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Abstract
This research examines students’ capability to perform computational estimations as well
as strategies used in doing so. There were a total of 59 participants and each was given an
assessment and a survey to collect data to answer the questions: “How familiar are nonmathematics major college students with computational estimation?” and “What strategies are
often implemented in performing these estimations?” Results showed that these participants were
not proficient at estimating the answers of the problems in the study, implying that there is a
need to further develop students’ skills of estimation in earlier stages of their education.
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Introduction
This research examines students’ capability to perform computational estimations as well
as strategies used in doing so. In regard to computational estimation, it is important that
everyone, not just students, have the knowledge and ability to perform such computations.
Estimation is a lifelong skill that is used on a daily basis and a fundamental skill in the area of
mathematics. In the Core Curriculum today, students are taught to estimate masses, areas,
volumes, lengths, etc., and use computational estimation as a means to check the reasonableness
of a solution. Generally, in mathematics, exact solutions are desired and students fail to
recognize the importance of estimation. Past research on this topic was primarily done on integer
operation estimation, but little or none was done on more complex estimations, that is,
computational estimations involving square roots, irrational numbers, exponents, etc. Lack of
research on more complex estimations introduces the question: What are effective strategies
taught to students to compute computational estimations, and how are these strategies being
implemented?
Interest in this topic emerged during my teaching experience at a four year liberal arts
State University in the northeast. At this University, I taught two sections of Mathematics in
Action (MATH 110). Each section was taught two days a week for 120 minutes and had between
32 and 38 students. Both sections displayed similar inclinations when asked to compute a simple
numeric expression. The majority of students would immediately use their calculators to make
computations even if an exact answer was not desired. When asking students, for example, about
how much one third of 20 is, no one responded. Making the problem conceivably simpler, I
asked, about how much is one third of 21? A few students responded correctly saying 7, so when
prompted with the original question again, I heard responses similar to “Oh! A little less than 7”.

Students often need a push when probed to make computational estimations, feasibly,
because they are not positive of the exact solution and are perhaps embarrassed to get the answer
wrong. This observation led me to the conclusion that while exact answers are most often
encouraged with the use of calculators in many areas of mathematics, this is hindering students’
number sense and ability to make conjectures and use previous knowledge, namely, estimation.
Estimation is a relatively fundamental skill in the area of mathematics and conveys a
great deal of number sense. Although there is little evidence that students cannot estimate simple
computations, it is apparent that many of them prefer to use calculators. Estimation is one of the
few mathematical skills most often used on a daily basis but in many mathematics courses, exact
answers are most often required. There are few standards that computational estimation is stated
to be of importance in the Common Core. This is the primary problem that defines the
hypothesis statement for this research:
It is hypothesized that students will struggle while performing computational estimations
involving operations with numbers that are not integers as opposed to operations involving
integers. Furthermore, it is also hypothesized that students will most often use the strategy of
compensation in contrast to other strategies.
This hypothesis was tested on 59 students within two sections of Mathematics in Action,
at a four year liberal arts state university in the northeast, separate from those who contributed to
the initial observation. Each student was asked to complete an eight-problem assessment
followed by a five-question survey. The assessment was used to evaluate students’ ability to
perform computational estimations while the survey was used to gain knowledge of the strategies
used as well as some insight on what the students believe estimation is. These instruments and
parts of the analysis were developed based on the research conducted in the literature review that

follows in the next section. The literature review summarizes various research articles on
computational estimation and examines various strategies used within different age groups.

Literature Review
The purpose of this literature review is to explore research that has been previously done
on methods and strategies used for computational estimation with various age groups along with
a comparison of conceptual knowledge, procedural knowledge, and number sense. This research
was done to investigate the hypothesis that participants would struggle while performing
computational estimations that involve operations with numbers that are not integers along with
what strategies were used. First, the standards of the Common Core are examined to find where
computational estimation is implemented in the curriculum and is compared to the National
Council of Teachers of Mathematics Standards from earlier years (1980s). Then, investigation
among different strategies compared with different age groups, with emphasis on what strategies
are used and possible reasons why. Then, three stages of knowledge will be examined, namely,
conceptual, procedural, and number sense, in computational estimation. Finally, some current
research will be explored; examining which strategy is most used with today’s students and how
well students estimate.
Standard in the Curriculum; NYS Common Core
In 1993, computational estimation was defined by LeFevre, Greenham, and Waheed, as
the process of simplifying an arithmetic problem using some set of rules or procedures to
produce an approximate but satisfactory answer through mental calculation. In 1980, the NCTM
had an ‘agenda for action’ (National Council of Teachers of Mathematics, 2013), which
encompassed a list of recommendations. In recommendation 2, specifically 2.3, it was stated that
there should be more emphasis on activities involving estimating measures and mentally
estimating results of calculations. Much of the mathematics done at this time was done with

paper and pencil and technology began to be encouraged, especially in the aid of calculations. In
this recommendation, it was also stated that there should be less emphasis on performing paperand-pencil calculations with numbers of more than two digits. Recommendation 3 mainly
focused on computers and calculators. Part 3.1 stated that calculators should be readily available
to all students and 3.2 stated that they should be used “in imaginative ways for exploring,
discovering, and developing mathematics concepts and not merely for checking computational
values or for drill and practice.” (National Council of Teachers of Mathematics, 2013) Although
emphasis was placed on estimation, much more meticulous standards are mentioned in the
current common core standards.
The Common Core is more precise than the NCTM standards in defining estimation
standards. Currently, the Common Core introduces estimation in Grade 2 with length estimation.
In Grade 3, estimation of time, liquid volumes, and masses is introduced. It is not until Grade 4
when computational estimation is introduced. The Common Core states, under Grade 4,
“Depending on the numbers and the context, they select and accurately apply appropriate
methods to estimate or mentally calculate products” (National Governors Association Center for
Best Practices, 2012, p.25) In Grade 5, the
standards state that students should be fluent in
calculating the sums and differences of fractions
and decimals and be able to make reasonable
estimates of them. The standards also state,
“Apply properties of operations to calculate with

For example: If a woman making $25 an hour gets
a 10% raise, she will make an additional 1/10 of
her salary an hour, or $2.50, for a new salary of
$27.50. If you want to place a towel bar 9 3/4
inches long in the center of a door that is 27 1/2
inches wide, you will need to place the bar about 9
inches from each edge; this estimate can be used
as a check on the exact computation.

Figure 1. Estimation example problem from
the Common Core Standards, Grade 5.

numbers in any form; convert between forms as appropriate; and assess the reasonableness of

answers using mental computation and estimation strategies” (p.42). Figure 1 is an example from
the standards of a problem in which a student would need to use such estimation.
After Grade 5, estimation is not found again, in the standards, until Grade 8, where
computational estimation with irrational numbers, such as 𝜋 2 is introduced. Specifically, the
Common Core standards state that students should be able
to use “rational approximations of irrational numbers to
compare the size of irrational numbers, locate them
approximately on a number line diagram, and estimate the
value of expressions” (p.46). Figure 2 is another example

For example, by truncating the decimal
expansion of √2, show that √2 is between 1
and 2, then between 1.4 and 1.5, and
explain how to continue on to get better
approximations.

Figure 2: Estimation example from
the Common Core Standards,
Grade 8.

from the standards for Grade 8 computational estimation.
This problem asks students to truncate decimals, which is a strategy further explained in the next
section, and rationalize why the number is between two numbers. The Common Core Standards
discuss computational estimation up until Grade 8, and then estimation becomes more intricate,
incorporating probability and calculus. Although there are specific standards that address
estimation, there are no specific strategies mentioned. The next section will explore different
strategies used by different researchers in computational estimation.
Strategies Used in Computational Estimation
Many researchers discuss different strategies for computational estimation for different
age groups and it is in this research where we can define different approaches to estimating in
different contexts. Although researchers pose different strategies, many of them have similar
concepts (Reys, Bestgen, Rybolt, & Wyatt, 1982; LeFerve, Greenham, & Waheed, 1993;
Johnson & Star, 2008). LeFerve et al. (1993) explored computational estimation among 56

children (Grade 4, Grade 6, Grade 8 students) and 20 adults. The researchers strictly used
multiplication problem involving numbers of one-, two-, and three-digit numbers. Many Grade 4
subjects were unable to determine how to effectively estimate multiplication problems and were
therefore excluded. Subjects were given both numerical problems and word problems and
estimation ‘strategies’ were classified into 4 different categories:


Truncation: Round both numbers down to easier computable numbers
(i.e. round 52 to 50)



Compensation: Adjustment (rounding) of either of the numbers to produce an estimate
prior to a produced estimate itself (post). (i.e. 22 ÷ 7 becomes 21 ÷ 7, then add a little to
the result to compensate for the rounding)



Translation: Changing the structure of the problem, (i.e. changing 9 + 11 + 9 to 10 × 3)



Decomposition: Breaking the numbers up, for example into sets of 10.
(Star and Rittle-Johnson, 2008, p.412)

The researchers viewed exact answers and guessing as a form of non-estimation. The
researchers coded the results of the subjects’ answers by verbal explanations of how they
produced their estimation. The researchers found that compensation was used on 75.4% of the
problems, truncation was used on 5.5% of the problems, translation was used on 2.0% of the
problems and decomposition was used on 5.5% of the problems. They also found that exact
answers were produced in 15.3% of the problems. The exact answers were most often produced
by adults, implying that they either did not follow the instructions to estimate, or that they used
exact-answer solutions when the multiplication posed no trouble for them.

Some different strategies, discussed by Reys et al. (1982), include the front-end strategy,
clustering, rounding, compatible numbers, and special numbers. The front-end strategy entails

Figure 3: Estimation strategies discussed in the article by Reys, Bestgen, Rybolt, & Wyatt, 1982.
taking the left-most digits of a number (hence, front-end) and performing the operation that is
applied in the problem with those numbers. The clustering strategy is suited for specific types of
problems. Such problems involve numbers that ‘cluster’ around a common value. The rounding
strategy is similar to the compensation strategy that LeFerve et al. (1993) discusses. It entails
rounding numbers before computation and then adjusting the solution appropriately. The
compatible numbers strategy refers to adjusting numbers that ‘fit’ together nicely and are easy to
manipulate mentally. Lastly, the special numbers strategy focuses on encouraging students to
look for numbers that are near ‘special’ numbers. These special numbers include powers of ten,
common fractions, and common decimals. Examples of these strategies can be seen in Figure 3

above. LeFerve et al. (1993) also explore the importance of teaching these strategies and follows
up with putting it all together with instruction, practice, and testing. Star and Rittle-Johnson
(2008) examine other strategies and how instruction effects learning.
Star and Rittle-Johnson (2008) state “Estimation is a critically useful skill in everyday
life and in mathematics” (p. 409). This study explores the importance of not only estimation, but
also if it is more effective to compare different strategies during instruction, or if a sequential
study of strategies is more effective. The researchers tested the effectiveness of each instructional
method by giving a pretest, and after instruction, a post-test. The researchers observe different
strategies including rounding both numbers, round one number, truncating, or other (when
multiplying two numbers). The participants for this study came from two different schools, noted
as School A, and School B. There were a total of 157 students who participated, 69 fifth graders
from School A and 45 fifth graders and 46 sixth graders from School B (3 were dropped from the
study). During the study, participants went through an intervention session where they focused
on practice problems accompanied with estimated solutions and were asked ‘Whose way is
easiest? Why?’ (‘Whose’ being the answer given). Following the intervention, the students given
asked to estimate various multiplication problems and give explanations for their answers. The
researchers found that most of the students entered the study with at least some sort of
knowledge of estimation and strategies. Star and Rittle-Johnson discuss three different strategies
in making estimations when multiplying two numbers:


Round one number



Round both numbers



Truncating – Only look at the first digit in each number and replace the other digits with
zeros.

The truncating method is similar to LeFerve’s front-end strategy. The results of this study reveal
that, of the strategies used, rounding both numbers was most often used and rounding one
number was least often used. The researchers also had a category of ‘other’ if the strategy
presented was one different than that of the three mentioned. Also, they have a category ‘blank’
if the question was not answered. Furthermore, the researchers found that comparing solution
strategies during instruction rather than learning them sequentially resulted in greater flexibility.
In this result, they stated that “comparing solution strategies helped students to retain their
conceptual knowledge of estimation” (p. 422). In the next section, we explore further the concept
of conceptual knowledge, procedural knowledge, and number sense.
Conceptual Knowledge, Procedural Knowledge, and Number Sense
Conceptual knowledge, procedural knowledge, and number sense are the fundamental
basis of understanding computational estimation. Sowder and Wheeler (1989) and LeFerve et al.
(1993) develop these types of knowledge in their research. Sowder and Wheeler (1989) projected
three different types of conceptual knowledge in computational estimation:


Understanding of the role of approximate numbers in estimation.



Understanding that estimation could involve multiple processes and have multiple
answers.



Understanding that the appropriateness of an estimate depends on the context.

The subjects in this research were students in Grades 3, 5, 7, and 9. Results show the older the
subject, the more understanding of estimation they had, but, they also preferred to respond with
exact answers more often than younger subjects. This result lead to the conclusion that Grade 9

subjects did not retain the conceptual knowledge essential for good computational estimation and
also that in general, conceptual knowledge of estimation was not routinely found, even in adults.
In 1989, Sowder and Wheeler also examined procedural knowledge among these
subjects, and found that there were 3 key procedures they used in estimating:


Reformulation: Changing the numbers through rounding (e.g. 245 to 250), truncating
non-significant digits (e.g. 245 to 200), averaging, or changing the form of the number
(e.g. ½ or 0.5).



Compensation: Adjustment of numbers, for example, round one number up and one
number down.



Translation: Changing the structure of the problem.
(Sowder and Wheeler, 1989, 571)

The researchers found that efficient estimators used reformulation advantageously to produce
more manageable numbers and this strategy seems to be a necessary element of estimation.
Furthermore, researchers found that efficient estimators also used compensation frequently and
acknowledged it is an important piece of successful estimation. Translation was found to be the
least used strategy in estimation and subjects displayed little or no procedural knowledge of this
strategy.
Another research article that identifies different types of knowledge important to the
understanding of estimation is by LeFerve et al. (1993). LeFerve et al. found that each step in
estimation requires at least three different types of mathematical knowledge, namely, conceptual
knowledge, procedural knowledge, and factual knowledge. The researchers argue that “in
estimation, conceptual knowledge of the role of approximate numbers is required to choose the

conversion procedure” (p. 101), and that “procedural knowledge is also required in estimation to
perform the reformulation of the numbers through procedures such as rounding, translation, or
truncation” (p. 101). The researchers also mention that the next step in the estimation process,
which is the mental calculation aspect, requires “factual knowledge in the form of memorized
number facts, knowledge about place value, operating with tens” (p. 101). The participants
involved in this study were fifty-six Grade 4, Grade 6, and Grade 8 students. Estimation in this
study was restricted to multiplication problem of 1, 2, and 3-digit integers. Results showed that
the majority of the participants relied on exact answers rather than estimation, and when
estimation was used, the strategy of rounding was most often implemented. Furthermore, results
implied that evidence for conceptual knowledge of estimation was evident even in Grade 4
children. Typically, participants would at least round numbers down to some more manageable
numbers. While the previous statement makes sense, this study was conducted in 1993. The next
section will explore more recent research on computational estimation.
Current Research
The most recent research conducted on computational estimation that was located and
accessible, was conducted by Lemaire, Arnaud, and Lecacheur in 2004. This research examines
age related differences in strategy choice of computational estimation among adults. The primary
purpose for this study was to examine adults’ capability of computational estimation. This study
consisted of 4 different experiments with different participants for each. The ideas for the
experiments were similar in that the participants were given multiplication problems and a
choice to round up or round down, or, given the multiplication problems and told which strategy
to use. Each experiment was given a time restriction and experiment 4 was used as a control
group, meaning the participants could take as long as the needed to complete the problems.

The first experiment consisted of thirty young adults (undergraduate students at a
University) and thirty older adults whom volunteered for the study. Each participant was given
144 multiplication problems and half of them were considered ‘rounding up problems’ while the
other half were considered ‘rounding down problems’. Participants were instructed to strictly
round and calculate, although many of the participants compensated after calculating. For this
experiment, results show that rounding up was more commonly used.
The second experiment had 96 young adults and 96 older adults and this time there were
80 multiplication problems, similar to the ones in experiment one. Results from this experiment
suggested that age-related differences in strategy use, similar to experiment one, differed in how
often the participants used a given strategy when that strategy produced an estimate closer to the
exact solution.
The third experiment consisted of 48 young adults and 48 older adults. This experiment’s
objective was to replicate the results in experiments one and two, except this time participants
would get to choose between more than two strategies (rounding up or down). Participants were
given 40 multiplication problems, but this time could use a mixture of rounding up or down.
Results showed that most often, participants would use a mixture of rounding up and rounding
down.
Another current research article that examines computational estimation is by Jon R. Star
and Bethany Rittle-Johnson (2008). The goal of this research was to evaluate whether comparing
solution strategies is more effective than sequential study of strategies. Participants in this study
were from two schools, sixty-nine Grade 5 students from school A and forty-five Grade 5
students from school B. Researchers taught estimation strategies to the different schools in two

ways. The first instructional protocol was to teach the strategies by comparison, meaning
introduce the strategies at the same time and compare them. The second instructional protocol
was to teach strategies one at a time in a sequential order. The researcher’s hypothesized students
in the compare condition to have higher procedural knowledge and found that although mean
outcomes supported the hypothesis, there was no significant difference according to ANOVA.
Results also show that students in the compare study became more flexible estimators in general.
When conceptual knowledge was examined there was no significant difference between the two
schools. Although these results were expected, in future research, it would be interesting to
examine different age groups.
Throughout this research, many different strategies are used in computational estimations
and that most of these estimations are estimates of multiplication problems involving integers.
Future research should include estimations of not only multiplication problems, but division
problems and should also include numbers that are not integers, such as non-perfect square roots
and irrational numbers. Research on integer and non-integer estimation is in the following
sections, including experimental design, results, and implications for teaching that are formulated
at the conclusion of the study.

Experimental Design
This experiment was designed to test the hypothesis that participants will struggle while
performing computational estimations involving operations with numbers that are not integers as
well as using the strategy of compensation most often while performing these computational
estimations. The experiment consisted of an assessment followed by a survey. The assessment
entails eight problems and was to be completed within ten minutes. Following this, a fivequestion survey was administered to gain information about the thought process and strategies
used by the participants while taking the assessment. The survey was to be completed within
eight minutes. There were also video recordings from a “Pi Day game” that took place on Pi Day
(March 14th) of 2013, where teams formed to answer the eight assessment problems one at a
time. Responses were digitally recorded and later viewed for analysis.
Participants
This study was conducted at a liberal arts four year state university in the northeast.
Students at this University generally are from New York State and about 84% of them receive
financial aid. Ninety-four percent of students are undergraduates while about 6% are graduate
students. This University is a predominately white school (89%). The participants of this study
Male

were students enrolled at this University,
specifically in two sections of Mathematics in
Action (MATH 110). Each of the two sections met
twice a week for 120 minutes during the semester.
The researcher taught both sections and
computational estimation was not part of the

Freshman

12

Sophomore 6

Female Total
26

38

7

13

Junior

5

8

13

Senior

3

3

6

Total

26

44

70

curriculum.
Figure 4: Student Demographics.

There were a total of 70 students enrolled in the two sections, but the experimental group
consisted of 59 participants. The decrease in the number of students who participated in the
experimental group was a result of absenteeism the day this experiment was conducted. Details
of the 70 students can be observed in Figure 4 on the previous page. It should be noted that all of
the students enrolled in the course were non-mathematics majors, most of whom were taking
MATH 110 for their mathematics general education credit. As a result, the interest of these
students in mathematics was generally low. The students who participated in the “Pi Day game”
were mostly mathematics majors that ranged from freshmen to seniors. Additional demographic
information of these participants was not gathered.
Design
The assessment items were designed to assess the participants’ ability to perform
computational estimations of operations with both integers and non-integers. The assessment
problems are shown in Figure 5 (can also be found in Appendix A). Justification for the
inclusion of each problem can be found in Figure 6. For some of the problems, although it is
possible to compute an exact answer without struggle, the students were encouraged to strictly
use estimation.
Instrument One
Computational Estimation Assessment
Spring 2013
1) 29 × 32

5) √86
26
7

2) 58 ÷ 21

6)

3) 7√13

7) √11√33

4) 22.7

8) 99 × 𝜋

Figure 5: Assessment instrument used in the study.

Assess the
participants’
ability to
estimate:

Integer
multiplication
involving twodigit numbers

Problem 1

X

Problem 2

Integer
division
involving onedigit and twodigit numbers

Nonperfect
square
roots

Multiplication
involving nonperfect square
roots

One-digit
number raised
to a decimal
power

X

Problem 3

X

Problem 4

X

Problem 5
Problem 6
Problem 7

Multiplication
involving an
irrational
number

X
X
X

Problem 8

X

Figure 6: Justifications for each assessment problem.
Although it is possible to compute an exact answer for problem 1, students were
encouraged to use estimation. Problem 2 and 6 were used to assess participant’s ability to
estimate integer division involving one and two-digit numbers. Problem 3 was used to obtain
information on how well a participant was able to estimate non-perfect square roots. Following,
problem 3, problem 4 was used to assess the participants’ ability to estimate multiplication

involving a one-digit number and a 2-digit square root. Problem 5 was used to evaluate a
participants’ capability to estimate a one-digit number raised to a decimal power. Problem 7 was
used to test the participants’ knowledge of square roots. Lastly, problem 8 was used to evaluate
the participants’ capability to estimate multiplication by a two-digit number and an irrational
number. The “Pi Day game” used the same problems that were on the assessment and each

participant was given a specific amount of time (between 10 and 40 seconds) to mentally
estimate the answer. The problems were displayed on a projection screen one at a time and the
participant whose estimate was closest to the exact answer was asked to verbally explain how
they arrived at that answer. The responses were recorded for later viewing.
The survey was designed to obtain information from the participants about strategies they
used while performing the computational estimations on the assessment. The questions from the
survey are shown in Figure 7 and can also be found in the Appendix. Coding for the survey was
done by the researcher. It was done on a scale of 0, 1, or 2 points. Each question was scored
based on criteria defined by the researcher. Details of how each question was scored can be
found in the next section. Justification of the inclusion of each survey question can be found in
Figure 8.
Instrument 2
Computational Estimation Survey
Spring 2013
1) In your own words, how would you define estimation?

2) Specifically, what did you do while estimating 29 × 32?

3) List the problems, in order, from least difficult, to most difficult. (Use the question number)

4) In how many of the 8 problems did you use rounding while estimating?

5) What is a good estimation for 𝜋?

Figure 7: Survey used in the study.

Used to gain
knowledge
of:
Question 1

Participants’
interpretation of
estimation:
X

Question 2

Types of
strategies used:

Participants’
knowledge of Pi:

Problem Difficulty

X

Question 3
Question 4
Question 5

X
X
X
Figure 8: Justification of Survey Questions.

Questions one and four of this survey were used to assess what each participant thought
estimation was. Question two was used to determine the strategy the participant used in
completion of assessment question one. Question three of the survey was used to assess which
assessment questions each participant found to be the hardest and the easiest. Finally, question
five of this survey was used to determine if the participant could give an accurate estimation for
pi.
Data Collection
The data for this experiment were collected in the Spring 2013 semester at a four-year
liberal arts state university in the northeast. Participants were first administered the assessment
and allotted ten minutes to complete it. The assessment was then collected and graded as follows:
A reasonable estimation, meaning the estimate was within the valid range determined by the
researcher, received 1 point and an unreasonable estimation, meaning the estimate was outside
the valid range determined by the researcher, received 0 points. No partial credit was given. The
survey was then administered with eight minutes to complete it. As mentioned previously, the

survey was graded on a scale of 0, 1, or 2, with significance varying in each question, meaning
each question was significantly different. Questions three and four of the survey were not graded
according to this scale, but rather, ranked. For question three, each participant ranked the
questions based on how difficult they found them to be. Information from this question was
gathered and later analyzed. For question four of the survey, participants were asked to state on
how many questions of the assessment they used rounding. Results from the “Pi Day game” were
collected via video tape. Further details of the methods of data analysis can be observed in the
next section.
Methods of Data Analysis
The analyses of the data collected from the assessment were mainly quantitative.
Individual scores were compared as well as mean scores to obtain any obvious trends occurring.
This type of analysis allowed the researcher to compare the hypothesis that students will struggle
with operations involving numbers that are not integers, with the results. The analyses of the data
collected from the survey were also quantitative. These quantitative data allowed the researcher
to examine which strategies were most understandably used in comparison with the stated
hypothesis that students will most often use the strategy of compensation. Descriptive statistics
were primarily used in this research. Mean scores of the assessment problems were compared
among the participants as well as which questions were the hardest according to participants in
comparison to the mean scores. A Tukey Test was also used to determine which questions were
significantly different. Inferential statistics were briefly incorporated to make generalizations
about non-mathematics majors at the college level.

Analysis of Assessment
The results from the assessment were generated using a point scale of either 1 or 0. Whether a
participant received a 1 or a 0 was determined by
Problem:

Valid Range

the researcher in that the participant had to
1) 29 × 32

905-930

2) 58 ÷ 21

2.5-3

3) 7√13

22-27

4) 22.7

5-7

5)

9.1-9.8

estimate each problem within a given range. If
the participant was within the given range, the
participant received a 1, if the participant was
outside of the given range, they received a 0.
√86

The ranges for each question were determined
by the researcher and can be found in Figure 9.

6)

These ranges were determined based on

26

3.5-3.9

7

7) √11√33

18-20

8) 99 × 𝜋

300-315

compensation. The idea of the compensation
strategy in this context can be further examined
in Figure 10. Individual scores for each question

Figure 9: Valid Ranges for Assessment Problems.

were examined to determine which ones agreed with the hypothesis. Furthermore, the mean
scores were evaluated to formulate overall conclusions of which kinds of expressions
participants struggle to estimate correctly. Results from the “Pi Day game” were scored in the
same

Compensation
1. Prior Compensation
2. Post Compensation

manner.

Example:
78 × 189
78 × 189

Becomes:
75 × 200
(80 × 200) − (2 × 200)

Figure 10: Example of Compensation.
: Example of the Compensation Strategy

Survey Analysis
The results from the survey were collected using, for questions one, two, and three, a
point scale of 0, 1, or 2. Details for rankings on questions one, two, and three can be found in
Figure 11. For question two, although using a method other than compensation could produce an
accurate estimate, for our purposes, it was hypothesized that participants would most often use
this strategy. For question five, if a participant estimated pi to at least two decimal place, i.e.
3.14, then they received 2 points. For questions three and four, a different type of analysis was
used. For question three, participants were asked to rank the problems from ‘least difficult’ to
‘most difficult’. The results were analyzed based on how many times a problem was ranked the
‘most difficult’ and how many times a problem was ranked the ‘least difficult’. Question four,
however was analyzed based on how many problems were estimated using rounding. For the “Pi
Day game”, participants did not take a survey, however, the winning participant of the round
verbally explained how they arrived at each answer. These recordings were analyzed strictly to
determine what strategy was used by each winning participant.

Question 1
“In your own words,
how would you
define estimation?”
Question 2
“Specifically, what
did you do while
estimating 29 × 32?”
Question 5

0
Referred to
estimation as
‘guessing’ or doesn’t
know what
estimation is.
Didn’t use estimation

Didn’t involve the
number 3

1
Mentioned
approximation

2
Mention best
approximation closest
to the exact answer

Discussed a method
other than
compensation

Used compensation

3

3.14 or decimal
further continued.

“What is a good
estimation for 𝜋?”

Four primary results were generated using these methods of data analysis and can be observed in
the next section.

Figure 11: Scaling of survey questions.

Results
Four primary results were evident following the collection and analysis of the assessment
and the survey, which were as follows:
At the college level, (non-mathematics majors):


Participants display misconceptions about multiplication while estimating. (77.96%
received a score of 0 on assessment problem one, a multiplication problem involving
integers)



Participants fail to properly define ‘estimation’. (67.79% received a score of 0, 6.77%
received a score of 2)



Compensation is not a key strategy used in computational estimation. (50.86% did not
use compensation, 13.56% used compensation)



The participants have weakness with computational estimation. (Participants estimated
outside the valid range 84.7% of the time)

In other words, students at the college level, in general, struggle in performing computational
estimations. These results were obtained using an analysis of variance (ANOVA) and Tukey
tests. In the following pages, each result will be examined in more depth and detail.
Result 1: Participants display misconceptions in how to properly multiply while estimating.
Perhaps the most thought-provoking result found during this study was that many
participants displayed fallacies when estimating, as the participants thought, seemingly simple
computations. Figure 12, on the next page, displays results of how the participants ranked the
problems from easiest to hardest, and followed by how the students scored on each problem.

Figure 12: Left: Ranking of assessment problems (easiest vs. hardest). Right: Scores on assessment problems.
Examining how the participants ranked each problem, 30 participants (~50%) ranked assessment
problem 1 (29 × 32) the easiest. Beside the graph of how the participants ranked each problem,
is a graph of how the participants scored on each assessment problem. Observing AQ1, 77.96%
of the participants received a 0 on this problem. Fortunately, recall that survey question 2
examined how each participant specifically answered this problem, which allowed for further
investigation on why over half of the participants considered this problem the easiest but less
than a quarter of the participants answered the problem correctly. Figure 13, on the next page,
presents samples of participants’ answers to assessment problem 1 and survey question 2.
Participant D had the misconception that multiplying double digit numbers is equivalent to
multiplying the digits in the tens place separately, followed by multiplying the digit in the ones
place and then adding the results together. Participant E displayed similar tendencies and failed
to acknowledge that 29 would be more appropriately rounded to 30 rather than 20.

Participant D’s Answers

Participant E’s Answers

Figure 13: Participant samples of assessment problem 1.
Another cause for getting assessment problem 1 wrong was because some participants
estimated the answer to be 900, which is arguably a good estimation, but the valid range for this
problem’s answer was

905-930. This range was set because it was desired that the participants

use compensation and recognize that, when rounding 29 to 30 and rounding 32 to 30, 32 is
further away than 29 and furthermore, reason that the answer should be a little over 900. It
should be noted that about 13.5% of the participants estimated the answer to be 900 and also,
about 16.9% of the participants gave an exact answer of 928. Estimating the exact answer does
not generally happen which leads to the belief that these participants computed the exact answer
rather than performing a computational estimation.
Result 2: Participants fail to properly define ‘estimation’
The first question on the survey was “In your own words, how would you define
estimation?” This question
was scored according to a scale
of 2, 1, or 0. Figure 14 displays

Figure 14: Survey Question 1 Grading Scale.

how the question was scored and the results can be seen in Figure 15. Figure 15 displays the
results for surveys questions 1, 2, and 5. First, examine survey question 1. The percent of
participants that received a 0 for survey question 1 was 67.79%. This means that the majority of
the participants believe that estimation is ‘guessing’ or do not know what estimation is. Only
6.77% received a score of 2 and mentioned that estimation is an approximation closest to the
exact answer. About 25.4% of the participants received a 1 with at least mentioning approximation.

Although participants referring to estimation as ‘guessing’ does not directly imply that the
participants do not
know what estimation
is, it is of concern that
the participants do not
know how to properly
define estimation.

Figure 15: Results of Survey Questions 1, 2, and 5.

Result 3: Compensation is not a key strategy used in computational estimation.
Question 2 of the survey was “Specifically, what did you do while estimating 29 × 32?”
Scoring for this question was based on the strategy used. If it was apparent that the participant
used compensation, meaning the participant first rounded the numbers, carried out the operation,
then adjusted the answer in accordance to how they rounded, they received a score of 2 points. If

the participant used rounding, meaning they rounded the numbers, carried out the operation, but
did not adjust the answer, they received 1 point. Lastly if the participant used a strategy other
than compensation or rounding, or did not answer the question, then that participant received no
points. From Figure 15, we can see that 50.86% of the participants scored a 0, 35.6% scored a 1,
and 13.56% scored a 2. Many of the participants scored a 0 because they replied that they carried
out the multiplication steps in their head and got an exact answer. Figure 16 displays
participants’ answers for the question on the survey as well as how they answered the problem
on the assessment. Participant A scored a zero because they used a strategy of estimating that is
theoretically incorrect. Participant B scored a 1 because they used rounding as a strategy, but did
not adjust their answer to compensate for the rounding, and participant C scored a 2 because they
used compensation in as the strategy. It should be noted that with few participants, it was

difficult to tell which strategy they used because they didn’t explicitly explain how they
estimated assessment question 1.
Results were also generated from assessing a “Pi Day” estimation game. The game was
set up so that each team (consisting of, on average, 6 people) had one person from their team
answer one of the assessment questions. Each question was displayed one at a time and each
participant was instructed to use only mental estimation to approximate the answer. The
participant with the answer closest to the exact answer was then asked to explain how he or she
arrived at that answer. These responses were digitally recorded (videotaped) for further analysis.
It was found that 100% of the participants who had answered each question most accurately (the
winner of each round) had used the strategy of compensation. It should be noted that a majority
of these participants were mathematics majors.
Result 4: Computational estimation is not a strong skill among the participants.

Participant A, who scored 0 points

Answer

Participant B, who scored 1 point

Answer

Participant C, who scored 2 points

Answer

Figure 16: Participant Responses to Survey Question 2 and Answers on Assessment Problem 1.

After analyzing the assessment, results showed that the participants scored a 0 more often
than a 1. These results are displayed in Figure 17, shown below. Assessment question 7 was
estimated outside the valid range most often (84.7% of the time), followed by question 1 which
was estimated outside the valid range 77.47% of the time. Examining the results, each

assessment

Figure 17: Participant Scores on Assessment Problems.

question was

estimated outside the valid range over 50% of the time, with the exception of assessment
question 2, which had a score of 0 49.15% of the time. Figure 18, below, is a dot plot of the total
number of assessment questions each participant estimated within the valid range, that is,
received a score of 1. Only one participant had accurate estimations for all 8 assessment
questions and no participants scored a 1 on 7 of the questions.

Figure 18: Number of scores of 1 received on the assessment.

Figure 19: Mean Scores of assessment problems.

Mean scores were calculated using a Tukey test and can be seen in Figure 19, the questions that
do not share a letter are significantly different. A possible reason for these low scores may be
explained by survey question 4, which was “In how many of the 8 problems did you use rounding
while estimating?” The results from this question can be seen in Figure 20 on the following
page. Surprisingly, 27.27% of the participants responded that they used rounding on zero of the
questions. From past research, rounding seems to be the most fundamental strategy used in
estimating. Only 13.63% of the participants responded that they used rounding on all 8 of the
assessment questions. This result is stimulating in that it raises the question, “what strategies are
used in computational estimation if rounding is not among them?”

Figure 20: Percent of Participants Who Used Rounding While Estimating.

Implications for Teaching
Results show that college level, non-mathematics majors, are not competent in
computational estimation and lack the knowledge of useful strategies in making such
estimations. Although information regarding estimation strategies was not gathered on every
assessment question, survey question 5 helped distinguish what strategies were and were not
used, namely, rounding. Regarding the hypothesis statement that the strategy of compensation
would be used most often, no conclusions could be made due to the lack of information gathered
in estimation strategies for each question. In future research, it would be useful to examine what
strategies were used in answering each question. Furthermore, it would be useful to consult with
each participant and have each participant explain verbally how they arrived at that answer and
what strategy they used. Concerning the hypothesis statement that participants would struggle
while performing computational estimations involving operations with numbers that are not
integers as opposed to operations with integers, no conclusions could be made for the reason that
the results from assessment question 1. The lowest mean score was on assessment question 7
followed by assessment question 1. Assessment question 7 was multiplication of square roots
and assessment question 1 was multiplication of double digit integers. These results lead to three
implications for teaching.
•

Implication 1: Educators need to place a larger emphasis on mental computation rather
than tolerating students using calculators all the time.

In general, students have to rely on their calculator to compute even simple expressions that
could be easily computed in their head. Calculators, sometimes, hinder students learning because

it is taking away the students number sense. With the use of a calculator, students do not have to
think about the answer to a solution because the calculator does the thinking for them. Number
sense should be a priority in every classroom because it is an essential building block to all
mathematics. Estimation is another fundamental skill and should be at the forefront of the
mathematics curriculum. If students can first, make sense of a question, correctly estimate the
answer, then use a calculator to check the answer, fewer mistakes would take place, or rather,
more mistakes would be identified and fixed. Commonly, students are asked to give exact
solutions, which is also important, but educators should always be encouraging the use of
estimation as a strategy to be certain the answer is correct. Students should know that it is okay,
and in some cases, even necessary to estimate answers and make sense of solutions. In early
stages of mathematics, educators should require students to first estimate their answer, then solve
for an exact answer. It should be taken into consideration that first, students should have
knowledge of applicable strategies to perform computational estimations before doing so. Future
research should be done on specific estimation strategy techniques and successful ways to
implement these strategies into everyday mathematics classrooms.
•

Implication 2: Estimation (computational) should be practiced more in everyday
mathematics classrooms and not just when it is introduced in Core Curriculum
Standards.

In the NYS Common Core, estimation is introduced in Grade 2, with estimation of masses,
volumes, and lengths. It is not until Grade 4 that computational estimation appears in the
curriculum, which is used to as a strategy to check the reasonableness of answers. Educators at
every level should be emphasizing that estimation is an excellent tool in making sense of
solutions to problems. This is not limited to computational estimation, but estimation of all

categories. When adequately equipped with efficient strategies to execute accurate estimations,
common mistakes on assessments can be prevented. It is more likely that a student will estimate
accurately, so long as they have the appropriate number sense, than calculate accurately by using
mathematics tools such as a protractor, calculator, ruler, etc. Often times, students use
mathematical tools incorrectly which results incorrect answers, but if they first estimate the
solution and make sense of it, they can catch their mistake. Estimation should be encouraged and
enforced in everyday mathematics classrooms. In further research, it would be beneficial
examine teachers who implement estimation strategies in everyday classrooms in contrast to
teachers who do not and compare student assessment results. I believe estimation is such a
powerful tool in mathematics that is not emphasized enough, and certainly not encouraged
enough. Estimation is a fundamental skill that is used on a daily basis and should therefore be
used in everyday mathematics classrooms. When students can make sense of the problem and
know that answer they are looking for, they may be more inclined to work hard at arriving at that
answer.
•

Implication 3: Students who can perform computational estimations with ease, may
display more confidence in their mathematical skills, and overall, further enjoy
mathematics.
It makes sense that students who like mathematics are good at mathematics. Generally,

students who are not good in mathematics, are not enthused about mathematics. People
commonly enjoy doing things that they are good at. If we, as educators, want our students to be
motivated and excited about mathematics, then we need to equip students with the tools to
succeed in mathematics, after all that is the goal. This begins with going back to the basics and
the fundamentals. If students are prepared with effective estimation strategies and can efficiently

apply them in their problem solving, mathematics would have so much more meaning to each
student because they are making sense of the questions. To be able to estimate properly is having
the number sense to make a reasonable approximation and check that approximation with an
exact solution.
On a personal note, I believe that exact solutions should be used to check estimations, to
ensure that the student is fully understanding the problem and can achieve a reasonable answer,
rather than using estimation to reason with the exact answer. Mathematics should focus more on
understanding and comprehension rather than memorizing and plugging into formulas. Students
can plug different numbers into different formulas and come up with a correct solution, but what
good is the solution if the student has no understanding of why the solution is what it is and
theoretically, how the solution was obtained. Estimation can really prompt the number sense that
each student embraces and fortify understanding. When students understand mathematics they
become more confident in their mathematic ability and with confidence, comes success and
encouragement. Students and people in general, typically enjoy doing things that they are good
at, so if students are good at mathematics, they will further enjoy mathematics. Estimation is a
seemingly simple mathematical skill, but possibly one of the most important.
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Appendix A: Instrument One and Instrument Two

Instrument One
Computational Estimation Assessment
Spring 2013
1) 29 × 32

5) √86

2) 58 ÷ 21

6)

3) 7√13

7) √11√33

4) 22.7

8) 99 × 𝜋

26
7

Instrument 2
Computational Estimation Survey
Spring 2013
1) In your own words, how would you define estimation?

2) Specifically, what did you do while estimating 29 × 32?

3) List the problems, in order, from least difficult, to most difficult. (Use the question number)

4) In how many of the 8 problems did you use rounding while estimating?

5) What is a good estimation for 𝜋?

Appendix B: Student Consent Form

Appendix C: Pictures from Pi Day

Day Estimation Game’. These were taken from video recordings.

Day Estimation Game’. These were taken from video recordings.

