
A study of college students' misconceptions
about fractional expressions.

Item Type Thesis

Authors Tydings, Shannon M.

Rights CC0 1.0 Universal

Download date 23/05/2023 21:51:57

Item License http://creativecommons.org/publicdomain/zero/1.0/

Link to Item http://hdl.handle.net/20.500.12648/176

http://creativecommons.org/publicdomain/zero/1.0/
http://hdl.handle.net/20.500.12648/176


 

 

 
 

 

 

 

 

 

 

 

A STUDY OF COLLEGE STUDENTS’ 

MISCONCEPTIONS ABOUT 

FRACTIONAL EXPRESSIONS 

 

by 

 

Shannon M. Tydings 

 

 

 

 

 

 

 

A Master’s Project 

Submitted in Partial Fulfillment 

of the Requirements for the Degree of 

Master of Science in Education 

Mathematics Education (7-12) 

Department of Mathematical Sciences 

State University of New York at Fredonia 

Fredonia, New York 

 

 

 

 

June 2014 

 

 

 

 

 

 

 

 

 

 

 

 





FRACTIONS                                                               TYDINGS i 

 

i 
 

Abstract 

 

This study investigates the possible reasons why students struggle with the concept of fractions. 

During this study, college students from both a mathematics course required for their major and 

students in a basic core curriculum mathematics course completed a 10- problem test containing 

different types of problems involving fractions. These participants were not allowed to use a 

calculator. The number of correct responses for each problem was recorded. The scores were 

then compared to a survey that students answered, specifically looking at which problems they 

felt were the easiest/hardest to solve, and the method which they used to solve each problem. The 

results of this study indicated that all students struggled to solve word problems and had greater 

success with symbolic questions. The results indicated that there was an issue with conceptual 

and procedural knowledge levels. Also, the research showed that students resorted to traditional 

ways of solving problems. Additional results revealed that the students enrolled in the course 

required for their major were more successful than those in the core curriculum course. There 

was also no significant difference between performance on the test and gender.  
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Introduction 

 

 This research examines student’s understanding of expressions and operations involving 

fractions. Specifically, the researcher seeks to explore the primary misconceptions surrounding 

this topic. Fractions are first taught at the elementary level and continue to be prevalent at 

secondary grade levels. At all levels, however, students often become overwhelmed and 

confused when given problems involving fractions. Students fail to build the conceptual meaning 

behind the procedural approach to solving problems which often poses a problem as students 

continue in their mathematics studies.  

 Fractions became a topic of interest after I became a collegiate tutor and due to my 

teaching experience at a public liberal arts university located in the northeast. As a peer tutor at 

the college learning center, I noticed that tutees had increased reservation when a problem 

involved fractions. They struggled to comprehend that a fraction merely represented a number. A 

similar trend was observed in the two sections of Prize-Winning Mathematics, a non-major 

mathematics course that I taught. Each class had roughly 25 to 30 students and the class met 

three days a week for 50 minutes. I noticed that students automatically relied on the calculator 

for any type of operation involving fractions. They were very capable of solving the problems 

with the calculator, but were unable to correctly evaluate without the technology. For example, 

students had difficulties adding 
 

 
 and 

 

 
 without the calculator, which is a basic operations 

question involving unit fractions. The informal observation of these trends led me to believe that 

students struggled evaluating any expression or equation involving fractions properly, especially 

when presented in the form of a word problem.  

 In order to help students comprehend a mathematical concept, educators need to 

determine the main misconceptions surrounding the topic. Students rely on the rote techniques in 
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solving fraction problems and lack the context to defend the procedure. The underlying focus of 

this study is identifying and clarifying the mistakes that students make when evaluating 

expressions with fractions, which will allow for a development of strategies to limit this issue. 

 It is hypothesized that college students taking courses required for their majors will have 

 more success than college students in core curriculum classes in solving and evaluating 

 problems involving fractions. Specifically, all participants will have more success in 

 solving symbolic questions and have greater difficulty solving problems involving words. 

 Regardless of the problem, all students will resort to solving by traditional algorithms. 

An example of a symbolic problem asked was 
 

 
 

 

 
. Symbolic problems were hypothesized to be 

easier to solve for all participants than a problem involving words. An example of a problem 

considered to be a word problem was the following: “Thirty students are in a class. 
 

  
 of the 

class are wearing red t-shirts. How many students are wearing red t-shirts?”  

 The hypothesis was tested when administering an assessment to the students from the 

population. A rubric was used in order to grade the mistakes and analyze the strategies that 

students used to solve each of the problems. Following the test, students responded to multiple 

follow-up questions in order to understand their confidence level in working with fractions and 

which problems were the most difficult to solve.  

Literature Review 

 The purpose of this paper was to examine research and the development of fraction 

learning to determine the issues that students consistently have with this topic. The research 

examined the historical progression of fractions, beginning with the historical background of 

fractions and continuing through the implementation of the Common Core. The research then 

addresses multiple misconceptions in fraction learning and the different approaches to teaching 
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fractions in the classroom. In order to fully grasp the concept of the research, the literature 

review inspects empirical studies that relate to the conceptual issues students have in the areas of 

rational numbers and fractions.  

Historical Development of Fractions 

 Historical background of fractions. The evolution of fractions began with several 

ancient civilizations. The Ancient Egyptians developed the notion of a unit fraction, which is a 

fraction that has a one in the numerator (Cajori, 2012, p.14; Katz, 2004, p. 4; Oliver, 2002). Katz 

(2004) noted the evidence to these practices was found on an ancient papyrus called The Rhind 

Mathematical Papyrus, dating back to about the year 1650 B.C. (p. 2). The papyrus contained 85 

mathematical problems and was written in hieroglyphics. In hieroglyphic writing, unit fractions 

are denoted by placing the symbol for a whole over the number it is being divided by (Cajori, 

2012, p. 14). Regardless of the types of problems, the Egyptians converted every fractional 

problem into unit fractions. Each problem that the Egyptians considered was in direct relation to 

real life situations. Gillings (1962) stated that the first six problems on the papyrus related to how 

much bread would be divided among various numbers of men.  

Specifically, problem 3 “asks how to divide 6  

loaves of bread among 10 men” (Katz, 2004, p. 4).  

Using modern day notation, the answer to this  

problem would be denoted by 
 

  
 or 

 

 
. However,  

Figure 1 demonstrates how the Egyptians used  

a sum of unit fractions to reach an answer of  

 
 

 
 

 

  
. In other words, each person received a  

half of a loaf of bread plus a tenth of a loaf.  

Figure 1. Gillings’ (1962) explanation for 

problem 3 of The Rhind Mathematical 

Papyrus. 
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 In Mesopotamia, the culture and civilization was referred to as the ancient Babylonian 

civilization. The Babylonians developed a base-60 number system around the same time that the 

Egyptians developed their base-10 number system around 3000 B.C. (Cajori, 2012, p. 9; Katz, 

2004, p. 529). The only numbers in ancient Babylonian multiplication tables, other than the 

number 7, were for sexagesimal numbers, or numbers of base 60 (Katz, 2004, pgs. 10-12). 

Sexagesimal numbers are considered numbers whose reciprocals are terminating sexagesimal 

fractions. The Babylonians regarded every fraction as a sexagesimal fraction. According to 

Cajori (2012), mathematicians were intrigued by the sexagesimal fractions of the Babylonians 

because of the resemblance to operations with decimal fractions, as seen in the modern day 

world (p. 9). Decimal fractions are fractions with a denominator of a positive power of 10 (Wu, 

2008). Just like the Egyptians, the Babylonians used real-life applications with these sexagesimal 

fractions. 

 It is necessary to explore the ancient Chinese and Indian cultures in order to visualize the 

progression of fractions. The Chinese used a base-10 number system (Katz, 2004, p. 118). They 

denoted fraction concepts using a symbol, fen-zhi, according to the earliest records found. For 

example, to denote the fraction 
 

 
, the Chinese wrote 4 fen-zhi 5. By the twelfth century, they 

imposed a decimal place value system and used decimal fractions. According to Katz (2004), 

operations with fractions, including reduction and addition, were illustrated in problems found in 

an ancient Chinese work titled Nine Chapters on the Mathematical Art (p. 118). Brahmagupta, 

an Indian mathematician, formulated standard operations when dealing with fractions in the early 

600’s. It is not clear whether the Indians got their ideas from the Chinese or if the Chinese got 

their ideas from the Indians, but the decimal place value system was effectively utilized by the 

Indians (Katz, 2004, p. 141). However, there was not sufficient evidence in place that decimal 
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fractions were developed by the Indians. The Hindu-Arabic number decimal place value system 

was being developed at this time and it was the Muslims who introduced decimal fractions to this 

system.  

 The Islamic mathematician, Muḥammad ibn Mūsā al-Khwārizmī, introduced the Hindu-

Arabic numbers in an arithmetic text in the mid 800’s (Katz, 2004, p. 164). His work displayed 

unit fractions as sums. Other mathematicians built on the work of al-Khwārizmī and by the mid 

1400’s, the Hindu Arabic place value system was complete because of the work by Ghiyath al-

Din Jamshid Mas’ud al-Kashi (Katz, 2004, p. 164).  He developed a common notation for 

fractions, where a vertical bar separates the integer part of the fraction from the decimal fraction 

part.  

 Although his work was not focused on decimal fractions, al-Khwārizmī’s work allowed 

Europeans to build on decimal fractions. Europeans did not adapt the decimal system until the 

mathematician Simon Stevin introduced his work in the late 1500’s (Sarton, 1935). In his book 

from 1585 titled La Thiende, Stevin showed that with the Hindu-Arabic numerals, operations 

with decimal fractions could be performed similarly as operations with whole numbers (Katz, 

2004, p. 237).  Stevin made it possible to solve problems that did not deal with whole numbers 

which was especially beneficial in real-life applications. The introduction of the Hindu-Arabic 

numerals allowed fractional notation and computations with fractions to progress in society from 

this point forward. Problems involving fractions are widely used in the contemporary 

mathematics curriculum. It is beneficial to analyze this progression in the curriculum over the 

past one hundred years.  

 Current problems and assessments involving fractions. Fractional learning is one of 

the first abstract ideas that students are required to understand and utilize (Wu, 2008).  Although 
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the mathematics curriculum has changed over the past 100 years, problems involving fractions 

have been relatively consistent, as noted in texts used in the past century (Bodley, Gibson, Hayes 

& Watson, 1925; Cambridge, 1953; 1955; McGraw-Hill, 2013).  

 A traditional book used for students learning arithmetic was Modern Practical 

Arithmetic, written by George Bodley, Charles Gibson, Ina Hayes, and Bruce Watson (1925). 

The book was designed for repeated practice and to give real life situation problems. In Figure 2 

below, it provides an example from the text of a one variable equation involving fractions. Two 

example problems similar to this problem were provided for the students with the solutions in 

this book. However, the work displayed was systematic and neglected to give any verbal 

explanation behind the steps. 

 

  

 

 Another text in the twentieth century was  

published by The Cambridge Book Company  

in 1953. Mathematics Preliminary contained  

practice problems and previous preliminary 

examinations from the decade. Within the contents  

of the book, examples involving operations with  

fractions were provided for the students. For 

example, Figure 3 displays the text’s approach to  

division of fractions. The approach is procedural  

and involves rewriting division problems as  

Figure 2. An example problem from Modern Practical Arithmetic, a text written by George 

Bodley, Charles Gibson, Ina Hayes, and Bruce Watson (1925). 

 

Figure 3. The Cambridge Book 

Company’s Approach to Division of 

Fractions (1953). 
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equivalent multiplication problems. These four problems were solved algebraically and were the 

only page of notes provided on this topic.  

 In January of 2013, the New York State Integrated Algebra Regents Exam asked the 

students to solve the problem displayed in Figure 4 (New York State Board of Education, 2013). 

The problem was a one-variable equation involving fractions and students had to solve the 

problem for the variable, x. The same type of fractional equation in one variable was asked in the 

Regents Exam and in Modern Practical Arithmetic nearly a century later. 

 

  

 

 

 The New York State curriculum has continuously evolved over this century. The 

Common Core Standards for Mathematics were adopted in 2012. In the Common Core 

Curriculum, fractional concepts are seen as early as Grade 3. According to the standards, the goal 

of the Common Core is to have students move from developing an understanding of a fraction as 

a number, to equivalence of fractions, unit fractions, operations of fractions, and eventually 

rational number understanding (New York State Board of Education, 2005). The new modules 

were created to allow students to have a deeper understanding for the material. Figure 5 on the 

following page displays part of the second module that was created for sixth grade students. 

Students were asked to write word problems explaining the symbolic fraction expression 

provided (Engageny, 2013). Not only were students asked to solve problems with fractions using 

symbols, but they were required to use words to explain the symbols. The progression in learning 

fractions is moving towards more of a conceptual understanding of fractional operations.   

Figure 4. Problem 28 of the June 2013 New York State 

Regents Examination. 
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 McGraw Hill published a series of textbooks to align with the courses of the Common 

Core Curriculum (2013). In Figure 6, a demonstration of the texts’ two different methods for the 

division of fractions is shown. They utilized a pictorial approach and an algebraic approach. 

 

 

 

 

 

 

 

There are clear directions and written explanation to compliment the algebraic approach in 

Figure 6.  

 Regardless of the type of problem, students seem to struggle with the concept of a 

fraction. Research has been conducted to determine the main misconceptions involving fractional 

Figure 5. A Lesson from the Second Module for Sixth Graders from Engageny (2013).  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 6. An approach to solving a division of fractions problem, as seen in Glencoe Math 

Course 1 Volume 1.  
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understanding, which includes operations with fractions, simplifying fractions, and word 

problems involving fractions. In order to understand the fraction misconceptions, one must 

understand the multiple ways that fractions can be introduced in the classroom.  

Approaches to Teaching Fractions in the Classroom 

 Fractions are taught in numerous ways in the classroom. Hodges, Cady, and Collins 

(2008) analyzed multiple middle school textbooks and found that the five main representations 

of fractions were pictures, manipulatives, written language, real-world contexts, and symbols. 

Seventy percent of the problems in these textbooks used a single representation instead of a 

combination. Teachers introduce fractions using these representations.   

 Fractions are represented visually as a piece of a pie (Caswell, 2007; Wilson, Edgington, 

Nguyen, Pescosolidio, & Confrey, 2011). The concrete example of the pie is helpful in order to 

understand a fraction as part of a whole. Concrete models and diagrams are a way for elementary 

students to visualize taking a piece of the pie or pizza and discovering what that piece represents 

as a part of the whole (Hodges, Cady, & Collins, 2008). Teachers were able to build on the 

concrete examples in the middle school classes. Johanning (2013) suggested that introducing a 

problem about farmers who are buying and selling land allowed students to see a real life 

situation and make sense of addition and subtraction of fractions. These concrete examples could 

also be applied to division concepts. For example, Ellington and Whitenack (2010) explained a 

method of shading in irregular polygons and trying to divide each piece evenly. These were 

concrete examples and pictures of fractions. 

 Physical manipulatives were another demonstration that teachers used in the classroom. 

Cramer, Monson, Whitney, Leavitt, and Wyberg (2010) explained the use of fraction circles and 

paper folding to understand the unit when identifying the fraction. Students were then able to 
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understand fraction equivalence. Such fraction circles are displayed in Figure 7. Playdough is 

another manipulative that can be used to demonstrate equivalent fractions and fraction 

operations, according to Caswell (2007). Each student was given different color playdough that 

represented their whole unit. The students could put pieces together from each unit to display 

different fractions. Different colored blocks or unit blocks were another manipulative that could 

be introduced as a hands-on activity, as displayed in Figure 7 (Coughlinn, 2010). The different 

colors allow students to visualize equivalence of fractions.  Figure 7 also displayed Cuisenaire 

Rods, a manipulative that allows students to demonstrate basic operations with fractions. Mills 

(2011) outlined an approach that involves using different body positions to represent fractions. 

Physical manipulatives allowed students to connect concrete examples to abstract representations 

(Hodges, Cady, & Collins, 2008).  

 

  

 

 

 

 

 

 

 

  

 

Figure 7. Multiple Physical Manipulatives Utilized in Classrooms to Teach Fractions. 
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 Symbolic representations are abstract fractional ideas. Hodges, Cady, and Collins (2008) 

found that the majority of the textbooks they analyzed wrote problems using symbols. An 

example of a symbolic division problem would be 
 

 
 

 

 
. Tyminski and Dogbey (2012) 

determined that the common procedure in solving this type of problem is “invert multiply,” or 

“keep-change-flip” denoted by 
 

 
 

 

 
 

 

 
 

 

 
 

  

  
. Students knew that when given a 

multiplication problem with fractions, they multiply the numerators and denominators, 

respectively. Teachers had to distinguish between multiplication and division to keep their 

students from dividing the numerators and denominators across, as it occurs in fraction 

multiplication (Newton & Sands, 2012). Also, in order to evaluate addition and subtraction of 

fractions symbolically, teachers introduced a common denominator (Johanning, 2013). Problems 

that involve symbols had more meaning when they were related to real-world context and when 

the problem involved written words. 

 Teachers often try to use word problems as application questions relating to the symbolic 

material that they teach. Barlow and Drake (2008) developed a system that gave students the 

opportunity to write real-world application problems when given a symbolic equation. Students 

were required to understand what the operations meant to write problems that made logical 

sense. In the classroom, teachers also showed students how to go from word problems to 

symbolic equations. Cengiz and Rathouz (2011) advocated for the use of problems that involve 

baking and recipes. The problem then becomes meaningful to the students since it is more likely 

they have encountered a similar problem in their lives. 

 Teachers have the ability to use any one of these representations in their classrooms. The 

use of multiple representations allows different learners in the classroom to gain a better grasp of 

the subject matter (Hodges, Cady, & Collins, 2008). Students who write problems using pictures, 
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symbols, and words have shown teachers that they understand the concept of a fraction (Cengiz 

& Rathouz, 2011). However, this is often not the case. Students continue to struggle to learn and 

make sense of fractions and this struggle students have supports the assertion that there are many 

misconceptions in fraction learning.  

Misconceptions in Fraction Learning 

 Educators need to understand the main misconceptions in fraction learning to enhance 

their classrooms. Isiksal and Cakiroglu (2008; 2011) suggested that one of the common 

misconceptions in terms of fraction learning was that students try to apply rules and conclusions 

from whole number operations to fractional operations. For example, when two whole numbers 

are multiplied together, the product is greater than both of the original whole numbers. When 

students multiply fractions, they assume that the product would also be greater than the factors. 

However, if two unit fractions are multiplied, say 
 

 
 and 

 

 
, the product would be 

 

 
, which is less 

than either one of the factors 
 

 
 and 

 

 
. Similarly, when students divide two whole numbers, they 

are often trained to find the quotient to be a smaller number than the dividend. In division with 

fractions, this is not always the case. For example,   
 

 
 is equal to  , and   is greater than both 

  and 
 

 
. Because division is often associated with portioning, students are taught that the quotient 

of a division problem should be a whole number, which does not hold true either. The pattern 

that arises is that students began to rely on rote memory for these types of algorithms instead of 

understanding the overall idea. Wu (2008) suggested that fractional division and multiplication 

are two of the most challenging abstract ideas students must understand at a young adolescent 

level. 

 Fractional division has especially been an issue in fractional learning because of the 

confusion of the division algorithm (Isiksal & Cakiroglu, 2008; Isiksal & Cakiroglu, 2011; 
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Newstead & Murray, 1998). Students are taught the invert-and-multiply method of fractional 

division. However, they misunderstand that the divisor is the only number to be inverted. The 

students lacked the intuition of why this occurs. Newstead and Murray (1998) stated that the real 

issue was that students misinterpret the meaning behind the question. For example, given the 

problem   
 

 
, the problem was asking how many one thirds there are in 6, which is not always 

clear to students (Newstead & Murray, 1998). Students may know how to solve a specific 

division problem using the algorithm, but Isik and Kar (2012) found that students struggle with 

applying real world situations to these division problems. Students who lack the ability to apply 

these situations to division problems are giving indication that they approach problems in a 

procedural way.  

 Another issue students experience is defining a fraction as a part of a whole. Newstead 

and Murray (1998) suggested that students had an inability to view the fraction as a quotient 

relation between two whole numbers. They considered the numerator and denominator as two 

separate numbers which hindered their ability to compare multiple fractions. Students 

determined the size of the fraction from the largest values of the numerator or denominator, 

rather than the relation as a whole. Thus, when given the choice, students tended to pick the 

fraction with the larger denominator as the larger fraction, regardless if that was actually correct. 

In fact, fractions have a numerical value and can be placed on a number line along with whole 

numbers (Shaughnessy, 2011). Number lines are introduced in elementary school. If students 

struggle to understand where fractions are to be placed on a number line, they cannot understand 

the magnitude of fractions. In addition, without the part-whole concept, operations with fractions 

were reported to be an issue (Newstead & Murray, 1998). Since they are treating the numerator 

and denominator separately, students added the values of the numerators and denominators in 
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addition problems (Newstead & Murray, 1998). Students struggled with multiplication of 

fractions for similar reasons. Instead of using multiplication, students added the numerators and 

denominators (Isiksal & Cakiroglu, 2011).  

 The reasoning behind these misconceptions directly related to the way fractions are 

introduced in the classroom (Isik & Kar, 2012, Isiksal & Cakiroglu, 2008; Isiksal & Cakiroglu, 

2011; Newstead & Murray, 1998, Shaughnessy, 2008, 2011; Wu, 2008). Many mathematics 

teachers rely on teaching facts, rules, and procedures in the classroom (Isiksal & Cakiroglu, 

2008). However, this way of teaching neglects the learning needs of the various learners in a 

classroom. Isiksal and Cakiroglu (2011) suggested that teachers should be using a variety of 

strategies which include introducing concrete examples. In addition, Newstead and Murray 

(1998) found that when the concrete examples were applicable to real life situations, students 

were able to visualize the fraction, as well as operations involving fractions. Once students are 

able to articulate operations involving fractions into words, evidence of their grasp on the subject 

is clear to the teacher (Isiksal and Cakiroglu, 2011). Bay-Williams (2013) recommended that 

teachers encourage specific language use describing fractions. For example, instead of the word 

‘divide’, ‘partitioning’ describes the act of dividing a unit among parts. Figure 8 highlights the 

main misconceptions that students struggle with in terms of fraction learning. 

 

  

  

  

 

  

Figure 8. Summary of The Main Misconceptions in Fractional Learning.  

 

 Students struggle solving fractional division and multiplication problems because of 

reliance on rote processes such as invert-multiply. 
 

 Students struggle with the concept of a fraction as part of a whole and relating this to 

the magnitude of the fraction 
 

 Teachers rely on teaching facts and procedures to solve fraction problems, rather 

than building a deeper understanding. This hinders students’ ability to continue to 

understand more abstract, rational ideas.  
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 Teachers should review existing research on how to introduce fractions to strengthen 

students understanding of fractions. It is important to analyze previous studies that involve 

fractional concepts and misconceptions to better serve the diversity of student learning.  

Conceptual Knowledge Issues and Considerations 

 Research shows that one of the main concerns when working with fractions is rooted in 

the difference between conceptual knowledge and procedural knowledge (Aksu, 1997; Brown & 

Quinn, 2006; Gabriel et al., 2012; Hecht, Close, & Santisi, 2003; Stafylidou & Vosniadou, 

2004). The conceptual knowledge of fractions refers to the underlying principles in the domain, 

which in this case, referred to rational numbers. The procedural knowledge of fractions revolves 

around students’ ability to solve a problem by rote memory rather than deep understanding. 

Students have shown their procedural knowledge was more prevalent than the conceptual 

knowledge. Thus, students’ abilities to compare, estimate, perform basic operations, solve 

equations, and solve word problems that involve fractions were hindered.  

           Elementary students’ understanding of the part-whole relationship conceptually has been 

explored by multiple investigators (Brown & Quinn, 2006; Hecht, Close, & Santisi, 2003; 

Stafylidou & Vosniadou, 2004). Stafylidou and Vosniadou (2004) created a questionnaire for 

fourth, fifth, seventh and eighth grade students to test their conceptual knowledge of fractions. 

The 200 participants were asked to compare multiple fractions by placing them in order from the 

smallest to largest numbers. The researchers concluded that those 200 participants viewed the 

numerator and denominator of a fraction as two separate numbers. In doing so, the fraction was 

not viewed as a single rational number. Thus, the students felt that the larger the numerator or 

denominator, the larger the fraction (Stafylidou & Vosniadou, 2004). Brown and Quinn (2006) 

conducted a study that noticed the same discrepancy of understanding between the numerator 
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and denominator.  They asked 143 ninth and tenth grade students to compare multiple fractions 

with different numerators and denominators. When comparing fractions, they concluded that the 

participants who noticed the relationship between the numerator and denominator were able to 

successfully find a common denominator and decide which fraction was larger. Participants who 

comprehended the connection between the numerator and denominator displayed an in-depth 

understanding of rational numbers (Brown & Quinn, 2006; Stafylidou & Vosniadou, 2004).  

           Operations involving fractions, such as addition, subtraction, multiplication, and division, 

was affected by students’ understanding of the part-whole relationship (Aksu, 1997; Brown & 

Quinn, 2006; Gabriel et al., 2012; Hecht, Close & Santisi, 2003; Stafylidou & Vosniadou, 2004). 

Brown and Quinn (2006) found that when adding and subtracting fractions, students had the 

most difficulty finding the least common denominator; alternatively, they simply subtracted the 

numerators and denominators from each other. These ninth and tenth grade participants tried to 

cross multiply when multiplying two fractions together; they struggled with understanding 

fractional division.  

Students had difficulty with the numerator and denominator relationship, which directly 

related to visualizing the part-whole relationship (Hecht, Close, & Santisi, 2003). Hecht, Close, 

and Santisi (2003) analyzed this part-whole relationship by shading of figures. The 105 fifth 

grade participants were given a shaded polygon and told to write the fraction which represented 

the portion of the figure that was shaded. The students also had to reverse this process and shade 

the figure based on the indicated fraction. The researchers found that participants viewed 

fractions as removing a piece from an entire pie. The pie was the whole unit and the piece was 

the portion being analyzed. The overall concept was what allowed the participants to visualize 

the fraction as a value. The authors found that the lack of interpretation of a fraction as a 
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numerical value led to mistakes in solving different types of problems (Hecht et al., 2003; 

Stafylidou & Vosniadou, 2004). Stafylidou and Vosniadou (2004) concluded that the 200 

students who participated in their study would have benefited if there was a greater focus on the 

unit and partitioning activities.  

           Multiple studies have reported that word problems with fractions are the most problematic 

for students (Aksu, 1997; Brown & Quinn, 2006; Gabriel et al., 2012; Hecht et al., 2003). Aksu 

(1997) administered a three-part test to 155 sixth grade students. The three parts of this test were 

on the concept of fractions, operations on fractions, and problem solving with fractions. The 

lowest performance by the students occurred in the problem-solving section (Aksu, 1997). All 

three of the tests displayed the strongest relationship occurred between the concept and problem-

solving test. The students’ understanding of the part-whole relationship was insufficient in the 

study, which directly influenced their performance on the word problems. The root of this error 

was researched by Brown and Quinn (2006). The inaccuracy when solving the word problems 

was directly related to the students trying to mimic procedures that they had learned in the 

classroom, where the procedures had no precedent.  Pictorial representations more clearly 

represented these problems; however the students were hesitant to draw pictures. The use of 

pictures demonstrates the relationship of the part of a whole (Brown & Quinn, 2006).  

           Physical manipulatives and learning by doing activities help students in understanding the 

conceptual knowledge of fractions (Brown & Quinn, 2006; Gabriel et al., 2012; Hecht et al., 

2003). Gabriel et al. (2012) conducted a study that tested the use of manipulatives. Five different 

games were used in an experimental group for 10 weeks and a control group of equal size 

received basic operational instruction for the same length of time. The games played were 

Memory, War, Old Maid, Treasure Hunt, and Blackjack. These games were played with sets of 
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40 playing cards. Four different decks and difficulty levels were created, with different fractions 

on each card. The game of War allowed the participants to better understand comparing 

magnitudes of fractions. Each player had a set of cards and they would turn over one card at a 

time. The player who had the largest fraction facing upward won the hand and retrieved all the 

cards to put in their pile. The players had to understand the magnitudes of fractions to determine 

the winners for each round. 

           After the intervention, students from the experimental group improved more in conceptual 

understanding than those in the control group (Gabriel et al., 2012). For example, the game of 

War was just one game that allowed participants to understand the concept of a rational number 

and the magnitudes of different fractions. The participants in the control group improved on 

procedural knowledge of fractions. The investigators concluded that they were receiving direct 

instruction from the teacher and thus, students simply repeated the steps they were taught. The 

use of hand-on activities increased the motivation of the students and they were able to 

understand rational numbers (Gabriel et al., 2012). Hecht et al. inferred that students enhance 

their performance if tasks in the classroom are more interactive and hands-on, especially at the 

elementary grade level. The development of fraction understanding in the primary grade levels is 

directly related to classroom instruction (Brown & Quinn, 2006). Brown and Quinn concluded 

that unit rectangles, number lines, and other physical manipulatives positively influenced the 

success of some of the participants versus others.  

 Fractional concepts underwent transformations from some ancient civilizations until 

modern day times. Different representations including pictures, symbols, and manipulatives have 

been utilized in the curriculum. Numerous research studies have attempted to analyze student 

misconceptions about different fraction problems. The author of the present study aimed to 
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discover which types of fraction problems caused the most difficulty for students and where the 

errors occurred in problem solving. In addition, the way in which the problems were solved was 

analyzed.  

Experimental Design and Data Collection 

 

 The experiment tested the hypothesis that college students struggled with problems 

involving fractions, especially when the problems were asked using words. During this study, 

students completed a 10 problem test that contained a variety of fraction problems. The problems 

were generated from a variety of sources including the SUNY Fredonia faculty and previous 

New York State assessments and problems throughout history, such as the Rhind Mathematical 

Papyrus. Each problem served a specific purpose and was evaluated based on the mistakes 

students had when solving. These problems and the mistakes in problem solving were then 

compared to the follow up questionnaire.  

Participants  

 

 This study was conducted at a comprehensive, selective, public, residential, liberal arts 

university in the Northeast. This community contained roughly 11,000 residents. The 

overwhelming majority of the students who make up the 5730 students at the university are from 

six neighboring counties, the United States, and as well as about 300 international students. Out 

of the 5730 students, there are 5400 undergraduate students and 330 graduate students. There are 

approximately 250 full time faculty and 200 part time faculty. In the student population, there are 

85% Caucasians, 2.6% African Americans, 2.1% Asians, 2.7% Hispanics, and 0.6% Native 

Americans. There are 44.8% male students and 55.2% female students.  

 There were 50 participants in this study. Of them, 25 participants were college students 

enrolled in Prize-Winning Mathematics, an introductory mathematics course designed for non-
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mathematics major college students that fulfills a College Core Curriculum (CCC) requirement 

for graduation. Of the 25 participants, 16 were female and 9 were male. The majority of these 

students were in the first or second year of their undergraduate studies. The other 25 participants 

were enrolled in University Calculus I, a mathematics course designed for mathematics and 

science majors. There were 5 females and 20 males in this class. All of these participants came 

from various academic backgrounds. The majority of these students were freshmen and 

sophomores.  

 

 

 

 

 

Written consent was obtained from each participant prior to the beginning of the study (see 

Appendix B).  

Design 

 The experiment tested the hypothesis that college students who were enrolled in a core 

curriculum class would struggle when solving problems involving fractions more than those 

enrolled in a mathematics course required for their major.  The present study focused on the 

differences in successful completion of problems with symbols and problems with words.  

 

 

 

Figure 10. Directions for the Instrument of the College Level Study 

 
 

Figure 9. College Student Demographics 

Gender # of students 

Male 29 

Female 21 

  

MATH 108 MATH 122 

16 Female 5 Female 

9 Male 20 Male 
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 Before the assessment was administered, students were given consent forms which 

outlined that their participation was voluntary. The consent form included the goal of the study 

and stated that their participation was confidential. Once they signed the forms indicating their 

consent, a colleague explained the directions for the study. The directions explicitly stated that 

students had 20 minutes to complete the quiz that followed.  

 Calculators were not permitted and all work was to be shown. Figure 10 demonstrated the 

directions at the top of the test, as well as some of the specific directions per problem. The ten 

problem test was then administered during the first 20 minutes of a specific class period.  Once 

the participants completed the test, they handed it in to the distributor.  

 The test had a variety of problems involving fractions. Participants were asked to 

evaluate or solve without a calculator. These problems were chosen and revised after piloting to 

different groups of mathematics students and non-mathematics major students. The piloting 

process allowed the researcher to change the directions and modify the problems to meet the 

goals of the study. For example, the goal of problem #4 was to analyze the word problem or 

scenario indicating the problem   
 

 
. After piloting, it was apparent that students interpreted the 

problem as simply writing Divide six by one-half. It was necessary to change the directions of the 

study for it to be successful. The directions were altered to say Create a word problem indicating 

the operation to allow for optimal results.  

 Following the test, students were asked to answer a follow up questionnaire in order to 

distinguish which problems and situations posed the most issues. This questionnaire consisted of 

three questions. Students were asked which problem they felt was easiest and why, the problem 

they felt was hardest and why, and what strategies they used to solve these problems. In addition, 

a short demographic survey was included for analysis purposes.  
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Instrument Items and Justification 

 One instrument was administered to the students in this experiment (see Figure 11). Each 

problem varied in difficulty and focused on different issues with fractions. Directions were 

explicitly stated before each problem and students were instructed to show their work.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Instrument for the College Level Study 

 
Follow Up Questions 
1. Which question(s) did you feel was the most challenging question to solve? Why? 

2. Which question(s) did you feel was the easiest to solve? Why? 

3. What specific strategies did you use to solve these problems?  

 

Background Information:  

Female or Male____________________ 

Major(s, and minors) ___________________________________________________________  

Most recent math class (other than MATH 108) ______________________________________  

Number of math classes taken at the collegiate level __________  

If any, names of the classes ______________________________________________________  

Number of years in college ___________  

Do you think you are a “good math student”, a “bad math student” or an “okay math student?  

Explain  

Hometown and Home County ____________________________________________________  

 

 

 

 



FRACTIONS                                                              TYDINGS 23 

 

 
 

 Figure 12 illustrates the reasoning behind the specific selection of these problems. Each 

problem was chosen in order to assess students’ procedural and conceptual knowledge of 

fractions. The ordering of the problems was also intentional. Problems 1 and 2 were selected to 

be first because they were hypothesized to be the easiest. Following, the remaining problems 

were placed in a random generator and the order was seen in Figure 11. The problems were a 

combination of symbolic expressions and word problems.  

Figure 12. Justification of Test Problems 

 

 In problem 1 students were asked to perform the addition  
 

 
 

 

 
 . The problem was 

chosen to evaluate whether students can complete an addition question using symbols. Likewise, 

problem 2 tested whether students could evaluate a subtraction problem using symbols, 

namely 
 

 
 

 

  
. These were hypothesized to be two of the easiest problems for the participants to 
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solve. The third problem asked students to solve the linear equation  
 

 
 

  

 
 

     

  
 for  . The 

problem involved symbols and was chosen to test specifically participants’ ability to solve an 

equation with fractions. Problem 4 was hypothesized to be the most challenging question. 

Students were asked to create a word problem describing   
 

 
. The problem was chosen to test 

whether students understood fraction division when presented in an alternate form other than 

symbols. Similarly, Problem 5 asked students to Divide 6 loaves among 10 men and used to 

determine whether students understood directions in the form of words. Problem 5 was taken 

from the Rhind Mathematical Papyrus. Specifically, the problem was chosen to analyze the 

approach which participants took to solve the problem.   

 In Problem 6 participants were asked to put 
 

 
 
 

 
 
 

 
 in order from largest to smallest. It was 

chosen to determine whether students understood the magnitude of fractions. Problem 7 was the 

multiplication: 
 

 
 

 

 
 . This problem was chosen to evaluate whether students had the skills to 

solve a multiplication question using symbolic notation. Likewise, Problem 8 tested whether 

students understood a division problem using symbols, namely 
 

 
 

 

 
. These were hypothesized 

to be two of the easiest problems for the participants to solve, as were problems 1 and 2. Problem 

9 was chosen as a realistic word problem. The problem posed the following situation: I am 

driving and look at my gas tank. I notice that I have exactly between three quarters and a full 

tank of gas. How much gas do I have in my tank? Similarly to Problem 6, this problem tested 

students understanding of the magnitude of fractions. The last problem was chosen to test 

students understanding of fraction multiplication when presented in the form of a word problem. 

The question asked: Thirty students are in a class. 
 

  
 of the class are wearing red t-shirts. How 
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many students are wearing red t-shirts? Students were asked to write down the number sentence 

associated with the written problem.  

 Each problem was chosen for specific reasons and was analyzed based on the process that 

participants chose to solve them. Problems 1, 2, 7, and 8 were chosen because students were 

asked to simply solve a symbolic expression. According to the hypothesis, it was projected that 

students would have the most success with these problems since they were procedural. Problems 

with words, especially Problem 4, were incorporated in the assessment to determine how 

students make sense of fractional concepts in different forms. 

 The follow-up questions also were chosen for specific reasons. Follow up question one 

asked Which question(s) did you feel was the most challenging question to solve? Why? Follow 

up question two asked Which question(s) did you feel was the easiest question to solve? Why? 

Both of the questions were chosen to gain insight about how the participants felt about the 

problems. Prior to administering the instrument, it was hypothesized that problems 1, 2, 7, and 8 

would be the easiest problems and problems 4, 5, 9, and 10 would be most challenging. The 

responses to these follow-up questions were examined to determine if participants agreed with 

the level of difficulty with each problem. The last follow up question asked What specific 

strategies did you use to solve these problems? In addition to analyzing the work on the test, this 

question was chosen to gain insight about the second part of the hypothesis, namely how students 

relied on traditional algorithms. For analysis purposes, the background information was used to 

obtain demographic information about the participants.  
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Methods of Data Analysis 

Data Collection 

 The data for this experiment were collected about halfway into the university’s spring 

semester of 2014. The data collection occurred in a matter of a week. The assessment was graded 

as follows: each problem was graded as either correct or incorrect and thus, 1 point was awarded 

for each correct answer and 0 points were assigned for the incorrect answers. The follow-up 

questions were not graded. They were evaluated and used to gain some insight into the thought 

process of the participants. In addition to the point value, the problems were evaluated based on 

the methods in which the participants solved the problems. Participants were expected to find a 

common denominator to solve the majority of the problems. In addition, the procedure of invert 

multiply for division problems was to be expected. The use of alternative ways of solving and 

evaluating each problem was noted for analysis between conceptual and procedural knowledge 

of fractions. Specifically, the method used to solve problem 5 was analyzed to gather whether 

participants used pictorial methods or algebraic methods to solve.  

Descriptive and Inferential Statistics  

 Qualitative data were collected and compared using the responses to the survey 

questions. Comparisons were made based off of class enrolled in, gender, major in college and 

other demographics. Responses to the survey were also compared based on the problems 

students found easy, which problems students found difficult, and the methods students used to 

solve. Using statistical software, an analysis of variance (ANOVA) tested the hypothesis on the 

data collected and a Tukey test evaluated the difference in means of the assessment data. A 

comparison was also done between problems involving words and problems with symbols. 
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 The quantitative data focused primarily on the work students displayed for each problem.  

Similar methods in which participants chose to solve were analyzed. Each problem was 

evaluated for both correctness and the work shown. Total scores on the assessment were 

compared to the method which students solved each problem. In addition, the method that 

students chose to solve for word problems was recorded.   

Results 

After collecting and analyzing the data, four primary results became evident in relation to the 

hypothesis statement. An analysis of variance was used to determine the significance at the 0.05 

level with regards to the following results. 

 Students enrolled in the advanced mathematics class   ̅        performed 

significantly better than the liberal arts students   ̅        on each problem 

          and the overall score on the assessment        . 
 

 Students performed significantly better on computational problems   ̅       than 

on word problems   ̅                  
 

 Students did not perform significantly better on the assessment based on 

gender          and major.  
 

 Students used traditional algorithms to solve the problems when they displayed 

their work.  

 

Result 1: Students enrolled in the advanced mathematics class  ̅        performed 

 significantly better than the liberal arts students  ̅        on each problem 

           and  the overall score on the assessment        . 
 

 Upon analysis of the score of each individual problem, it was determined that there was a 

substantial difference between the score students received for each problem. Figure 13 and 

displays the mean score values per problem overall It was evident that there were obvious 

differences between the score for each problem. Using an ANOVA test, the p-value of 0.021 

supported the claim that for each participant in the study, there was a significant difference in 
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scores for each problem. For example, Figure 13 displays the mean score for the overall 

population of problem 2 as  ̅      and the mean score for problem 4 as  ̅     , which are 

significantly different mean values.  Students also performed the best on problems 1 and 2 and 

performed the worst on problems 3, 4, and 9.  Figure 14 displays the mean results per problem 

based on MATH 108 students and the MATH 122 students from the entire population (    ). 

The mean scores for the MATH 108 students were lower than those of the MATH 122  

students. The resulting p-value of  

the ANOVA test (p-value 0.000 

 R-sq 38.5%) supported that there  

was a significant difference between 

the score students received and the  

course they were enrolled in.  

The result was not surprising  

considering MATH 122 students  

had been exposed to an upper level  

mathematics course.  

 

 

 

 

 

 

 

Figure 13. Mean Scores Per Problem 

 
 

Figure 14. Mean Scores Per Class Per Problem 
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 Figure 15 also demonstrates the significance between the scores students received and the 

two classes that students were enrolled in. It is clear that The MATH 122 students performed 

better overall than the MATH 108 students, however, all students struggled on problem 4.  

 

 

 

 

 

 

 

 Using the Tukey method with a 95% confidence interval, Figure 16 displays each 

individual problem and whether the scores students received on them were significantly different 

from one another.  Note that the shaded regions indicate a significant difference. It was apparent 

that problem 4 scores were different from all the other problems. Problem 4 was hypothesized to 

be the most challenging problem and thus, this result was not surprising. Problems 1, 2, 7, and 8 

were hypothesized to be the easiest problems for participants to solve.  

 

 

 

 

 

According to the results, there was no significant difference between the results of problems 1, 2, 

and 7; however there was a significant difference between problems 1 and 8. Students more 

Figure 16. Problems Significantly Different from Others 

 

Figure 15. Mean Scores Per Problem Plot 
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successfully understood addition of fractions than division of fractions when presented in 

symbolic form.  Note that the mean values for both classes were highest for problems 1 and 2. 

Result 2: Students performed significantly better on computational problems   ̅       
 than on word problems   ̅                  
 

 The score students received and the type of problem being asked; namely, whether the 

problem was considered a word problem, was also analyzed. Figure 17 displays a table of the 

problems from the assessment and which were considered word problems. The order displayed 

was chosen based upon the scores of the students. The resulting p-value of the ANOVA test (p-

value 0.00 R-sq. 22.33%) indicated that there was a significant difference that existed between 

the score and whether or not the problem was considered a word problem. Only 12% of all 

participants were able to answer problem 4 correctly and only 52% of the participants were able 

to answer problem 9.  Surprisingly, 76% of all students were able to answer problem 5 correctly. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 17. Summary of the Classification Percentages of Scores for Each Problem. 
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There was also significant evidence to promote the difference in scores between problems, and 

the course students were enrolled in. The resulting p-value of the ANOVA test (p-value 0.018  

         R-sq 22.33%) indicated that  

         students in MATH 122   

         scored higher on word  

         problems than those in  

         MATH 108. Figure 19 

         illustrates the mean values  

         from both classes. Although  

         both classes scored lower 

with those word problems, the advanced class student scores exceeded those of liberal arts 

students. For example, only 12% of the participants were able to answer problem 4 correctly. Of 

the sample of MATH 122 students, 20% answered problem 4 correctly and only 4% of the 

MATH 108 students were able to provide the right answer. Interestingly, although not a word 

problem, only 36% of the liberal arts students were able to solve problem 8, while 72% of all 

advanced class students were able to solve this problem. Figure 20 displays the percentages of 

the students’ scores from MATH 122 and MATH 108.  

 

 

 

 

 

 

 

 

 

 

 

Figure 20. Percentages of Total Score Per Class 

Class MATH 122MATH 108
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Figure 19. Mean Scores of Word Problems and Non-Word 

Problems per Class 
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Result 3: Students did not perform significantly better on the assessment based on 

 gender          or major enrolled in.  
 

 Sample analysis was conducted on the participants grouped by gender. Upon analysis of 

the total scores each student received on the assessment, it was determined that no significant 

difference existed between females and males (p-value 0.119). It was important to note that some 

bias existed in the data. There were more males overall in the population. Also, there were more 

males in the MATH 122 class than females and more females in the MATH 108 class than 

males. In Figure 21 and Figure 22, the females and males in both classes were compared using 

means and the total score for the assessment. There were no 

females in either of the classes that were able to successfully 

answer problem 4, however the females had better scores on 

problem 1 in both classes. Both the males and females enrolled 

in the advanced class had a mean score of     on problem 9.  

However, both the males and females in the liberal arts class 

had an average of a  ̅       and  ̅      , respectively,  

which are both lower than those in the other class. 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

Figure 22. Mean Score per Gender per Class 

 
 

MATH 108 

Females 

MATH 108 

Males 

MATH 122 

Females 

MATH 122 

Males 

Problem 1  ̅         ̅        ̅       ̅      

Problem 2  ̅        ̅        ̅       ̅      

Problem 3  ̅         ̅        ̅       ̅      

Problem 4  ̅       ̅       ̅       ̅      

Problem 5  ̅        ̅        ̅       ̅      

Problem 6  ̅       ̅        ̅       ̅      

Problem 7  ̅        ̅        ̅       ̅      

Problem 8  ̅        ̅        ̅       ̅      

Problem 9  ̅        ̅        ̅       ̅      

Problem 10  ̅        ̅        ̅       ̅      

 
 

Figure 21. Mean Values of 

Score Per Gender 

Mean Score 

FEMALES:  ̅        

MALES:  ̅        

 ̅        

Mean Score MATH 122 

Males: 

 ̅        

Mean Score MATH 122 

Females: 

 ̅        

Mean Score MATH 108 

Males: 

 ̅        

Mean Score MATH 108 

Females: 
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Males from MATH 122 were the only subjects to receive a perfect score on the assessment and 

females from MATH 108 were the only subjects to score only 1 point out of a possible 10.  

 Analysis was also conducted to investigate any significance between total score and 

major. Majors were grouped into STEM (Science Technology Engineering or Mathematics) 

majors or Non-STEM majors. The total scores were grouped into 3 categories: low (0-3 points), 

medium (4-7 points), and high (8-10 points) for analysis purposes.  

Figure 23: Percentages of Scores for STEM and Non-STEM Majors. 
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Figure 23 illustrates that 55 % of STEM majors scored in the medium range, 45% in the high 

range, and none in the low range. Of the Non-STEM majors, 11 % scored in the low range, 75 % 

in the middle range, and 14% in the high range. It appeared that STEM majors performed better 

and it could be inferred that there was possible evidence inferring statistical significance. 

However, out of the 25 students in MATH 122, all but 6 students were STEM majors, and there 

were only 3 STEM majors in the MATH 108 class. The unequal distribution of majors among 

the two classes was a clear bias.  

Result 4: Students used traditional algorithms to solve the problems when they displayed 

 their work. 
 

 Analysis was conducted on the methods students chose to solve each problem. Figure 24 

displays each problem and the method in which students decided to choose to solve. There were 
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50 students in the population of this study. Each student answered 10 problems. Out of the 500 

problems answered by the subjects, there were only 14 problems total that were solved by a non-

traditional method. There were numerous answers that were not accompanied by work; however 

for the problems that provided work, students used traditional methods. The traditional methods 

included finding common denominators and invert multiply.  

 

 

 

 

 

 

 

 

 

 

 

 

The MATH 122 students displayed more work and provided 10 out of the 14 non-traditional 

answers. In Figure 25, it displays students work for problems 1 and 8 from both MATH 108 and 

MATH 122.  

 

 

 

 

 

 

  

 

Figure 24. Methods of Solving per Class 

 

MATH 108 Method Per Problem   MATH 122 Method Per Problem 

  

Figure 25. Student Work Samples for Problems 1 and 8 

MATH 122 student work  from problem 1 

 

MATH 108 student work from problem 1 

 
MATH 122 student work from problem 8 

 
 

MATH 108 student work from problem 8 
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 For problem 1, all of the students who provided work found a common denominator and 

then added the numerators. Problem 1 involved symbols and there were no words to accompany 

the problem. Problem 8 was a division problem and students who could answer the problem used 

the traditional invert-multiply approach, as shown by both student samples. There were no 

solutions to problems 1 and 8 that used a non-traditional method.    

 Problems 4 and 5 provided thought-provoking results and Figure 26 demonstrates sample 

work from subjects. Out of the 50 subjects, 24 thought problem 4 asked to create a word problem 

for      instead of   
 

 
 and thus, their word problem represented the wrong idea. The MATH 

122 student understood that in this scenario, taking each of the 6 apples and cutting them in half 

would result in 12 apples. The MATH 108 student was considering the 6 slices of pizza and 

eating half of all 6 slices, which would result with an answer of 2.  

 

 

 

 

 

 

 

 

 

 

Only 10% of the students resorted to solving problem 5 with non-traditional methods. The 

problem came directly from the Rhind Mathematical Papyrus. The Egyptians used unit fractions 

Figure 26. Student Work Samples for Problems 4 and 5. 

MATH 122 student work from problem 4 

 

Math 108 student work from problem 4 

 

MATH 122 student work from problem 5 

 

MATH 108 student work from problem 5 
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to obtain an answer that each man would receive 
 

 
 

 

  
 of a loaf of bread. The MATH 122 

student used a picture to describe the scenario, which helped the student to understand the 

answer. Out of the 50 students, 8 students thought of the answer to this problem as 
  

 
, including 

the MATH 108 student in Figure 26. All of the students who used a pictorial method for problem 

5 received a score of 1 on that problem. The 14 answers that provided pictures in the total 

assessment were all correct answers, suggesting that the picture was useful in understanding 

fraction problems.  

 Problem 9 also provided for some intriguing results. Figure 27 displays sample work 

from both the advanced class students and liberal arts students. 

 

 

 

 

 

The MATH 108 student decided to use a pictorial method to solve this problem. The student 

considered the gas tank as a full circle and decided to divide the whole into 8 different pieces, 

showing the answer of  
 

 
. The MATH 122 student interpreted the problem slightly different. The 

correct answer is between 
 

 
 and 1, however this student did not provide the answer that was 

exactly between this interval. The sample work provides another indication that drawing a 

picture was useful to the participant.  

Survey Analysis 
 

 The survey was analyzed and focused on the problems the subjects felt were the easiest 

and hardest to solve, as well as which methods they indicated they used to solve. Figure 28 

Figure 27. Student Work Samples from Problem 9 

MATH 122 student work from Problem 9 

 

MATH 108 student work from Problem 9 
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displays the problems both the MATH 108 and MATH 122 students felt were the easiest and 

hardest to solve. The students listed either one problem, multiple problems, or failed to answer 

this question. In both classes, the students stated that problem 1 was the easiest to solve. 

Problems 1, 2, 7, and 8 were basic symbolic problems and students agreed that 1, 2, and 7 were 

the easiest to solve. However, problem 8 was considered challenging by many students.  

The majority of students in MATH 108 felt that problem 4 was the most challenging. In MATH 

122, students had more variety in their responses for the problems they felt were the hardest. 

 

 

 

  

 

  

 

 

 

There were participants who wrote sentences to describe which category of problems they felt 

were the easiest to solve, instead of specifying a specific problem. Specifically, students wrote 

down the following nine different answers: Adding and solving for x, addition problems, basic 

fraction problems, multiplying problems, solving for x, symbolic questions, word problems, 

division problems, or the subjects neglected to provide an answer. Figure 29 expresses the 

percentages of students that wrote down each of these statements. This figure supports the 

hypothesis that students felt symbolic types of problems were the easiest to solve and word 

Figure 28: Results of Student Responses on Which Problems were Easiest and Hardest to Solve 
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problems were the most challenging. Of the total population, 58.4% of the students felt that 

symbolic problems were the easiest to solve and 52% felt that word problems were the most 

challenging. It was intriguing that 14% of all participants felt that fraction division was 

extremely challenging. Students stated that they forgot how to divide or that they could not 

remember the “rule.” Those who forgot were attempting to solve using a procedural method.  

 

Figure 29: Students’ Responses to Follow Up Questions 1 and 2.  

 

 

In general, the results aligned with the hypothesis statement. Students enrolled in MATH 122 

had greater success than those students enrolled in MATH 108, yet all students struggled to solve 

word problems. Traditional methods such as finding a common denominator and invert-multiply 

were used more than any non-traditional methods.  

Implications for Teaching 

 The following three implications were derived from the results of the study. These 

implications outline areas of improvement for instruction and student learning in the classroom.  
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 Implication #1. More time should be spent on the topic of fractions, specifically 

fraction division, when introduced in the curriculum, especially at the elementary level. 

 Fractions are a difficult concept for students to understand. It is often the case that when a 

problem involves fractions, students automatically become discouraged and lack the confidence 

to continue solving the problem. When fractions are first introduced in the curriculum, more 

emphasis should be spent on conceptual understanding of fractions. Teachers often emphasize 

fractions as the part of a whole and help students understand basic computation using symbols. 

However, time is not utilized and given to allow students to process what is actually happening 

when adding, subtracting, multiplying, and dividing fractions. It would be beneficial for teachers 

at the elementary level to utilize time spent on this topic in a more productive way.  

 The basis of frustration with fractions builds as year’s progress. In upper level 

mathematics classes, such as algebra, students are asked to evaluate expressions and perform 

other algebraic operations using fractions and rational numbers. Students must understand at a 

young age to encourage deeper understanding for these more challenging concepts. For example, 

fraction division is the most abstract operation out of the four basic operations. Using different 

models such as the measurement model or the partitive model will allow students to deepen their 

understanding of fraction division. Instruction needs to constantly be adapted and the focus 

should be on conceptual understanding of fractions.  

 Implication #2. Students need to be exposed to more word problems and real world 

applications expressing fraction operations.  

 When students are taught how to evaluate fractional expressions, students focus on the 

basic traditional algorithms to solve. The traditional algorithms include finding a common 

denominator and invert-multiply. However, when the types of problems are presented in an 
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alternate form, students lack the confidence to solve the problem. For example, problem 4 asked 

students to create a word problem representing   
 

 
. Only     of all participants answered this 

question directly. However,     of all participants could solve a division problem when the 

directions simply stated ‘solve the following problem’. The words intimidated the participants. 

More emphasis needs to be put on showing students word problems rather than just symbolic 

equations. If students are able to conceptualize the idea behind a more complicated word 

problem, then solving a symbolic equation will be just as easy to solve. The lack of 

understanding of these word problems is an indication that students are memorizing procedures 

and do not understand what the problem is actually asking. However, without being exposed to 

these problems and allowing the students to visualize solutions to real-world applications, 

students will continue to simply memorize. In problem 9, the problem was posing a real-life 

application to the participant. The problem asked how much gas was in the tank if there was 

exactly between three fourths and a full tank of gas in the tank. The problem displayed the type 

of fraction problem that is applicable to the participant’s life and thus, gives the mathematics 

more meaning. The conceptual understanding will result when students are engaged in the 

material.  

 Implication #3. Instruction needs to encourage more than one way of solving problems 

to understand the part-whole relationship.  

 Instruction needs to focus on more than simply showing students symbolic fraction 

expressions. Differentiated instruction is necessary to reach the diverse learners in the classroom. 

Notes and lessons accompanied by descriptions and proof are more beneficial than writing down 

practice problems and instructing students to solve. Manipulatives such as algebra tiles and 

Cuisenaire Rods emphasize the part whole relationship that many students lack or forget, 
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especially as they get older. Students were hesitant to attempt to draw pictures or use other non-

traditional methods in this study. Only 14 out of the 500 problems were solved in an alternative 

way. The results emphasized that students were taught using traditional algorithms. Teaching 

traditional algorithms is not wrong, however drawing pictures or other non-traditional methods 

are just as important as the symbols. Students who were able to display the contents of the 

problem pictorially and in symbols displayed that they had more of a conceptual understanding 

than those students who tried to directly write down the symbols. It was clear that division of 

fractions gave students issues in this study. The students did not comprehend what division 

meant and had difficulty remembering the invert-multiply method. Instruction needs to focus on 

diverse ways of thinking to allow students to be more creative when providing solutions. For 

example, playing games such as War and Old Maid is an interactive way to allow students to 

understand magnitudes of fractions.  

 A fraction is a part of a whole. Whether the whole is a circle or a square, the fraction is a 

still a piece of that whole unit. Traditionally, fractions are taught by taking a piece from the pie 

or pizza. This is easy for students to visualize. Teachers need to show students different types of 

polygons instead of just circles. Introducing arbitrary polygons and asking students similar 

questions pushes them to comprehend the part-whole relationship.  

Suggestions for Future Research 

 In a follow-up study, the population could be increased and more students from both 

MATH 122 and MATH 108 could be included. There was a gender bias in this study because of 

the high levels of males in MATH 122 and females MATH 108. When increasing the population, 

the equality of the males and females in both classes could be considered. This would allow the 
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researcher to test for significance between genders in each class, gender between classes, and 

gender overall in the population.  

 In order to draw more conclusions about fraction division, a separate instrument could be 

administered with problems involving symbols and words. Problem 4 was the most challenging 

problem on the assessment and students were asked to create a word problem relating to   
 

 
. It 

would be beneficial to have a similar question that involved two fractions instead of a whole 

number and a fraction. The instrument did not involve any problems with mixed fractions. The 

instrument should be altered to include a symbolic and word problem with mixed fractions to 

analyze how students feel about mixed fractions compared to division.  

 A future study should also repeat this instrument twice to the same class. However, this 

first version of the test would have every single problem be a symbolic equation. In a different 

order, the second version would be administered on a separate day, where every problem was a 

word problem. The two tests would allow for comparison on students understanding of a 

problem when seen in both forms. Teachers would be provided with specific information of 

problems they should focus on in class.   

 Lastly, the study would benefit from being administered in both a middle school and a 

high school setting. Data from the middle school and high school would allow for comparison in 

different levels of education and allow for insight on whether students in those education levels 

struggle just as much as the college students. Insight on when students begin to feel discouraged 

with fractions would also be beneficial for analysis purposes.  

Concluding Remarks 

 Students who solve problems involving fractions often try to solve using the same 

traditional algorithms. Teachers can alter instruction to encourage multiple ways of solving 
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problems to encourage more of a conceptual understanding. Using manipulatives and non-

traditional methods should be reinforced and displayed to students. Emphasis should be placed 

on solving world problems and real-world applications involving fractions, rather than only 

symbolic expressions. Teachers need to start this process when students are first introduced to 

fractions in order to eliminate the reliance on procedures only. Students must possess conceptual 

understanding for success in upper level math classes.  
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Follow Up Questions 

 

1. Which question(s) did you feel was the most challenging question to solve? Why? 

 

 

 

 

 
2. Which question(s) did you feel was the easiest to solve? Why? 

 

 

 

 

 

 

 

3. What specific strategies did you use to solve these problems?  

 

 

 

 

Background Information:  

 

Female or Male____________________ 

 

Major(s, and minors) ___________________________________________________________  

 

Most recent math class (other than MATH 108) ______________________________________  

 

Number of math classes taken at the collegiate level __________  

 

If any, names of the classes ______________________________________________________  

 

Number of years in college ___________  

 

Do you think you are a “good math student”, a “bad math student” or an “okay math student?  

Explain  

 

 

 

 

 

Hometown and Home County ____________________________________________________ 
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Appendix B 

TO: Students in MATH 108: Prize Winning Mathematics and MATH 120: University Calculus I 

FROM: Miss Tydings 

DATE: 

RE: Consent Form 

 

Purpose, Procedures and Benefits 

 

Purpose: The purpose of this study is to collect data on the common misconceptions of fraction 

learning. 

 

Procedures: For the first twenty minutes of one class session, students will be asked to complete 

a 10-problem assessment.  Each of these assessments will be scored depending on the number of 

correct solutions as well as the number of mistakes made.  Students will also be asked to 

complete a short survey at the end of the assessment. 

 

Benefits: Through this study, I hope to determine the common errors students have when solving 

problems with fractions.  This is an important study as results will help design lesson plans that 

foster correct student learning of fractions.  

 

Related Information 

 

You have been asked to be in this study because you are a student in Miss Tydings’ MATH 108 

class or Miss Tydings is the teacher’s assistant in MATH 120.  

 

Protecting Confidentiality: Your name will not be used in any materials related for this research 

project. 

 

Participation in this study is voluntary; you are free to withdraw from the study at any time 

without penalty. 

 

By signing the consent form, you are allowing Miss Tydings to use your assessment information 

and data in the study. 

 

Data will be collected from the graded assessment, the completed surveys and observations made 

during the study. 

 

There are no risks associated with this study.  This study deals with routine teaching practices in 

mathematics education. 

 

There is no cost to you for participating in this research study. 

 

There is no penalty for not signing the consent form. 

 

** Please sign and return the consent form as soon as possible** 
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Student Consent Form 

SUNY Fredonia 

 

Thank you for being part of this study. Please print and sign your name in the 

space provided to show that you agree to participate. Remember that signing the 

form allows Ms. Tydings to use your data for the research project. All students 

must participate in class whether they sign this form or not.   

 

Voluntary Consent: I have read this memo and I am fully aware of all that this 

study involves. My signature below shows that I freely agree to participate in this 

study. I understand that there will be no penalty for not participating. I understand 

that I may withdraw from this study at any time, also without penalty. I understand 

that my name and any other personal information will be kept out of the study. I 

understand that if I have any questions about this study, I may contact Ms. Tydings 

at 585-645-5894 or  tydings@fredonia.edu .  

 

Please return this consent form as soon as possible. Thank you for your 

cooperation. 

 

 

 

 

Student Name (please print) ___________________________________________ 

 

 

 

 

 

Student Signature ___________________________________________________ 

 

 

 

 

        Date: ____________________ 
 

 

 

 

mailto:tydings@fredonia.edu



