable in the radicand until later in the year. 

Practice:  Complete the following practice problems.  Consider this tonight’s homework if you 

don’t get them done in class.  I will be around to answer any questions. 

1.  Simplify         5.  Simplify      

      

2.  Simplify 7  28      6.  Simplify  
  

  
 

   

3.  Simplify          7.  Simplify 
   

  
 

 

4.  Simplify 245  - 125      8.  Simplify 
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Day 5:  Definition of Irrationality and Review (Student Copy) 

Today, we finish our unit on radicals by discussing the concept of irrationality and also review 

what we have done this week. 

 

We saw on Day 1 that numbers that are perfect squares are rational, while number that are not 

perfect squares are irrational.   

For example:    is rational since it is a perfect square, i.e.      

However,    is irrational since it is not a perfect square, i.e.          

 

Notice that the decimal approximation of    takes up the entire line of a calculator screen.   

This means that the decimal keeps going past what the calculator can show us. 

 

Definition:  The easies definition of irrationality is a number which has a never-ending, and 

never repeating decimal. 

 

Example 1:  Type    into your calculator.  Does it seem like the decimal has some kind of 
repeating pattern?   

However, never-ending and never-repeating are not the same thing.  . 

 

Example 2:  Type 
 

 
 into your calculator.  Does it seem like the decimal has a repeating pattern?    

 

 

Technical Definition:  The technical definition of irrationality is a number which cannot be 

expressed as a ratio of two integers, i.e. 

For any integers   and  , the number   is irrational if 
 

 
   

Example 3:  Can you think of a definition for rational number?  (Hint: opposite of irrational) 

 

Therefore, by this definition 
 

 
 is rational.  Any fraction of integers is rational by definition. 
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History:  History?  In math class?  Yep, you got it.  You know all about the Pythagorean 

Theorem by now.  It was made famous by a Greek mathematician who proved the theorem 

around 530 B.C.  Can you guess his name?  Nope, it was Pythagoras.   

This guy took his math very seriously.  He and his followers, the Pythagoreans, viewed 

mathematics as a religion.  They believed every number in the universe was connected by 

mathematics.  They also did not believe in irrational numbers. 

One of his followers reportedly discovered a geometric proof that the lengths    and   did not 
have a common measure, leading to the discovery of irrational numbers.   

 

Example 4:  What is the length of a diagonal of a square with an area of   unit squared? 

 

NOTE:  All square roots of “non-perfect” square numbers are irrational so    is irrational 

Now back to our history lesson.  Pythagoras was so stunned by the discovery of irrational 

numbers that he made his followers swear not to reveal the secret to anyone.  The punishment for 

anyone who revealed this secret was a death sentence!  I wasn’t kidding; this guy took his math 

very seriously!   

Now that you have some context of how irrational numbers were discovered, let’s review what 

we have learned this week.  The following problems are the types of problems you can expect on 

your exam next week!  You may take the rest of the class to complete these problems 

individually or with a partner.  As always, I will be around to answer any questions.  Consider 

these problems your homework for the weekend if you don’t get them done, so work hard to 

complete them in class if you can!      

 

Exam Practice Problems: 

1.  Tell if the following numbers are rational or irrational.  Explain your reasoning. 

a)       b)                      c)     

2.  Simplify   
 

    
 

        
 

                   

3.  Simplify                

4.  Simplify                

5.  Simplify 
   

   
  

  

  
       

6.  Describe two methods for creating a board with an exact length of     inches. (See Day 1)            
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Appendix A 

Instruments from Experimental Design 

 Assessment 

Assessment Directions:  DO NOT INCLUDE YOUR NAME ON THIS ASSESSMENT.   

 

You will have 25 minutes to complete this assessment.  Answer all questions to the best of your 

ability.  You are permitted to use your calculator and a ruler, but not your classmates.  If you 

finish early, you may also complete the survey on the back of this page. 
 

1.  What is the length of a side of a square with an area of 2 inches squared?      

______ inches 

 

2.  What is the length of the diagonal of a square with an area of 2 inches squared? 

_______ inches 

 

3.  Construct the exact length of    using the grid to the right and a ruler:  

 

For questions 4-7, add or subtract terms where ever possible: 

4.                   5.                

 

6.      
 

          
 

        7.                

 

 

For questions 8-10, write each expression in simplest radical form.  Assume that all 

variables are nonnegative.   

 

8.               9.        

 

 

10.                 
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Survey 

 

1.  Rate the level of difficulty of this assessment: 

Very Easy            Easy            Moderately Difficult            Difficult             Extremely Difficult 

 

 

2.  Rate your level of ability in mathematics on a scale from 1-10: 

Bad    1    2 3 4 5 6 7 8 9 10 Good 

 

3.  

a)  What is your class ranking? 

Freshman                         Sophomore                         Junior                         Senior 

 

 

b)  What is your gender? Male  Female 

 

 

4.  Write the number of the question which was easiest and the most difficult: 

Easiest:  Question # ___    Most Difficult:  Question # ___ 

 

5.  Do you believe that it is possible to construct an exact length of an irrational number like   ? 

Yes  No 

 

6.  In what year did you last take an algebra course?  What grade did you receive in the course?   
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Appendix B 

Consent Form 

 You are being asked to participate in a research study for a Master’s thesis.  This study also 

has the potential for future publication.     

 

 To participate, you must sign the consent form on the back of this page.  Then come to class 

and complete a short assessment and a follow up survey (the entire study will only take about 

20 minutes of your class time).  

 

 This study is being conducted by Kyle Erlandson purely for research in his Master’s thesis.  

He is the sole researcher who will analyze the results of your assessments.   

Your classroom teacher is in no way involved in this data collection process.    

 

 Your participation in this study is optional.  Your participation (or lack thereof) or your 

performance on the assessment and survey in this study will not affect your grade in this 

course.  There is no penalty for not participating in this study.       

 

 If you choose to participate in this study, you will not include your name on either the 

assessment or survey.  These instruments will remain anonymous and confidential.  They 

will be kept in a lockbox to which Kyle Erlandson has the only key. 

 

 Some of your assessments or surveys may also be scanned into the appendix of this Master’s 

thesis for further analysis.  Your name will not be used in any way.  The study will not 

identify you personally.  Only the results from your assessment or survey will be analyzed. 

 

 By signing the consent form, you are agreeing to allow Kyle Erlandson to use the data from 

your assessment and survey in his Master’s thesis and in any future publication of this thesis.   

 

 If you choose to participate in this study, you may choose not to answer certain questions on 

the assessment and survey or withdraw from the study at any time without penalty. 

 

 The purpose of this study is to identify misconceptions that undergraduate students have 

regarding the topic of radical expressions.  Your participation may be helpful in furthering 

research and improving the teaching of this topic.  You will not be compensated for 

participating in this study. 

 

 There are no anticipated risks to your participation in this study.  Again, your participation 

(or lack thereof) or your performance on the assessment and survey in this study will 

not affect your grade in this course. 

 

 Any student who is under the age of 18 is not eligible to participate in this study. 
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Student Consent Form 
SUNY Fredonia 

 

Thank you for being a part of this study.  Please print and sign your name in the space provided 

to show that you agree to participate.  Remember that signing this form allows Kyle Erlandson to 

use your data in his research study for his Master’s thesis and for any future publications of this 

thesis.  

 

 

 

Voluntary Consent:  I have read this memo and I am fully aware of all that this study involves.  

My signature below shows that I freely agree to participate in this study.  I understand that there 

will be no penalty for not participating and my performance on the assessment and survey in this 

study will not affect my grade in this course.  I understand that I may choose not to answer 

certain questions on the assessment or survey and that I may withdraw from this study at any 

time, also without penalty.  I understand that my name and any other personal information will 

be kept out of the study.  I understand that if I have any questions about this study, I may contact 

Kyle Erlandson by phone at 716-640-9840 or by e-mail at erla8236@fredonia.edu. 

 

 

 

Please return this original, signed consent form to the researcher Kyle Erlandson.  Thank you for 

your cooperation! 

 

 

 

Student Name (please print):_____________________________________________________ 

 

 

Student 

Signature:_____________________________________________________________________ 

 

 

Date:__________________________ 

 

 

 If you have any questions about this study, you may contact Kyle Erlandson                                        

by phone:    716-640-9840  or by e-mail:    erla8236@fredonia.edu   

 

 You may also contact Kyle Erlandson’s faculty sponsor, Dr. Keary Howard, at SUNY 

Fredonia  

by phone:    716-673-3873 or by e-mail:    keary.howard@fredonia.edu 

 

 Or you may contact the Human Subjects Director, Maggie Bryan-Peterson, at SUNY 

Fredonia          by phone:    716-673-3528 or by e-mail:    petersmb@fredonia.edu        
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Appendix C 

Samples of Student Assessments 
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Appendix D 

Raw Data from Assessment and Survey 

Assessment Data 
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Survey Data 

 




