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Abstract

We study the asymptotic behavior of networks with discrete quadratic dynamics. While
single-map complex quadratic iterations have been studied over the past century, considering
ensembles of such functions, organized as coupled nodes in an oriented network, generates new,
interesting questions and applications to the life sciences. We extend results from single-node
dynamics to the more general case of networks, and present novel, network-specific results.
We then consider two existing models from the dynamic networks literature: threshold-linear
networks and a reduced model of inhibitory neural clusters. We search for graph features which
lead to robust dynamics under minor perturbations within our model, as well as between the
three different models; in other words, we search for possible features of universality and the
conditions under which they hold. We create a classification system of large-scale networks. This
classification system is based on network dimensionality reduction (i.e. treating a large group
of nodes as a single node). Additionally, we present conditions under which reducing network
dimensionality is permittable. This has important implications for applications to the study
of natural networks (such as biological systems), which are often extremely large (composed of
many coupled nodes). Finally, we explore possible applications of the techniques used in these
three network models (complex quadratic networks, threshold-linear networks, and inhibitory
clustering neural networks) to other problems in the natural sciences: a chemical oscillator
model and a neural clustering model.

1 Introduction

1.1 Motivation for study

Many natural systems are organized as self-interacting networks composed of nodes and edges.
Subsequently, dynamic networks are an excellent modeling framework in many fields of life, social,
and computer sciences. However, there exists a unifying question across these widely varying fields:
how does the hardwire structure of a network (i.e., its underlying graph and connectivity) affect
the overall function (i.e., the network dynamics)? The new term of “dynomics” has been recently
used in reference to investigating simultaneously the network hardwiring (connectomics) and the
node-wise temporal evolution (dynamics). The aim is to understand the contribution of each of
these two aspects to the ensemble temporal evolution resulting from their interplay.

The main difficulty in translating network graphs of real-life phenomena to dynamics is the
complexity of the networks. Such complexity arises from two main sources: first, the sheer size and
structural vastness, and second, the nodes’ dynamic richness. Thus, in order to better understand
the dependence of dynamics on graph structure, we investigate the relationship in discrete three-
node theoretical models, which are simple enough that we can easily identify and pair structural
patterns to their effects on dynamic function.

However, the difficulty of the original problem does not detract from the motivation to address
it. A strong drive comes from the potentially tremendous applications to any of the fields of the
natural sciences, where systemic behavior emerges in networks of interacting nodes. For example,
in epidemics, the nodes may be populations, and the edges, the physical contacts that promote
contagion. For a traffic map, the nodes may be towns, connected by various size roads, and for a
social network, individuals are connected by friendship edges of different strengths. When studying
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brain networks, the nodes may represent neurons, and the connecting oriented edges between them
are synapses with varying weights. Particularly in neuroscience, there is a strong research effort to
understand how interacting units of a system are wired together and control complex behavior — in
fact, this question is considered one of the great scientific challenges of the 21st century [3, 21, 20].
With this aim in mind, a lot of effort was invested in building network models that incorporate
graph structure and realistic node-wise dynamics in one unified framework, tractable theoretically
or numerically. These can then be used in conjunction with data towards interpreting empirical
results and for making predictions.

Our study focuses on understanding how architecture affects asymptotic dynamics in networks
of complex quadratic maps: fc : C → C, fc(z) = z2 + c, for c ∈ C. We chose this particular
family of node-wise dynamics for several reasons. First, we chose this model because the node-wise
dynamics builds upon over a century of research — the classical theory for single function iterations
has been most developed for the complex quadratic family. Second, because discrete iterations (and
unimodal function, in particular) have provided good simplified representations for many natural
processes, such as learning in brain circuits [8, 2, 12]. Third, because this is a distinctly different
type of dynamics than it had been considered in previous studies [5, 11], and thus is an excellent
candidate for future tests of universality (i.e., if results transcend the type of node-dynamics used
for the network). If successful, a long-term goal will be to verify if such results carry over to more
complex, physiological node-wise dynamics.

1.2 Prior results in isolated complex quadratic nodes

1.2.1 Orbits

In basic algebra, one is taught that every algebraic function f(x) has an input (x) and an output
(usually y = f(x), obtained when the input is run through the function). Consider the case when
the output is re-purposed as a new input, and put through the function again — in other words,
when the function is iterated. For simplicity, we can call the initial input z0, the first output (which
we then use as the second input) z1, and so forth.

As we iterate the function to infinity, interesting output patterns are evident. We are inter-
ested in the sequence of outputs for each given input, which we call its orbit under the function.
Mathematically, we denote:

Definition 1.1. For f : C → C continuous, the orbit of any z0 ∈ C is the sequence z0 → z1 =
f(z0)→ z2 = f◦2(z0) · · ·

For complex quadratic nodes such as those that we study, we define f : C → C be the complex
quadratic function fc(z) = z2 +c, for input z and a particular constant c. Historically, the behavior
of isolated nodes has been extensively studied for over a century [14, 9]. For such nodes, we see two
common orbit patterns as the number of iterations approaches infinity. The orbit may be bounded,
in which case we say the initial input z0 is a prisoner of the function f . Conversely, if the orbit is
not bounded, we say that z0 is an escapee of the function f .

Definition 1.2. z0 is a prisoner of f ⇔ {f◦n(z0)}n∈N is bounded.

Definition 1.3. z0 is an escapee of f ⇔ {f◦n(z0)}n∈N is not bounded.

Definition 1.4. The prisoner set of f is the set P (f) = {z0 ∈ C prisoner}.

Definition 1.5. The escape set of f is the set E(f) = {z0 ∈ C escapee}.

Additionally, we can define more specific types of behavior within bounded orbits (prisoner nodes).
One common behavior is a periodic orbit.

Definition 1.6. The point x0 is a periodic point of period k under f if k is the smallest positive
integer such that f◦k(x0) = x0. In particular, a point of period one is called a fixed point:
f(x0) = x0.
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1.2.2 Mandelbrot and Julia sets

The orbit of a function is thus dependent on two factors: the initial input z0 and the constant
c ∈ C. We can visualize the relationship between each of these factors and orbit boundedness using
the Mandelbrot and Julia sets.

Definition 1.7. The Julia set of f is the set J(f) = ∂P (f) = ∂E(f)

The Julia set of a function f , first described in the early 1900s [14, 9], is the boundary between the
prisoner and escapee sets of the function, and is a subset of the complex plane of inputs z0.

Figure 1: Julia sets. Julia sets for an isolated node f : C → C, fc(z) = z2 + c, where (clockwise
from top left): c = 0, c = 0.62− 0.432i, c = −1.18− 0.2i, c = −0.117− 0.856i

Definition 1.8. The Mandelbrot set of f is the setM such thatM = {c ∈ C, f◦nc (0) bounded }

Figure 2: The Mandel-
brot set for an isolated
node f : C → C, fc(z) =
z2 + c, where z0 = 0.

The Mandelbrot set [15] [1] is composed of values of c i.e., lives in
the parameter complex plane, so that one can compute and visual-
ize the Julia set corresponding to the function fc(z) for each c ∈ M,
as demonstrated in Figure 3. A major theorem in complex dynam-
ics, the Fatou-Julia theorem, implies that the Julia set J(fc) is con-
nected if and only if the parameter c is in the Mandelbrot set of
fc.

Remark on physical signifigance. In our previous work [18], when
suggesting possible ties of our results with broader applications to the
life sciences, we interpreted iterated orbits as describing the temporal
evolution of an evolving system (e.g., learning neural network). An
escaping initial condition (whether in the complex plane C, for a single
iterated map, or in Cn, for an iterated network) may be seen as an

eventually unsustainable feature of the system, while an initial condition with a bounded forward
orbit (a “prisoner”) may represent a trivial, or inefficient feature. The Julia set is formed of all
the boundary points between prisoners and escapees, hence we suggested that it can be regarded
as the “critical locus” of states with a complex temporal evolution, characteristic to living systems
operating within an optimal range.

1.3 Introduction to dynamic networks

We study the temporal behavior of networks consisting of complex quadratic nodes. The nodes are
coupled according to:

zj(t) −→ zj(t+ 1) = fj

(
n∑
k=1

gjkAjkzk

)
+ cj
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where n is the size of the network ; k and j are node indexes ; gkj is the weight of the edge from
node k to node j ; Akj is the graph adjacency matrix– a binary matrix indicating the presence
or absence of an edge between two nodes (that is, Ajk = 1 if there is an edge from the node k to
the node j, and Ajk = 0 if not); zk is the input from other nodes in the network (or, in the case
of j = k, the self-input); and cj ∈ C are complex constants, identical or different for 1 ≤ j ≤ n.
In isolation, therefore, each node zj(t) → zj(t + 1), 1 ≤ j ≤ n iterates as a quadratic function
fj(z) = z2 + cj .

2 Prior Results in Small Networks

2.1 Prior results in small networks

In order to establish a conceptual framework, in previous work [18] we considered simple, low-
dimensional networks, which are both analytically tractable and allow easy visualization and in-
terpretation of the results, suggesting a baseline for extensions to higher dimensional, more com-
plex networks. We considered in particular three dimensional networks with various coupling

Figure 3: Relationship between
Mandelbrot and Julia sets. [6]
For each point c in the Mandel-
brot set, we may generate a Julia
set of points z0. Points not in the
interior of the Mandelbrot set will
generate a totally disconnected, or
“dust”, Julia set.

geometries between their complex nodes z1, z2, z3. For fixed
logistic parameters c1=c2=c3=c, we described the dependence
of the Julia and Mandelbrot sets and of their one-dimensional
slices on the graph wiring and of the strengths of the con-
nections between nodes. Our prior work suggests that even
basic results from the case of a single iterated quadratic map
may have to be rediscovered in the context of networks (one
yet needs to prove, for example, even the existence of an es-
cape radius). In our study of dynamics in small quadratic
networks, we redefined extensions of some of the traditional
concepts: multi-orbits, Julia and Mandelbrot sets, as well as
their one-dimensional complex slices, which we called uni-Julia
and equi-Mandelbrot sets.

Definition 2.1. For a fixed parameter (c1, ..., cn) ∈ Cn, we
define the prisoner set of the network to be the locus of
(z1, ..., zn) ∈ Cn which produce a bounded orbit in Cn. We call
the uni-prisoner set, the locus of z ∈ C so that (z, ...z) ∈ Cn
produces a bounded orbit.

Definition 2.2. The multi-Julia set (or the multi-J set) of
the network is defined as the boundary in of the multi-prisoner
set (as a subset in Cn, with the product topology). Similarly,
one defines the uni-Julia set (or uni-J set) of the network
as the boundary in C of the uni-prisoner set for that network.

Definition 2.3. We define the multi-Mandelbrot set (or the multi-M set) of the network
to be the parameter locus of (c1, ..., cn) ∈ Cn for which the orbit of the critical point (0, ..., 0) is
bounded in Cn. We call the equi-Mandelbrot set (or the equi-M set) of the network, the locus
of c ∈ C for which the critical orbit is bounded for equi-parameter (c1, c2, ...cn) = (c, c, ...c) ∈ Cn.
We call the kth node-wise equi-M set the locus c ∈ C such that the kth component of the orbit
of (0, ..., 0) ∈ Cn remains bounded in C.

In our previous paper [18], we applied these definitions to a variety of three-dimensional systems and
we pointed out new, network phenomena. We proposed new versions of the traditional theorems
for the case of networked nodes. We showed that even in networks where all nodes have the same
parameter c (i.e., the same quadratic map is used for all components in Cn), their behavior may
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Figure 4: Examples of network equi-Mandelbrot sets. caption here

not be “synchronized,” in the sense that different nodes may have different asymptotic behavior
(reflected in differences between node-wise Mandelbrot and Julia sets). Node coupling seems to
enhance this “de-synchronization” between two or more nodes, and additional networking may
generally lead to smaller network Mandelbrot and Julia sets. Unlike for the traditional single map
(isolated nodes) iterations, the definition requirement for the M-set there is no generalization of
the Fatou-Julia theorem for the case of coupled nodes, hence the condition that the origin has a
bounded multi-orbit is no longer equivalent with that of the J-set being connected, in either of its
forms (multi-J or uni-J set). In our previous work, however, we have conjectured a weaker version
of the Fatou-Julia theorem in this case, which remains to be verified analytically. We also analyzed
and interpreted the distinct effects of varying positive (excitatory) versus negative (inhibitory)
coupling strengths, and those of introducing feedback into the network.

We finally pointed out that complex natural networks are typically a lot larger than the three
and four node networks we had studied. At the same time, however, natural networks (such as
brain circuits, for example) tend to be highly hierarchic, with the behavior of each one node at
a certain complexity level integrating the behavior of a collection of lower-level nodes. Hence, at
each complexity level, the size of the network to be studied may be in fact relatively small (tens or
hundreds of nodes). While for small networks the effects of architecture on asymptotic dynamics
can still be observed and studied by looking at each configuration individually, and for very large
networks one may take the large size limit approach traditional in random graph theory, for these
intermediate networks one has to build a different approach. One possible framework is statistical.
Using book-keeping methods developed in our previous work, we define probabilistic (or average)
versions of the Julia and Mandelbrot sets, illustrating the likelihood that each initial state of the
network remains bounded when iterated under a random network configuration with certain given
properties. Using this framework, one can attempt to tease apart graph theoretical features (e.g.,
hubs, motifs) determinant of certain dynamics of the network, from those less consequential to
temporal behavior.

3 Extension of traditional results

One area of focus was to study several traditional results from isolated nodes and either apply them
to or modify them for the case of networks.
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3.1 Escape Radius

3.1.1 Motivation

A simple, well-known result in the case of single quadratic map iterations [1] which we wished to
extend to the case of networks is the existence of escape radius. More precisely:

Theorem 3.1. For any value of the parameter c ∈ C, the function fc(z) = z2 + c has the escape
radius Re = max(|c|, 2). That is: for any arbitrary orbit z(n), with n ≥ 0, if the N th iterate
|z(N)| > Re for some N ≥ 0, then |z(n)| > Re for all n ≥ N , and |z(n)| → ∞ as n→∞.

Proving the existence of an escape radius is extremely useful for studying these nodes. The defini-
tions of an escapee and prisoner node depend on their coupled behavior as the number of iterations
goes to infinity. Obviously, computer simulations cannot run an infinite amount of iterations, or
test whether the sequence actually gets arbitrarily large in radius. Setting computational “infinity”
in the complex plane to an arbitrarily high radius could unknowingly exclude vital points which
affect the node’s classification as a prisoner or an escapee. However, knowing the existence of an
escape radius allows us to determine with much greater accuracy the node’s asymptotic behavior.
Thus, we endeavored to show the existence of an escape radius for networks of such nodes.

3.1.2 Existence of escape radius for networks

We define a network having an escape radius as the following:

Definition 3.2. Consider a network N = (zi)
n
i=1, with coupled complex dynamics on its nodes, and

define the norm of the network as ‖z(k)‖2 =
∑n

i=1|zi(k)|2, at each iteration step k ≥ 0. We say
that N has the escape radius property if there exists a large enough R > 0 such that if ‖z(K)‖ > R
at some iterate K ≥ 0, then ‖z(k)‖ > R for all k > K, and ‖z(k)‖ → ∞ as k →∞.

We expect the escape radius property to vary with the network, so that both existence and size of
the escape radius would depend on the network’s architecture and edge weights. Here, we describe
two relatively broad classes of networks (which cover our subsequent numerical investigations) which
have the escape radius property: dominated networks and feed-forward networks. We provide proofs
of escape radius existence for each of these networks in Appendix A.

Definition 3.3. Let N be a network with n nodes, with the edge connecting the node j to the node
i having weight gij (for all 1 ≤ i, j ≤ n, where gij = 0 when there is no edge connecting the nodes).
Suppose that these weights are so that, for each node 1 ≤ j ≤ n, there exists a node σ(j) for which

|gσ(j)j | >
∑
l 6=j
|gσ(j)l|

In other words, each node sends to another node of its choice a projection edge which is stronger
than the sum of the strength of all other incoming edges to the receiving node. Then we say that N
is a dominated network.

Theorem 3.4. Dominated networks with identical c values for all nodes have the escape radius
property.

Definition 3.5. We say that a network is feed-forward with self loops if gii 6= 0 for all 1 ≤ i ≤ n,
and if for all nodes 1 ≤ j ≤ n and all iterations k ≥ 0 we have

zj(k + 1) =

∑
l≤j

gjlzl(k)

2

+ cj

(in other words, if its adjacency matrix is lower triangular and has no diagonal zeros).
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Remark. A network is feed-forward with self loops if each node is only coupled with its predecessors
and with itself. Notice that, in this case, the adjacency matrix is nonsingular. All the networks
considered in our numerical experiments in the rest of this paper are feed-forward with self loops.

Theorem 3.6. Feed-forward networks with self loops and identical c values for all nodes have the
escape radius property.

3.2 Geometric features of Mandelbrot set

3.2.1 Main cardioid and periodic bulbs

Consider the set M′ of all parameters c for which the map fc has an attracting periodic orbit–
in other words, the orbit reaches the same set of values in a repeating (periodic) cycle, where
the period is the number of values in the cycle. It has been established that M′ is a subset of the
interior ofM, the traditional Mandelbrot set for single map iterations. For example, the c-locus for
which the map has an attracting fixed point represents the interior of the main cardioid (the largest
bulb) of M, and the locus for which the map has an attracting period two orbit is the interior of
the disc of radius 1/4 centered at (−1, 0). Whether M′ is in fact identical to the interior of M,
or M contains other (“ghost,” persistently non-hyperbolic [16]) interior points – is still an open
question, known as the Density of Hyperbolicity conjecture. While the conjecture was solved for
real polynomials over twenty years ago, it still represents one of the most important open problems
in complex dynamics.

In the traditional case of single iterated maps (isolated nodes), each hyperbolic component
(bulb) of the Mandelbrot set represents a parameter subset for which the node has an attracting
orbit of period k. For example, the locus in C for which the map has an attracting fixed point is

the interior of the main cardioid, defined as c =
eiθ

2
− e2iθ

4
, with 0 ≤ θ ≤ 2π.

We ask whether it is possible to define (and set to compute in a similar fashion) hyperbolic
components for a network of quadratic complex nodes. To fix our ideas, we calculate the main
hyperbolic component (representing the locus of c ∈ C for which the network has an attracting
fixed point) for a very simple network of three nodes (which we had considered in previous work).
We will illustrate how this region differs from the main cardioid from the traditional case, and
compare we use numerical illustrations of the corresponding equi-M sets to compare the boundaries
of these two sets.

Consider the following “simple dual” network with two input nodes and one output node (as
considered in our previous work [18]):

z1 → z21 + c

z2 → (az1 + z2)
2 + c

z3 → (z1 + z2)
2 + c

where a is the level of cross-talk between the input nodes. We ask that (z1, z2, z3) be a fixed point:

z21 + c = z1 (with roots z
(1)
1 and z

(2)
1 ) and (az1 + z2)

2 + c = z2 (producing two roots z
(1,1)
2 and z

(1,2)
2

corresponding to z1 = z
(1)
1 , and two roots z

(2,1)
2 and z

(2,2)
2 corresponding to z1 = z

(2)
1 ). Hence there

are in general four fixed points for such the subnetwork formed of the first two nodes: (z
(1)
1 , z

(1,1)
2 ),

(z
(1)
1 , z

(1,2)
2 ), (z

(2)
1 , z

(2,1)
2 ) and (z

(2)
1 , z

(2,2)
2 ). With this, the third component z3 = (z1 + z2)

2 + c is
fixed automatically (since it is independent of z3), producing four corresponding fixed points for
the original three-dimensional network, which we will call z∗1,1, z

∗
1,2, z

∗
2,1 and z∗2,2. The Jacobian

matrix of this network

J(z1, z2, z3) =

 2z1 0 0
2a(az1 + z2) 2(az1 + z2) 0
2(z1 + z2) 2(z1 + z2) 0

 (1)
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has eigenvalues λ1 = 2z1, λ2 = 2(az1 + z2) and λ3 = 0 (super-attracting component). To find the
boundary of the hyperbolic component, we calculate the curve |λ1| = |λ2| = 1 at each of the fixed
points, separating the region where this fixed point is stable (attracting) from the region where it
has unstable (saddle) behavior. For simplicity, call ϕ = az1 + z2, and notice that the eigenvalue
condition implies 2z1 = eiθ, with 0 ≤ θ ≤ 2π, and 2ϕ = eiτ , with 0 ≤ τ ≤ 2π.

Figure 5: Main hyperbolic component of the network equi-M set, for a simple dual network

with different cross-talk values a (see the main text for the node iterative equations corresponding to

this model). The panels show the M-set computed numerically and the curves obtained analytically for two

different values of the parameter a: A. a = −1/3, and B. a = 1/3. The red curve represents the traditional

Mandelbrot cardioid, and the green and blue curves represent the additional restriction curves for c, as

described in the text. With the notation for the four fixed points z∗1,1, z∗1,2, z∗2,1 and z∗2,2 introduced in the

main text, the colors represent different stability behaviors of the critical components, as follows: in the olive

region, |λ2| < 1 at z∗1,1; in the blue regions, both |λ1| < 1 and |λ2| < 1 at z∗1,1; in the yellow regions, both

|λ1| < 1 and |λ2| < 1 at z∗1,1 and |λ2| < 1 at z∗2,1; in the gray regions, |λ2| < 1 at z∗1,1 and z∗2,1; in the pink

regions, |λ2| < 1 at z∗2,1; in the green region, |λ2| < 1 at z∗1,2 and z∗2,1; in the orange region, |λ1| < 1 at z∗1,1.

In conclusion, the network has an attracting fixed point within the union of the yellow and blue regions.

The first condition implies that c = z1 − z21 = eiθ

2 −
e2iθ

4 , which is precisely the main cardioid
from the traditional case. The second condition will add another restriction, which will depend on
parameter a. It follows immediately, however, that the network hyperbolic component will always
be a subset of the interior of the main cardioid from the traditional case of single map iterations.

Notice now that the first fixed point equation multiplied by a and added to the second delivers:
az21 = ϕ− ϕ2 − (a+ 1)c, while the second gives us: ϕ2 + c = ϕ− az1, hence az1 = ϕ− ϕ2 − c. In
conclusion:

a2z21 = aϕ− aϕ2 − a(a+ 1)c = (ϕ− ϕ2 − c)2

Calling ξ = ϕ− ϕ2, we obtain the quadratic equation in c:

c2 + (a2 + a− 2ξ)c+ ξ2 − aξ = 0

which gives the solution curves:

c =
2ξ − a− a2 ±

√
a2(a+ 1)2 − 4a2ξ

2

=
2(ϕ− ϕ2)− a− a2 ±

√
a2(a+ 1)2 − 4a2(ϕ− ϕ2)

2
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where ϕ = eiτ/2. We represented these curves and the regions between them in Figure 5. .

Notice that having an attracting fixed point for the network no longer implies that the origin will
be in the attraction basin of this fixed point, hence the critical orbit can still escape (as shown in
Figure 5). Hence even in networks as simple as this family of examples, structuring the interior
of M-set as a union of hyperbolic bulbs fails. While some of the bulb geometry is preserved (e.g.,
the cusp seems robust under network transformations), some of the landmarks lose their dynamic
context (e.g. the origin c = 0, while still in the network Mandelbrot set, can no longer be regarded
as the center of a main cardioid).

The properties of higher period bulbs get perturbed even more dramatically. We can track, for
example, what becomes of the period two bulb/disc (originally centered at the c = −1) in the two
parameter family of simple three-dimensional networks given by z1 → z21 + c, z2 → (az1 + z2)

2 + c,
z3 → (z1 + z2 + bz3)

2 + c, with a, b ∈ R. While part of the topological behavior of the original
Mandelbrot set is conserved in some networks, it completely collapses in others, depending on the
configuration and connectivity parameters. To illustrate, we first show in Figure 6 a comparison
between the network Mandelbrot sets for our model network, for three different parameter pairs:
(a, b) = (−1,−1); (a, b) = (−1/3,−1/3) and (a, b) = (−2/3,−1/3). In all cases, the M-set is
disconnected (see Section 3.2.2 for detail) for detail); in the first two cases, c = −1 is still part of
the set; in the third, it is not.

Figure 6: Examples of disconnected equi-M sets for two networks with N = 3 nodes. All three

networks belong to the family: z1 → z21 + c, z2 → (az1 + z2)2 + c, z3 → (z1 + z2 + bz3)2 + c. A. Connectivity

weights a = −1, b = −1; B. Connectivity weights a = −1/3, b = −1/3; C. Connectivity weights a = −2/3,

b = −1/3. The colors represent the escape rate of the critical orbit out of the disc of radius Re = 20, so that

the critical orbit is bounded in the central black region, and escapes faster with increasingly lighter colors.

3.2.2 Connectedness of Mandelbrot set

Definition 3.7. A set in C is said to be disconnected if it is as subset of the disjoint union of
two open sets, both of which it intersects.

Definition 3.8. A set is connected if it is not disconnected.

Establishing connectedness of the traditional Mandelbrot has been historically challenging, with
an original conjecture (based on numerical and visual consideration) stating the exact opposite.
Connectedness of the set was finally determined by Douady and Hubbard [7], with a proof based
on the construction of a conformal isomorphism between the complement of the Mandelbrot set
and the complement of the closed unit disk. It has been hypothesized that the Mandelbrot set is
locally connected (the MLC conjecture). While local connectivity has been established at many
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special points in the Mandelbrot set (for example, Yoccoz proved that this is the case at all finitely
renormalizable parameters [13]), the general conjecture remains open. Establishing local connect-
edness of the Mandelbrot is extremely desirable, since it implies Density of Hyperbolicity [7]. (In
other words, it implies that the observed hyperbolic components are the only regions contained in
the Mandelbrot set and thus the only components which have an attracting periodic cycle).

It is not entirely surprising that most of these results no longer apply in this form for networked
complex maps. For example, connectedness fails in general for network equi-Mandelbrot sets.
To fix our ideas, we illustrate and prove disconnectedness for an example network in the three-
dimensional family considered previously [18] (see Figure 6). This family (which we called the
“self-drive model”) is interesting and easy to analyze, since it is a feed-forward network: z1 → z21+c,
z2 → (az1 + z2)

2 + c, z3 → (z1 + z2 + bz3)
2 + c (i.e., this is a family of feed-forward networks, having

from one to three self loops, since a and b are allowed to be zero).

Figure 7: Example of disconnected equi-M set for a network with N = 3 nodes. The curve traces

the boundary of the equi-M set shown in Figure 6a, separated into two connected components, separated by

the line Re(z) = −3/4: the one containing c = 0, to the right of the line, and the one containing c = −1, to

the left of the line. The network is given by: z1 → z21 + c, z2 → (az1 + z2)2 + c, z3 → (z1 + z2 + bz3)2 + c,

with connectivity weights a = −1, b = −1.

Proposition 3.9. The equi-M set for the network in the self-drive family above with connectivity
weights a = −1, b = −1 is disconnected.

Proof. In general, all three node-wise projections of the critical orbits are real. We will show that
the equi-M set described in the proposition has at least two connected components (the component
of the origin and the component of c = −1), separated by the line Re(z) = −3/4.

Indeed, the critical orbit is fixed for c = 0, so that c = 0 is trivially in the equi-M set of the
network. Additionally, this particular self-drive network is postcritically finite when c = −1. The
first component of the critical orbit has (in this case) period two (0→ −1), whilte the second and
third components have period four (0→ −1→ −1→ 0 and 0→ −1→ 0→ 0, respectively).
Finally, one can easily prove that no point on the line Re(c) = −3/4 is in the equi-M set of this
network. Notice c = −3/4 is the only point in the traditional Mandelbrot set with Re(c) = −3/4
(joining the main cardioid and the period two bulb). Since the network M-set is a subset of the
node-wise M-set for z1 (the traditional Mandelbrot set), it also cannot contain any other points
with Re(c) = −3/4. Furthermore, for our network, it can be shown that the third component z3 of
the critical orbit escapes when c = −3/4. Hence, no point on the vertical line c = −3/4 is in the
equi-M set of the network. It is interesting that the node that causes the pinch in the traditional
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M-set and renders the network M-set disconnected is in fact the “output” node, which receives
control from both of the other two nodes; yet it is the orbit of z3 that escapes, while the other
two remain bounded when initiated at zero. Since the calculations are a little technical, we include
them for completion in Appendix B.

2

3.3 Fatou-Julia Theorem extended

In our previous work, we noticed that existence of uni-Julia sets with finitely many connected
components breaks, in the case of networks, the connected/dust duality on which the Fatou-Julia
theorem is based in the traditional case of single iterated quadratic maps. In the same reference,
we relied on a few numerical illustrations of uni-Julia sets for a variety of parameters c (see for
example Figure 8), chosen both inside and outside of the equi-M set for their respective network,
to conjecture that the uni-J set is connected only if c is in the equi-M set of the network, and it is
totally disconnected only if c is not in the equi-M set of the network.

Figure 8: Uni-Julia sets for a self-drive network with a = −1/3 and b = −1/3, for different values of the
equi-parameter c. Magnified windows : [−0.2, 0.2] × [0.245, 0.285] (around the cusp), [−0.2, 0] × [0.58, 0.78]
(top) and [−1.3,−0.6] × [−0.3, 0.3] (around the tail). For each window, we show several uni-Julia sets
corresponding to the c values marked in colors: as dots are listed left to right, corresponding uni-Julia sets
are shown left to right, then top to bottom.

Here we illustrate this relationship in greater detail, while still using numerical approaches. In
Figure 8, we show the equi-M set for one of our self-drive example networks, together with a the
uni-J sets corresponding to a collection of points c chosen close to the boundary of the equi-M set
(so that some of them are inside the equi-M set, and some are outside). The illustration supports
the idea that, although the connectivity of the uni-J sets (from one, to finitely many, to infinitely
many components) degrades near the boundary of the M-set, there is no sudden break that happens
precisely on the boundary, like in the case of single map iterations.

For a more systematic view, we computed and illustrated together, for a few example networks,
the boundary of the equi-M set and the connectedness locus for the uni-J set. While the former
was relatively easy to compute as the critically bounded locus for the network, the latter presented
some difficulties in reconciling computational efficiency with obtaining uni-J sets in sufficiently good
resolution to allow us to estimate their number of connected components. This was problematic in
particular for the situations where the Julia set had short, thin filaments, likely to escape detection
in low resolution, in which case we suspected the code to report “fake” connected components, and
thus over-count the number of components. To eliminate this positive error without increasing the
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z-plane resolution (which impacts computational time quadratically), we used a common “blow-
up” technique, adding a small border to each uni-J set to account for the possible connections
due to filaments. This, of course, may introduce the opposite type of error (that of under-counting
components). However, the two methods produced unexpectedly similar results qualitatively, in the
sense of identifying the same loci of connectedness and total disconnectedness. In the transitional
region, the connected component counts were higher with the first algorithm versus the second, as
one would have expected.

Figure 9: Comparison between the equi-M set and the uni-J connectedness locus for the self-drive
networks illustrated in Figure 6: A. a = −1, b = −1; B. a = −1/3, b = −1/3; C. a = −2/3, b = −1/3. The
panels represent the square [−2, 1] × [−1.5, 1.5] in the equi-parameter plane. The cyan curve represents the
boundary of the equi-M set, computed with 50 iterations. The colors correspond to the number of connected
components for the respective uni-J set (computed approximately using the numerical algorithm discussed
in Appendix B), with the color scheme going from black (inside region, one connected component) through
tones of red and yellow, as the number of connected components increases to 2, 3, etc (see color bar). White
corresponds to the locus where the uni-J set was found to be dust (the numerical computations could not
capture the totally disconnected points, so it returned the answer as “zero” components, which we then scaled
by hand to appear as white background).

In Figure 9, we illustrate the implementation of the blow-up algorithm on the three self-drive
networks shown in Figure 6. We computed both the equi-M set in C (in the sense defined in Sec-
tion 2.1), as well as the connectedness locus (also in C) for the uni-J set of the network. While it
does not come as a surprise that the two are no longer identical, we found that they are clearly
related. Future work will focus on obtaining an analytic understanding of this relationship.

4 Potential Applications

A major motivation of studying these functional networks is to use them in the modelling of real-
world systems. We are particularly interested in networks from the natural sciences; here, we
present three models (two from neuroscience, one from chemistry) which may provide useful tools
for our future research interests.

Neural networks

4.1 Threshold-Linear Networks

4.1.1 Introduction

Threshold-linear networks (TLNs), as studied by Curto et al. [5], consist of simple, perceptron-like
neurons. Interestingly, while each node exhibits close-to-linear behavior in isolation, the overall
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network behavior (given below) is extremely nonlinear.

dxi
dt

= −xi +

 n∑
j=1

Wijxj + bi


+

where n is the number of neurons, i, j are neuron indexes, xi(t) is the activity level (firing rate) of
the i th neuron, Wij is the connection strength from neuron j to neuron i, [·]+ = max{·, 0} is the
threshold nonlinearity, and bi ∈ R is a constant (a time-independent external input).

4.1.2 Architecture-Dynamics Relations

One feature of interest from TLNs is that their dynamics are both entirely dependent on, and
generally predictable from, the network’s connectivity [17]. There exist two major characterizations
of TLNs, and we may use these characterizations to predict network dynamics.

Definition 4.1. The support of a fixed point is the subset of neurons

σ = {i|x∗i > 0}

for a fixed point x∗ and neuron index 1 ≤ i ≤ n.

Definition 4.2. For any nonempty σ , we define the sign condition sσi to be

sσi = det
(
(I −Wσ∪{i})i; bσ∪{i}

)
Theorem 4.3. Let (W, b) be a non-degenerate threshold linear network (i.e., det(I −Wσ) 6= 0),
and let Wij ≤ 0 and bi > 0 for all 0 ≤ i, j ≤ n. Then for any nonempty σ,

σ ∈ FP (W, b) ⇐⇒ sgn sσi = sgn sσj = −sgn sσk for all i, j ∈ σ, k /∈ σ

Thus, the fixed point supports can be entirely determined from the sign condition, which in turn is
entirely determined from the network connectivity. The second characterization of TLNs involves
dominated networks

Theorem 4.4. Let (W, θ) be a threshold-linear network. Then σ ∈ FP (W, θ) if and only if the
following two conditions hold:

(i.) σ is domination-free, and
(ii.) for each k /∈ σ there exists j ∈ σ such that j >σ k.

Remark. Note that the condition (i) gives σ ∈ FP (W, θ), while condition (ii) ensures σ ∈
FP (Wσ∪k, θ) for each k /∈ σ. If condition (i) holds then condition (ii) implies that every j ∈ σ will
satisfy j >σ k for each k /∈ σ [5].

Since substantial progress has been made in TLNs in classifying attractor behavior based on
network architecture, it is interesting to study which classification features are not intrinsic to the
TLN model, but may be extended to other model classes of networks. This possibility is explored
further in Section 5.2.

4.2 Inhibitory Clusters Model

4.2.1 Neuroscience Background

In the brain, neurons transmit information by sending an electric signal between two neurons.
This electric signal occurs through an extremely rapid membrane potential (voltage) change — in
other words, the net charge on each side of the nerve cell membrane reverses, which causes a voltage
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change in the neighboring neuron, before returning to the neuron’s resting state. This neuron-firing
is called the action potential.

In animals, there are two main types of action potentials: those induced by sodium ions (Na+)
and those induced by calcium ions (Ca2+). Na-channel action potentials are usually extremely
quick (i.e., often less than 1ms in duration) and produce a much sharper voltage change. However,
Ca-channel action potentials — which are the focus of this model– are much slower (i.e. 100ms or
more) and less severe. In some neurons the slow-spike Ca action potentials can provide a driving
force for a long burst of Na fast-spikes.

4.2.2 Reduced Model of Inhibitory Clusters

This model [11] focuses on the Ca ion channels alone (as well as ion leakage currents). The dynamics,
given by a reduced form of the Hodgkin-Huxley equations, are described by:

C
dVi
dt

= ICa(Vi, hi) + IL(Vi)−
gsyn
n

(Vi − Vsyn)
n∑
i=1

si(t)

dhi
dt

= kh(Vi)[h∞(Vi)− hi]

dsi
dt

= kf · s∞(Vi)(1− si)− krsi

where ICa and IL describe the calcium ion and ion leakage currents, respectively (given below); Vi
and gi are the reversal potential and maximal conductances for a particular current variable; and
kh(Vi) is the rate function (given below):

ICa(V, h) = −gCam
3
∞(V )h(V − VCa) and

IL(V ) = = −gL(V − VL)

Figure 10: Clusters in a bipartite network of reduced nodes as described in the Golomb-
Rinzel model. [11] We observe formation of clusters with synchronized voltage patterns (dynamics)
over time.

Under random initial conditions, this system spontaneously breaks into cluster states, or groups of
synchronized oscillators. For simulations with N = 100 (groups of 100 neurons), for example, up
to four cluster states were observed, via all node permutations. The clusters are affected by the
physiological parameters of each single cell node (e.g., conductance), but also by the architecture
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of the network. In the original paper, only all-to-all inhibitory networks were considered. We aim
to study the effect of changing the network architecture on synchronization and clustering of the
nodes (see Section 5.2 for more detail).

4.3 Chemical oscillators

An additional promising application of our network would be to chemical oscillators: time-dependent
chemical reactions which periodically cycle through some number of reaction states. The state of an
oscillator at a chosen time may be detected experimentally through a number of methods, including
through measuring color changes.

Chemical oscillatory reactions have been used in the past as experimental models of nonlin-
ear dynamics. Many systems in nature have inherently nonlinear dynamics, but computationally
solving nonlinear dynamical equations can be extremely difficult. Thus, it is desirable to have
an experimental reference which can accurately model a natural system, but which is also easily
studied under controlled (laboratory) conditions.

One commonly used nonlinear chemical oscillator is the Belousov-Zhabotinsky (BZ) reaction,
which involves photosensitive, nonlocally coupled oscillators and a Ru(bpy)3+ catalyst [23].

Definition 4.5. In nonlocal coupling schemes, each oscillator is coupled to a range of nearby
oscillators, with coupling strength attenuating with decreasing oscillator proximity.

The Belousov-Zhabotinsky reaction mechanism is still under study, but is extremely complex
and thought to involve around eighteen steps [10] [19]. However, it is known that the reaction
begins with HBrO3 (bromic acid) and the overall reaction is as follows [22]:

3 CH2(CO2H)2 + 4 HBrO3 → 4 HBr + 9 CO2 + 6 H2O

The reaction is also known to involve HBrO2 (bromous acid) as an important intermediate, the
dynamics of which can be computationally modeled (more details below).

These oscillators exhibit non-equilibrium dynamics (i.e., they never reach an equilibrium state,
and will instead continue to cycle through the oscillatory states). Interestingly, populations of these
oscillators have been observed to self-organize into chimeric states.

Definition 4.6. A chimera state is present in a system of identical oscillators if there exist
simultaneous subpopulations of synchronized and unsynchronized oscillators.

To mathematically model this reaction system, a modified version of the Zhabotinsky-Bucholtz-
Kiyatkin-Epstein (ZBKE) model [24] may be used. The changing concentrations of both HBrO2

and Ru(bpy)3+ are related by the following:

dXj

dt
= f(Xj , Zj , qj) +

φj
0.11

dZj
dt

= g(Xj , Zj , qj) + 2φj

where f, g are the nonphotochemical reaction components, Xj = [HBrO2], Zj = [Ru(bpy)3+], and
qj is the stoichiometric factor, all for an oscillator with index j.

Additionally, φj is the photoexicatory feedback on oscillator j, calculated according to:

φj = φ0 +

j+n∑
ρ=j−n

K(Zρ(t− τ)− Zj(t))
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This equation is extremely similar to the equation modelling light perturbation. The only difference
is that the photoexicatory feedback equation (above) is dependent on catalyst concentrations (Zρ
and Zj), not grey-levels.

This chemical model could be a useful physical reference for future research, since (like the
Golomb-Rinzel model) the oscillators form “clusters” of synchronized activity. We discuss the
potential of this model as a tool for future research in Section 5.2.

5 Discussion

5.1 Specific Comments

In this paper, we reformulated some well-known questions from single map quadratic dynamics in
the context of iterations of ensemble quadratic maps, coupled up in a network, according to an
underlying adjacency graph structure. We investigated whether single map results regarding orbit
convergence, escape radius and the topological structure of asymptotic sets change when studying a
small network of n quadratic complex nodes. We focused in particular on one-dimensional complex
slices of these sets in Cn, which we call uni-J sets and equi-M sets.

We found that some of the structure of the traditional Mandelbrot set is conserved in network
Mandelbrot slices, such as fractality on the boundary, or the cusp at its rightmost point along the
real axis. It is interesting that the presence of the cusp seems persistent under changes in both
network configuration, as shown in a previous paper [18]) and set of weights, as shown in the current
study (even though its position varies slightly with these parameters). In contrast, other features
of the equi-M set are not as robust.

In contrast, other features of the equi-M set are not as robust. We showed, for example, that
the tail of the set is really fragile to perturbations in both configuration and weights. Equi-M
sets no longer exhibit the traditional hyperbolic bulb structure, and are not necessarily connected.
Depending on the architecture of the network and the strength of the connections between nodes,
the original centers of the hyperbolic components may no longer be within the equi-M set altogether.

Another question we explored in this study is whether any relationship can be drawn (for fixed
network configuration and weights) between the equi-M set and the Julia set connectedness locus.
Their interplay is a lot more complicated in networks than the well known result for single map
iterations. We investigated numerically a variant of this result. Since relating the network Julia
and Mandelbrot sets as loci in Cn is a more difficult computations problem, which may warrant a
separate study, here we started by comparing the structure of the equi-M slices with the connect-
edness locus of the two-dimensional uni-Julia sets (which are both sets in C2). Our simulations,
supporting previous work on this question, suggested that a gradual break in connectedness of
the uni-J sets occurs near the boundary of the equi-M set. In other words, all c values which
deliver connected uni-J sets lie in a region within the interior of the equi-M set, and all c values
corresponding to totally disconnected uni-J sets are in a region contained in the complement of the
equi-M set. The space between these two regions contains the boundary of the equi-M set, and is
the locus of c values for which the uni-J set has a finite number of connected components. A more
precise, qualitative description of this transitions requires an analytic approach that is the focus of
our future work.

5.2 General comments and future work

We have chosen to study discrete networks of quadratic maps because they present feasibly solvable
mathematical questions. As mentioned in the Introduction, the same questions can easily become
intractable when using more complicated node dynamics. This supports the strategy of using such
simple models to begin understanding the behavior of more complex systems, in which direct results
are otherwise unreachable. When using a simple model of quadratic networks, one can put results
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in the perspective of the long-standing work with single-node iterations, and better understand
the mechanisms of transition between a simple system with one operating unit and a complicated
dynamic ensemble.

One continuation of this research would be to investigate which of the results from quadratic
networks can be extended to other types of networks. In section , we introduced three other types
of networks which we plan to use in this continuation. The first two models are both taken from
neuroscience: threshold-linear networks consist of simple, perceptron-like neurons with continuous-
time dynamics, while the inhibitory clusters networks model synchronized neuronal spiking activity
in an all-to-all connected network using reduced Hodgkin-Huxley neurons. The chemical oscillator
model is directly taken from the Belousov-Zhabotinsky reaction, a common experimental example
of non-equilibrium thermodynamics.

Among these four models (our theoretical one and the three different applications), we plan
to search for graph properties which (1) are robust within a model under slight perturbations, or
(2) translate between different models. However, we do not expect all our results to be universal,
especially since some of our measures and techniques pertain specifically to complex maps.

We aim to investigate the possibility of relating attractor behaviors in TLN networks (fixed
points, periodic orbits with the respective attraction basins, as well as chaotic regimes) with asymp-
totic behavior in quadratic networks. It is interesting to study if any classifications of behavior
(based on network architecture) can be encoded into topological information on Julia/Mandelbrot
sets in quadratic networks. This would suggest the classifications are not unique to TLN networks,
and could be applied to dynamics prediction in other network models.

We are additionally interested in seeking both common examples and generalized conditions
under which dimensionality reduction (i.e., treating a large group of nodes as a single node) is
permitted, but with the original network activity (dynamics) preserved. When considering potential
modeling applications, we find real-world networks of interest are typically much larger than our
three-node models– often too large to feasibly model given current computing limitations. Thus,
establishing universal rules of dimensionality reduction would be extremely desirable, as it would
allow us to simplify such real-world networks without loss of dynamic complexity.

Two of the applied networks mentioned previously — the RMIC and the BZ reaction networks —
could be useful tools for future work on dimensionality reduction. In the RMIC, the spontaneously-
formed clusters essentially function as a single unit, since each of the many nodes within the
cluster exhibits identical dynamics. Similarly in the BZ oscillatory network model, we observe
self-organisation into “clusters” of oscillators (nodes) with synchronized dynamics. Further study
of the conditions which induce cluster formation may provide insight into the conditions which
permit dimensionality reduction.

The BZ oscillator model is also interesting in its formation of chimera states. The co-existence
of synchronized and unsynchronized oscillator populations (in the chimera states) could provide a
physical reference for our own quadratic networks, in relation to the observed simultaneous existence
of both escapee and prisoner (unbounded and bounded) nodes, as described in section .

Finally, from the viewpoint of applications, we are primarily interested in further understanding
the classification aspects, and then comparing them across networks with different types of node
dynamics. A gradual, step by step investigation path may start by checking if the classification
carries through for node-wise tent maps (as a canonical choice for a unimodal family), then for
threshold linear maps (where we can compare with the results obtained by Curto et al. [5]), then
for piecewise linear maps approximating a sigmoidal function (in the manner of Caiola et al. [4]),
then finally for standard Wilson-Cowan type nonlinear nodes (which triggered our original question
and directly relates to many applications).
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Appendix A: Proofs of escape radius existence for two network
classes

Proof of escape radius for dominated networks. We will show that there exists δ > 1 and
M0 > 0 such that, for all M ≥M0, if

|zi(k)| ≤M, for all nodes 1 ≤ i ≤ n and all iterates 0 ≤ k ≤ K + 1 (2)

then

|zi(k)| ≤ M

δ
, for all nodes 1 ≤ i ≤ n and iterates 0 ≤ k ≤ K (3)

This implies that, if |zi(k)| > M/δ for some node 1 ≤ i ≤ n and some iterate k ≥ 0, then there
exists a node 1 ≤ l ≤ n for which |zl(k + 1)| > M . In other words, we show that once a node gets
large enough in modulus, at each future iteration step one of the nodes (not necessarily the same
one each time) will be even larger, causing the norm to escape to infinity. This is equivalent to the
definition of the escape radius property, as previously stated.

Indeed, suppose we have

|zi(k)| ≤M, for all nodes 1 ≤ i ≤ n and all iterates 0 ≤ k ≤ K + 1 (4)

for some M > 0. We want to see what conditions M needs to meet in order to satisfy

|zi(k)| ≤ M

δ
, for all nodes 1 ≤ i ≤ n and iterates 0 ≤ k ≤ K (5)

. Fix an arbitrary node 1 ≤ j ≤ n. Since the network is dominated, there will exist a node σ(j)
such that |gσ(j)j | >

∑
l 6=j |gσ(j)l|. Then:

|zσ(j)(K + 1)| =
∣∣∣∣[∑ gσ(j)lzl(K)

]2
+ c

∣∣∣∣ ≥
∣∣∣∣∣∑
l

gσ(j)lzl(K)

∣∣∣∣∣
2

− |c|

Hence ∣∣∣∣∣∑
l

gσ(j)lzl(K)

∣∣∣∣∣ ≤√|zσ(j)(K + 1)|+ |c|

and

|gσ(j)jzj(K)| ≤
√
|zσ(j)(K + 1)|+ |c|+

∣∣∣∣∣∣
∑
l 6=j

gσ(j)lzl(K)

∣∣∣∣∣∣
Using

|zi(k)| ≤M, for all nodes 1 ≤ i ≤ n and all iterates 0 ≤ k ≤ K + 1 (6)

, it follows that:

|gσ(j)jzj(K)| ≤
√
M + |c|+M

∣∣∣∣∣∣
∑
l 6=j

gσ(j)l

∣∣∣∣∣∣
If we required that the right side be smaller than M

δ |gσ(j)j |, it would follow automatically that
|zj(K)| ≤ M/δ. We want to find out whether we can choose M so that this stricter condition is
satisfied:

√
M + |c|+M

∣∣∣∣∣∣
∑
l 6=j

gσ(j)l

∣∣∣∣∣∣ ≤ M

δ
|gσ(j)j | ⇐⇒

√
M + |c| ≤ M

δ

|gσ(j)j | − δ
∣∣∣∣∣∣
∑
l 6=j

gσ(j)l

∣∣∣∣∣∣
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Since |gσ(j)j | >
∑

l 6=j |gσ(j)l|, there exists M
(j)
0 > 0 and δ(j) > 1 such that the inequality is satisfied

for any M > M
(j)
0 and δ < δ(j).

Since this is true for any arbitrary 1 ≤ j ≤ n, we can define M0 = max
j
M

(j)
0 . Then

|zi(k)| ≤ M

δ
, for all nodes 1 ≤ i ≤ n and iterates 0 ≤ k ≤ K (7)

is satisfied for any M ≥M0, for δ = min
j
δ(j). This concludes the proof.

2

Proof of escape radius for feed-forward networks. Fix δ > 1. We will show that there exists
M0 > 0 such that, for all M > M0, if |zj(k)| ≥ M for some 1 ≤ j ≤ n and some k ≥ 0, then
|zl(k + 1)| ≥ δM , for some 1 ≤ l ≤ n. This means that, if one node gets larger in modulus than
M0 at some stage k of the iteration, then ‖z(k)‖ → ∞ as k → ∞. In other words, M0 would act
as an escape radius for the network.

We will prove this by induction over the network size n. For the first node z1, the result
is equivalent to the existence of escape radius for a single quadratic map (hence we can take

M
(1)
0 = max(|c|, 2), according to Theorem ).

Suppose that the result holds for the feed-forward network consisting of the first (n− 1) nodes,

for some M
(n−1)
0 . That is: for all M > M

(n−1)
0 , if |zj(k)| ≥M for some 1 ≤ j ≤ n and some k ≥ 0,

then |zl(k+ 1)| ≥ δM , for some 1 ≤ l ≤ n. We will show that it holds for the feed-forward network

of n nodes with self loops, for an M
(n)
0 large enough. We will compute how large M

(n)
0 needs to be.

We start by imposing the condition M
(n)
0 ≥M (n−1)

0 .

We start with the hypothesis that for all M > M
(n)
0 , we have |zl(k)| ≥ M ≥ M

(n)
0 , for some

1 ≤ l ≤ n and some k ≥ 0. We have two cases:
Case 1. If |zj(k)| > M

(n−1)
0 for some 1 ≤ j ≤ n− 1. Then it follows from the induction hypothesis

that |zl(k)| > M
(n−1)
0 result follows from the induction step.

Case 2. If |zj(k)| < M
(n−1)
0 for all 1 ≤ j ≤ n− 1, then it must be that |zn(k)| ≥M . Then:

|zn(k + 1)| ≥

∣∣∣∣∣∑
l

gnlzl(k)

∣∣∣∣∣
2

− |c|

Hence

√
|zn(k + 1)|+ |c| ≥

∣∣∣∣∣∑
l

gnlzl(k)

∣∣∣∣∣ ≥ |gnn| · |zn(k)| −
∑
l<n

|gnl| · |zl(k)|

≥ M |gnn| −M (n−1)
0

∑
l<n

|gnl|

We take M
(n)
0 >

M
(n−1)
0

|gnn|
∑
l<n

|gnl| (since the network has self loops, we know that |gnn| > 0). Then:

|zn(k + 1)| ≥

(
M |gnn| −M (n−1)

0

∑
l<n

|gnl|

)2

− |c|

The right side is larger than δM , if M
(n)
0 is taken large enough (since the quadratic term on the

right will eventually dominate any linear function of M). With this choice of M
(n)
0 , we have that

|zn(k + 1)| ≥ δM . This concludes the induction.
2
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Appendix B: Proof of asymptote in equi-Mandelbrot set

Lemma 5.1. The point c = −3/4 is not in the equi-M set for the network given by: z1 → z21 + c,
z2 → (az1 + z2)

2 + c, z3 → (z1 + z2 + bz3)
2 + c, with connectivity weights a = −1, b = −1.

Proof. It is easy to see that the interval [−3/4, 0] is invariant under the iteration of the function
z1 → z21 − 3/4 (since the minimum value of the function f(z) = z2 − 3/4 for z ∈ [−3/4, 0] is
f(0) = −3/4, and the maximum value is f(−3/4) = −3/16 < 0. Since z1(0) = 0 ∈ [−3/4, 0], it
follows by induction that z1 ∈ [−3/4, 0] for all iterates, hence the first node is bounded.

We will show, using induction, that −3/4 ≤ z2 ≤ 0 also for all iterates. This is satisfied for
z2(0) = 0. Suppose that z2(t) ∈ [−3/4, 0] for some t ≥ 0; we will show that z2(t + 1) is also
within this interval. We know that −3/4 ≤ z1(t) ≤ 0, and −3/4 ≤ z2(t) ≤ 0, hence −3/4 ≤
−z1(t)+z2(t) ≤ 3/4, and 0 ≤ (−z1(t)+z2(t))

2 ≤ 9/16. Then z2(t+1) ∈ [−3/4,−3/16] ⊂ [−3/4, 0],
which concludes the induction and shows that the critical point z2 is bounded. Moreover, since
z1, z2 ∈ [−3/4, 0], it follows that −1 ≤ z1 + z2 + 1/2 ≤ 1/2, hence |z1 + z2 + 1/2| ≤ 1, which we will
use below.

It is easy to calculate that the orbit of z3 grows relatively fast for the first portion of the
iteration, so that z3(8) > 5. We will use this to show that, in fact, the orbit of the third node
escapes to infinity. First notice that, for all iterates (in particular for t ≥ 8), we have:

|z3(t+ 1)| = |(z1 + z2 − z3)2 − 3/4| ≥ |(z1 + z2 − z3)|2 − 3/4

For simplicity, we left out the index for the current iterate (e.g., z1 above represents z1(t)). This
further implies that:√

|z3(t+ 1)|+ 3/4 ≥ |(z1 + z2 + 1/2) + (−z3 − 1/2)| ≥ |−z3 − 1/2| − |z1 + z2 + 1/2|

Since |z1 + z2 + 1/2| ≤ 1, we further have that√
|z3(t+ 1)|+ 3/4 ≥ |z3| − 1/2− 1 ≥ |z3| − 3/2

Since z3 > 5, we can square both sides:

|z3(t+ 1)| ≥ (|z3| − 3/2)2 − 3/4

We want to show that (|z3| − 3/2)2 − 3/4 ≥ 2|z3|. Consider the quadratic function

f(ξ) = (ξ − 3/2)2 − 3/4− 2ξ = ξ2 − 5ξ + 3/2,

with roots 0 < ξ1 < ξ2 < 5. Since |z3| > 5, it follows that f(|z3|) > 0, hence

(|z3| − 3/2)2 − 3/4− 2|z3| > 0

It follows that, as needed
|z3(t+ 1)| ≥ 2|z3(t)| for t ≥ 8

In conclusion, the node-wise orbit z3 escapes to infinity.
2
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