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Introduction

This research explored student efficiency and success when working in pairs, groups of 3,
and groups of 4 when posed with problems associated with a novel mathematics game.
Specifically, the researcher sought to determine which group size optimizes learning for students
working together through skill-based mathematics problems. Group work, if implemented
properly, serves as an effective tool to support instruction; however, a lack of professional
development and poor planning can cause hectic and stressful group work experiences in the
classroom for both teachers and students. Teachers can master the methods of effective group
work implementation by studying the aspects of group work, including group composition and
size, group work design, and the characteristics of a successful group.
This became a topic of interest during my four and a half years teaching mathematics in
the North Carolina Public School System. I participated in an ongoing study conducted by
doctoral students at North Carolina State University. The study examined the effectiveness of
the Core Plus Mathematics Curriculum. Throughout this research, participating teachers
attended a two-week professional development training at the North Carolina School of Math
and Science during the summer. The Core Plus Mathematics Curriculum relied heavily on
project based learning activities and relating mathematics to real-life situations. This curriculum
integrated high school mathematics into four sequential classes. Students worked together on a
daily basis to examine and solve investigations. I taught using the Core Plus Curriculum in
January of 2009 with no training on the implementation of group work. After the first semester I
was skeptical that group work is an effective tool in educating my students. I noticed that
students used their time in groups to socialize and do everything except learning. The students
seemed disinterested in learning, and little did I realize that I, the educator, was the root of all
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problems. Without a structured setting, group work was a chaotic and miserable experience.
Participating in the professional development showed what a powerful tool group work can
provide to my students.
Educators must master several key components of group work protocol in order to help
successfully implement group work into their repertoire of actively engaging students in
meaningful education (Marzano, 2000). This study focuses on the optimal group size for
educating students in a group work environment.
It is hypothesized that students working in groups of 3 will work more efficiently
to solve math problems more accurately than students working in groups of 2 or
4.
Administering a math game, called SMADness, tested this hypothesis. SMADness is a
mathematical game for which the presenter rolled 4 die to obtain a set of numbers. Each group
used those 4 numbers to obtain mathematical sentences for the numbers 1 through 10. Each
group was graded on a rubric that assessed both time efficiency and the number of questions
answered correctly. Following the game, students responded to multiple follow up questions in
order to understand their comfort level working in groups and how effective their group worked
in accomplishing the task. Students answered open-ended questions about their feelings on
working in groups to investigate project-based learning tasks in future mathematics classes.
The purpose of this literature review was to investigate the efficiency and success of
students when working in pairs, groups of 3, and groups of 4, when posed with problems
associated with a novel mathematics game. Specifically, to determine which group size
optimizes learning for students working together through skill-based mathematics problems.
This literature review concludes with studies and research on the benefits and drawbacks of
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group work, group work design and structure, Class Wide Peer Tutoring, and optimal group size
for success.
Benefits and Drawbacks of Group Work
Educators have commonly used group work to promote deeper understanding in
engaging a classroom. Students are more receptive to a school environment when they are
actively involved throughout a lesson. Group
Figure 1. Benefits of Group Work

work has proven effective when working with

v Deeper understanding of the
material.
v Effective communication skills.
v Students learn important team
building skills.
v Students are more willing to seek
help in small groups.
v Effective strategy for students with
disabilities to obtain a deeper
understanding of the material.

students with learning disabilities, social
disabilities, and English Language Learning
students (Kuester, Zentall, 2012; Neihart, 2007).
As seen in Figure 1 the skills students learn
through effective group work are valued beyond
the classroom. Students learn how to

communicate effectively to solve problems cooperatively. This is an important team-building
skill that employers expect out of their employees. Communication between students permits the
learners to explore new concepts instead of accepting their validity from the teacher. Also,
students are more willing to seek help or ask questions from a smaller group than they are in a
whole class setting (Davies, 2009; Shimazoe, Aldrich, 2010; Vaca, Lapp, & Fisher, 2011).
The success of group work in the high school classroom is well documented. According
to Davies (2009), one of the most significant outcomes of group work comes later in life.
Students learn the valuable meaning of teamwork. Working in these teams on a consistent basis
gives an edge to students in the business world after school. A business is a team comprised of
its employees. Oftentimes employees of a business will be assigned to work with more than one
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team. Davies (2009) discusses the use of multiple teams in a single class. These teams consist
of Informal and Formal learning groups. Informal grouping is a strategy used by a teacher to
accomplish a simple task. These groups are used occasionally for short discussions or
clarification, games, or for some examples. Formal teams are designed to complete graded
assignments over a significant period of time. Study teams are a unique form of group work.
These teams stay together throughout a semester, a year, and sometime a high school career.
The students in this type of team develop a special bond while working together on studying for
tests and quizzes. They develop in-depth, detailed study guides from the material covered in
class (Davies, 2009). Grouping strategies can have a positive impact on every student, especially
students with learning disabilities (Kuester & Zentall, 2012).
The previous two authors studied a key intervention to an all too common downfall of
schools in America. Children with learning disabilities all too often get lost in the daily grind of
class. It is too easy for a teacher to overlook such a student because there are so few students
with learning disabilities. Educators would rather not spend time on slowing down or reviewing
previous work for just one or two students when 28 understand the given material. Students with
ADHD are at a far greater risk of falling behind in class and eventually failing or being held
back. There were 126 students studied, 45 elementary students and 81 middle school students.
The study confirmed that students with ADHD and students at risk of ADHD participated in
more negative verbal and off-task behaviors than their peers. The study implemented the
intervention of explaining acceptable behaviors while engaging in group work. This intervention
led to a decrease in negative verbal communication and an increase in time on task. While it was
confirmed that students with ADHD could create trouble within a group, a well-designed and
structured class would allow for optimal gains in achievement (Kuester & Zentall, 2012).
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Despite the proven effectiveness of
group work, educators need to carefully and
strategically plan for common complications
with group work (Nihalani, Wilson,
Thomas, &Robinson, 2010; Davies 2009).
Due to the lack of structure and experience,
teachers leave the students with little chance

Figure 2. Downfalls to Group Work
v Poor group composition.
v The “Free Rider” problem is a common
group work downfall. Students
participate minimally to the group, but
reap the benefits of the groups’ success.
v The “Sucker Effect” is where students
hold back information because they feel
that it is unfair that they are doing all of
the work.
v Unstructured lesson plans can result in
unproductive group work scenarios.

of success. The most obvious problem to
group work is the compilation of the groups themselves. One combination of students that does
not work properly could be detrimental to not only their group but also the class. Group work
that is improperly structured or supported by the teacher can lead to disgruntled students, as seen
in Figure 2. These students can quickly and easily are overcome by a minor case of mob
psychology (Davies 2009).
Several theories have been developed over the years on the issues of group work. Davies
(2009) discusses many of these problems such as the “free rider” problem, “sucker effect”, and
the social dilemma problem. A free rider is a student who participates minimally in the group,
but accepts the successful outcome. This is a prevalent issue with the entitled younger
generation. This entitlement has caused students to expect rewards when doing minimal effort.
This is more of a social epidemic in the United States that rolls over into high school classrooms.
The sucker effect is a natural response to a free rider. Students who would typically contribute
and succeed in a group environment shut down because they feel it is unfair that they do all the
work and a free rider does nothing. Teachers can easily eliminate each of these issues by
carefully designing tasks that gives responsibility to each member in the group. If free riding
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can be limited then the sucker effect will be less likely to occur. If all members of the group are
participating, students will have no reason to feel as if they are being used.
Teachers are likely to experience issues and problems when first implementing group
work into their classrooms. An educator has to understand that group work, or any intervention
for that matter, will not work perfectly in the beginning. Group work is not a method that can be
implemented and expected to have an immediate academic and social impact. This is explained
in further detail in the Group Work Design section. Teachers have countless options to intervene
and make collaboration among students possible. There are often times where a few students
will be struggling in the class. The teacher needs to decide whether or not to move on or to hold
the entire class to catch up just a few students. An educator can easily eliminate this issue by
intervening with a differentiation strategy. Here, a teacher can carefully plan an activity that
allows for them to spend the valuable one on one time with a specific struggling group. This
method assigns different tasks to each group and allows for the teacher to challenge the
highflying students and help the low achieving students individually (Shimazoe & Aldrich,
2010).
Group Work Design
Articles by Davies (2012), Shimazoe and Aldrich (2010), and Vaca, Lapp, & Fisher
(2011) discuss the keys to success for the implementation of group work in a school setting. The
first key to a successful group work protocol relies solely on the teacher. Educators must
develop lessons that engage and push students mentally (Vaca, Lapp, & Fisher, 2012). The task
at hand must relate to the standards with the goals of the task easily accessible for each student
(Shimazoe & Aldrich, 2010). The assignment must require the cooperation of the group to
successfully meet the challenge of the teacher. A single student should not easily complete the
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tasks created by the teacher. The idea is for the students to discuss their ideas on how to tackle
the problem and formulate a plan of attack. Also, the assignment must be an extensive topic
allowing the students to be responsible for their own work along with the group’s work
(McBride, 2004; Shimazoe & Aldrich, 2010; Vaca, Lapp, & Fisher, 2012).
In the beginning stages of implementation, instructors need to carefully select the
students in each group. Homogeneous and heterogeneous groups are the most common methods
of group composition. Heterogeneous groups lead to higher achieving students being in a
“teacher” role, which inevitably leads to a deeper understanding for all students participating.
Groups comprised of students at the same achievement level are also used because that limits the
dominant student take over affect. Teachers must also specifically state the expectations and
rules by which each group must abide (Shimazoe & Aldrich, 2010). This can be easily
accomplished by involving students in this process. In their groups, students can discuss and list
the rules that they believe will lead to a successful group. The structure of the group ultimately
leads to the success of each student. The group work process should be detailed and coached so
every student knows his or her responsibility to the group (Vaca, Lapp, & Fisher, 2012). It has
been proven that students will respond more favorably to a task when given a reason to complete
a task. The reasoning behind the task is key to motivating the students to accomplish the
objective. A reward system is a beneficial tool to motivate student achievement within the
group. This system discourages students from taking a back seat to the groups work. The
engagement of all students and the increase of time on task with all group members participating
are likely to ensure the success of all the students (McBride, 2004; Shimazoe & Aldrich, 2010;
Vaca, Lapp, & Fisher, 2012). Educators must choose the most effective form of group work that
best suits their students and classroom structure.
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Class Wide Peer Tutoring
Teachers implement strategies to improve student learning on a daily basis. All great
teachers have similar characteristics, resulting in the education of their students. These teachers
do not make excuses about their students and how they are incapable of learning. They find
creative and innovative ways to teach the same material in a new and intriguing light. There is a
positive correlation to student achievement and student engagement. Class Wide Peer Tutoring
(CWPT) is a weapon in the arsenal of many of teachers who successfully engage students with
the lesson at hand. This strategy was designed for students to work in pairs to increase time on
task and engagement on the given activity. CWPT was initially designed to improve basic
education skills such as reading, math, and spelling (Delquadri, Greenwood, Whorton, Carta, &
Hall, 1986; Greenwood, 2001; Kamps, Greenwood, Arreaga-Mayer, Veerkamp, Utley, Tapia, &
Bannister, 2008; Maheady, Harper, Mallette, & Karnes, 2004).
Two pioneers in terms of the research on Class Wide Peer Tutoring are Joe Delquadri and
Charles Greenwood. In an article from Delquadri et al. 1986, CWPT is a time efficient strategy
that allows for each student to tutor their partner, and to be the tutee. The tutee earns points by
answering questions correctly or showing the correct steps in the process of obtaining the correct
answer. The tutor obtains points for correcting any errors committed by the tutee. Bonus points
are awarded to both the tutor and tutee for working cooperatively when a question or problem
arises. The teacher, who is observing each group, awards points for positive tutoring behaviors.
Students are trained in the process of CWPT by the teacher with role-playing and live
demonstrations with students (Delquadri, Greenwood, Whorton, Carta, & Hall, 1986;).
According to Delquadri et al. 1986; several studies demonstrated that third graders
successfully doubled the number of words they read correctly per minute after the
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implementation of CWPT. Also, the number of reading errors decreased from 4.4 to 1.7 words
per minute per session. Student participation in reading increased from 2% to 27% from baseline
to tutoring sessions. Tutoring allowed for more active and engaged students with the curriculum.
Seven other studies reported by Delquadri and Greenwood replicated the original results. Great
teachers use and improve on this method to fit their own style and classroom needs. This method
is time efficient and a proven successful way to engage student in optimal learning (Delquadri,
Greenwood, Whorton, Carta, & Hall, 1986; Greenwood, 1986). Many other researchers
followed in the footsteps of Delquadri and Greenwood on the topic of Class Wide Peer Tutoring.
A study by Maheady et al. was conducted through cooperating teachers and student
teachers from a nearby university during their eight-week placement from two small western
New York schools totaling 207 students (2004). The student teachers were successfully trained
with a two-hour CWPT workshop, which included video taped and role-playing examples. The
implementation of the CWPT for the undergraduate students proved to be successful 88% of the
time in their cooperating teachers classroom. The researchers stated, “Student achievement gains
reached a 25% increase from pretest scores of 69% to post test scores of 93.5%. There was a
two to three grade level improvement on student scores throughout the classes. Students
obtained a grade level of an A 78% of the time with a one percent failure rate. (p.414)” Students
reported that structurally sound classrooms were more enjoyable when using CWPT. Student to
student interactions were documented, by the teachers, as positive, effective, and efficient
throughout the study. In conclusion of the article teachers have to structure their classrooms for
CWPT to work at optimal potential (Maheady, Harper, Mallette, & Karnes 2004).
Following his previous work Greenwood (2001) conducted research that provides insight
into any new strategy implemented in the classroom. The key to success is not just an
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entertaining and exciting activity, but also the teachers’ ability to be flexible and adapt to
different classroom situations. Greenwood studied five ELL teachers with a total of 117
elementary students. Teachers implemented the CWPT process for five to seven weeks prior to
receiving any training. After the seven weeks teachers were provided an hour training session to
discuss obstacles and data analysis. Every two weeks after the initial training the teacher was
provided with written or oral feedback. The results from this research revealed an overall gain of
59.8% points from pre-test to post-test scores. The research also reported positive feedback from
both students and teachers alike. There were several cases for which the scores throughout the
class improved drastically after the week seven training. These teachers implemented the advice
given when consulting with their advisor. Ultimately, the success of the students is the teachers’
responsibility. This method of cooperative learning is a great tool, but without a compassionate
teacher it is useless. The teacher brings this tool to life when implemented with structure and
enthusiasm. No two classes are the same, so the same strategy may need to be tweaked
depending on the students’ learning ability (Greenwood, 2001).
Most CWPT studies have been conducted with elementary school aged children. In a
similar study, Kamps et al. (2008) used 52 classrooms with 975 students in suburban Kansas
City. The previous authors implemented a baseline group with traditional teacher-led
instruction, CWPT group, and a CWPT with lottery group. Lottery tickets were given at the
teacher’s discretion to keep students time on task at an optimal level. Overall, 89.9% of the
students found this experiment to be an enjoyable experience in the classroom. This study
produced considerable gains for students in reading and social studies, but not as much for
Science. Time-on-task for students increased from 15.9% to 75% once CWPT was introduced.
Throughout the experiment, data was collected evaluating students’ peer teaching/learning skills,
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specifically focusing on actively instructing, reading in their groups, or listening to group
conversations. Teaching behaviors or students actively engaged had a baseline of 74% in
reading and from 52% to 75% in social studies. After the implementation of CWPT conditions
there was a slight increase to 85% for teaching behaviors. The percentage points of students
actively engaged increased slightly across the board in reading, social studies, and science.
There was not a significant increase in achievement for students in science classes (Kamps,
Greenwood, Arreaga-Mayer, Veerkamp, Utley, Tapia, & Bannister, 2008). Class wide peer
tutoring strategies led to the implementation of successful grouping strategies in the classroom
setting.
Successful Grouping Strategies
Teachers have been intensely

Figure 3. Tools for a successful group

searching to find a way to maximize

v Students should be carefully selected
for each group.
v Engaging and challenging lesson
plans.
v Structured group work protocol.
v Group member roles.
v Teacher led group activities and skits
to teach show students successful group
work strategies.
v Real world problems and activities.
Students respond favorably to tasks when
there is a reasonable connection to their
life.

student learning, participation, and
motivation (Marzano, Gaddy, Dean, &
Mid-Continent Research for Education
and Learning, 2000). Fengfeng and
Grabowski (2007) recognized low
achievement rates in mathematics in the
United States have led to major reform in

	
  

education in all 50 states. Cooperative learning has become a popular, yet misused, strategy for
teachers to enhance student learning (Marzano, Gaddy, Dean, & Mid-Continent Research for
Education and Learning, 2000). Cooperative learning is a method of teaching where students
work together to solve real world problems or answer questions. Marzano et al. (2000) reiterated
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that each student is responsible for his or her own material; and that students use peers (and their
work) as resources for deeper understanding. Methods such as group work or cooperative
learning have been studied rigorously in recent years. These studies tried to find methods of
group work or cooperative learning to improve students’ interaction and achievement in the
classroom (Apedoe, Ellefson, &Schunn, 2012; Fengfeng, Grabowski, 2007; Nattiv,1994).
Collaboration among students can be a powerful tool in a teacher’s repertoire if implemented
properly.
Research conducted by Ross (1995) and Nattiv (1994) concluded that the teacher affects
the success of the students and their groups. The teacher’s role in cooperative learning is the
most deciding element of success for their students. Kagan (1989) investigated the professional
development strategies for cooperative learning in specific school districts. His research found
that teachers were more successful learning one new strategy a month. The element of working
and learning together led to a more receptive teacher outlook (Kagan, 1989). Cooperative
learning has to be well planned and organized to ensure success, see Figure 3. Each group needs
to be strategically put together to avoid stronger students dominating the group conversation and
work (Marzano et al. 2000).
The effects of feedback when dealing with the different dynamics possessed by different
groups was investigated by Ross (1995). Ross audiotaped five groups of students, four times
each over a 16-week period. Two audiotaped recordings captured prior to feedback, and two
recordings occurred after the feedback was given. Students were asked to provide examples of
good group work and to explain what good group work means. The teacher also had the students
perform a skit of effective group work. Each of the groups was given the transcripts from their
previous work and they were asked to give themselves a group grade. The students then
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received the feedback from the teacher explaining how she viewed the work of each groups.
Ross (1995) reported that students had a better attitude about giving and receiving help after the
feedback. He also noted that the amount of time on task increased significantly after receiving
feedback. The teacher in this experiment gave the students a clear understanding of the
expectations, which ultimately led to a more enjoyable and successful group work experience
(Ross, 1995). Student perception of working in a group setting can improve when the educators
involve them in every aspect of learning process.
A study directed by Nattiv (1994) researched the correlation between helping behaviors
and achievement gain of students. Research was conducted to determine whether competitive or
cooperative team games led to an increase in math ability and attitude towards math class by
Fengfeng and Grabowski (2007). Students’ attitudes in both studies had a positive result when
working in an effectively run group work scenario. After students received a 3-week instruction
on helping behaviors, participants showed a dramatic increase of giving help and receiving help
(Nattiv, 1994). Lower level students received more help than high and middle ability students,
but the frequency of receiving help decreased from third grade students up to fifth grade students
(Nattiv, 1994). The older the students were the less disparity between giving and receiving help.
There was a clear correlation between students learning helping behaviors and achievement in
Nattiv’s study. However, students’ achievement was negatively affected when there was no help
given after requesting help.
Fengfend and Grabowski (2007) divided 125 fifth graders into competitive groups,
cooperative groups, and individual students in the study. The results were not conclusive to
determine whether competitive or cooperative math game playing was more successful.
However, there was a significant difference between these groups and the control, or individual
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group. Teachers reported that their students looked forward to playing these games with their
groups. The data, however, did not support these claims. The data indicated that the attitudes
toward mathematics improved only with economically disadvantaged students. Actively
engaged students and improved education are validated results from the studies conducted using
Class Wide Peer Tutoring
Composition of Group and Group Size
Students in high school math and college classes have the difficult task of understanding
how to compute in-depth mathematics problems (Fuchs & Fuchs, 2000). Students would be able
to comprehend mathematical concepts when the problems assigned have significant and meaning
to the real world. Schools have turned to collaborative group work and cooperative learning to
accomplish this goal. One dispute when using group work is to determine the optimal number of
group members (Apedoe, Ellefson, & Schunn 2012; Fuchs & Fuchs, 2000). Apedoe, Ellefson,
and Schunn (2012) found that there was no significant impact on learning when students were in
pairs or groups of four. However, students in mainstream classes did slightly better in groups of
four with close transfer problems, but students in advanced classes preferred working in pairs.
A study of 36 third and fourth grade classrooms was conducted by Fuchs and Fuchs
(2000). The classrooms were separated evenly into three categories. Twelve classes had their
students work individually. The other 24 classes were both working in small collaborative
groups and were given a lesson on work group cooperation. However, the final twelve classes
structured their groups to have group roles. There was no evidence to determine whether or not
the structured groups worked more efficiently or effectively. However, all classes with working
groups outperformed the classes that worked independently. When it came to the
communication between students, the data collected rated pairs significantly higher than groups.
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Work group size also favored pairs on computational applications and problem solving
strategies. Higher achievers worked more efficiently in groups with other high achievers. Low
achieving students did not participate as much as anticipated when working in groups. One main
area of concern stemming from this research was that students in the structured group relied too
heavily on their group roles, and did not contribute to their groups’ progress if it was not in their
specific role.
Successful implementation of group work protocol is likely to enhance and deepen the
understanding of students in the classroom. Working together in efficient group work activities
provides students with a tool for success after graduation in the workforce. Group work has been
studied for years; however, the size of a group has been somewhat overlooked. Thus, the
following study is aimed at finding the most effective size of a group when investigating skillbased mathematical problems.
Experimental Design and Data Collection
This experiment tested the hypothesis that groups of three students would work more
efficiently and effectively than groups of 2 or 4. During this study, students participated in this
study by playing the math game SMADness. Students roll four dice, and with those four values
obtain the number 1 through 10 using any mathematical operations. The students were evaluated
on the number of correct number sentences and the time it took to complete the task.
Participants were given a follow-up questionnaire to generate data about their feelings associated
with SMADness and group work.
Participants
This study was conducted at a small liberal arts college in the northeastern part of the
United States. This small, tight knit, college town is home to approximately 11,000 people. The
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college has about 5500 students, 300 of which are graduate students. The students’ ethnic
population breakdown consists of 81% White, 4.7% Hispanic, 4.2% Black or non-Hispanic,
3.8% unknown, 3.5% Asian, 2.4% multiple races, 0.3% American Indian, and 0.1% Pacific
Islander.
The study included sixty students registered in a liberal arts mathematics course and a
Pre-Calculus class. These classes satisfied the Common Core Curriculum CCC,
Mathematics/Quantitative Reasoning requirement for undergraduate students. This course
surveys mathematical ideas useful to the social sciences. Topics in this course are related to
mathematics in nature and also weighted voting systems.
	
  

Figure 4. Student Breakdown

Figure 5. Student Breakdown

Course

Male

Female

Course

Liberal Arts

16

12

Liberal Arts

22

6

Pre-Calculus

20

12

Pre-Calculus

26

6

Freshman Sophomores

The participants consisted of 28 Liberal arts students: 16 males and 12 females, where 22
were freshmen and 6 were sophomores. Participants’ from the Pre-Calculus class consisted of
32 students: 20 males and 12 females, where 26 students were freshmen and 6 were sophomores
(See Figure 4 and Figure 5). Specific demographics of each student involved in this study were
collected during the first week of class using a survey instrument. Information collected
included: college major, hometown, gender, college year, mathematics ability, GPA, and last
mathematics course taken. Both sections, Mathematics in Action and Pre-Calculus, met for three
times a week for 50 minutes.
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Design
This experiment was designed to test
the hypothesis that students working in
groups of three work more effectively
and efficiently than pairs of two or
groups of four. There were six groups

Figure 6. Group Compilation
v There were six groups of 2, eight groups of 3, and
six groups of 4 that were formed based on
academic ability level and the classroom
teachers’ knowledge of students’ personalities.
v Students obtained an equally difficult set of
numbers for each of the three rounds.
v They worked together to write mathematical
sentences to obtain numbers 1 – 10.

of 2 students, eight groups of 3
students, and six groups of 4, as seen in Figure 5. The classroom teacher’s knowledge of student
ability level and personality was used to compose the groups. The students were composed in
heterogeneous groups of equal ability level. The experiment was conducted for 15 minutes over
two separate class periods for the liberal arts mathematics, Class A and Pre-Calculus, Class B.
Students were given a template where they could show their work for each of the questions
answered. The presenter rolled four dice to obtain a set of numbers (1-6) that the students used
for the game. Class A used the following set of numbers; 2, 2, 4, and 5 and Class B had 3, 3, 5,
and 6. A set of numbers of relatively equal skill level was used each time the game was played.
Certain sets of numbers were determined to be too difficult for the game so they were excluded;
for example, a set including all of the same number would be excluded. The students worked
together to write number sentences from their set to obtain numbers 1 – 10 exactly once, see in
Figure 7. The instructor recorded the time on each paper when the groups completed their
number sentences. Each group recorded the time it took to complete the task. After completion
of the SMADness game students were given a questionnaire to report about their experience with
group work in this setting.
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Figure 7. Example of Student Template

Instrument Items and Justification
SMADness is an intriguing game that can be utilized to test students’ knowledge of basic
mathematical operations. It was important to choose a game at which every person had the
opportunity to be successful. Each group used the same set of numbers while working through
the ten missing mathematical sentences. For example, the presenter rolls 4 dice and obtains the
following set of numbers; 1, 2, 4, and 6. The students worked together to develop mathematical
sentences for the numbers 1 through 10. Participants could use each number once and they could
use any mathematical operation, such as addition, subtraction, multiplication, and/or division.
They would typically use their correct answers to help change their mathematical sentences to
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obtain the sentences they have not yet found. This game challenges students to work in an
efficient manner based on the time component of the experiment. SMADness could have been
done individually, but students working in groups helped to determine an optimal size of the
group. It was key for students to work together in their group to find some of the more
challenging number sentences in the game. Groups did not score well, when group dynamics
were severed. Communication between group members is vital to the success of the group. This
was an important component when choosing the SMADness game for the experiment.
Businesses in today’s society look for employees ready and able to work in a group setting. The
ability to communicate effectively with peers or colleagues will ultimately lead to a successful
business.
The first question of the questionnaire was to determine demographic information about
the participants of the study. Participants were asked which number sentences were the easiest
and which were the hardest. This was asked to determine if students struggled with the same
number sentences throughout the study. Common mistakes are an integral part of education so
that the researcher, or teacher, can make modifications for the next lesson. Participants were
also asked to explain the best and worst part of working in a group. The answers were
anticipated to be similar to the benefits and drawbacks of group work in the Literature Review.
Methods of Data Analysis
Data Collection
The data collected in this experiment occurred at end the 15-minute session of both
classes in the spring semester of 2014. Groups were graded on a combination of accuracy and
time efficiency. Each of the 10 mathematical sentences was worth one point each, for a total of
ten points. Students were aware of the time component, which was graded out of 5 points.
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Groups could receive 5 points if their activity was completed in less than 3 minutes. If the group
finished between 3 and 4 minutes they received 4 points, between 4 and 5 minutes they received
3 points, between 5 and 6 minutes they received 2 points, between 6 and 7 minutes they received
1 point, and for any time over 7 minutes they would receive 0 points, as seen in Figure 8. The
questionnaire was used to determine the students’ feelings on working in groups to play a
mathematical game.
Figure 8. Completion Time in Minutes
Time to Complete the Game
Points received
Completion in under 3 minutes

5 points

Completion in under 4 minutes

4 points

Completion in under 5 minutes

3 points

Completion in under 6 minutes

2 points

Completion in under 7 minutes

1 point

Completion in over 7 minutes

O points

Qualitative Survey Analysis
Obtaining qualitative data is just as important as generating quantitative data. Qualitative
data allows for an understanding of the thought processes and historical information on the
participants being assessed. By understanding the participants, the quantitative data can become
more meaningful. Following the completion of the game, students were asked to complete a
free-response survey. See Figure 9 for the follow-up questions the participants were asked:
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Figure 9: Student Questionnaire Following the Assessment.
1. Please fill in the following information:
Age:
Gender:
Ethnicity:
College Major:
Last Mathematics Class Taken:
2. Which problem was the easiest for you (list question number)? Why?
3. Which problem was the hardest for you (list question number)? Why?
4. What was the best and worst part of working in our group? Explain.
5. What would the optimal group size be and why?
Questions 2 and 3 were intended to find an association between the number sentences for
which groups received points and which number sentences each group said was the easiest and
hardest. Questions 4 and 5 were used to determine the positive and/or negative feelings the
students had while participating in this survey.
Descriptive and Inferential Statistics
The data gathered in this research took place throughout many steps. First, each group’s
number sentence were scored to determine the number of correct number sentences. These
number sentences were scored out of a total of ten points. The time component was converted
from minutes to seconds and scored for a total of 5 points. These two scores were combined to
determine an overall grade, out of 15 points, for each group in the experiment. The data
collected was then categorized and analyzed in Minitab using an Analysis of Variance to develop
p-values and f-values. The 20 groups were categorized by group size (2, 3, and 4) and class
(Liberal arts mathematics class and Pre-Calc). Each group received a numerical value for time
of completion, number of correct number sentences, and total score. Easiest number sentence
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and most difficult number sentence were obtained from each group in the questionnaire at the
end of the game session. See Figure 10 for the categorized and collected data.
Figure 10: Collected and Categorized Data

The following results were produced from the collected data using an Analysis of
Variance from Minitab.
Results
Quantitative Game Results
There were five principal results that emerged from this study:
1. No significant difference existed between the total score and group size (F-value 0.072,
p-value 0.504).
The mean score for each of the groups playing SMADness are shown in Figure 11;
Figure 11: Mean Group Score per Group Size

Group Size

Mean Score

2

13.6 points

3

13.8 points

4

12.8 points
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2. A significant difference existed between the total score and the classes (Liberal arts
mathematics and Pre-Calculus) that participated in the game (F-value 12.52, p-value
0.003).
The mean score for each of the classes playing SMADness is shown in Figure 12;
Figure 12: Mean Score Per Class
Class

Mean Score

Class A

12.2 points

Class B

14.6 points

3. A significant difference existed between the total number of correct number sentences
and group size (F-value 5.85, p-value 0.014). Also, a statistical difference existed based
on course (F-value 17.75, p-value 0.001).
The mean number of correct number sentence responses for the courses and
groups playing SMADness are shown in Figure 13.
Figure 13: Mean Number of Correct Number Sentences per group size and Class
Group
Size
2
3
4

Mean number of correct
number sentences
9.667
9.875
9.167

Class
Class A
Class B

Mean number of correct
number sentences
9.22
9.91

4. No significant difference existed between the time of completion and group size (Fvalue 0.61, p-value 0.557).
The average time, in seconds, for each group to complete SMADness is shown in
Figure 14;
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Figure 14: Mean Time per Group

5.

Group Size

Time

2
3

3.561 minutes
3.63 minutes

4

4.162 minutes

No significant difference existed between the mean score of group size within each
class.
The mean score of group size within each class to complete SMADness are
shown in Figure 15;
Figure 15: Mean Score per Group Size Separated by Class
Class

Group Size
2
3
4
2
3
4

Class A
Class B

Mean Score
13
12.75
11
14.5
14.75
14.67

Total Number of
Groups
2
4
3
4
4
3

Result 1: No significant difference existed between the total score and group size.
Upon analysis of the total score and group size, it was determined that there was no
significant difference between the group’s size and the overall score. Appendix E shows the
average score compared to each of the group sizes studied in the experiment.
The resulting p-value of the ANOVA test (p-value 0.054) indicates that group size did
not have a statistically significant effect on the outcome of the individual groups. Interestingly,
groups of size 4 scored lower in all areas for which data were collected.
Result 2: A statistically significant difference existed between the total score and Class.
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Attention was also given to the total score and the two classes participating in the
experiment. Upon analysis of the total score and the classes participating, it was determined that
there was a significant difference between the two classes. Appendix F compares the average
overall grade of the groups in both classes (Class A: n = 9, Class B: n = 11, n is the total number
of groups).
Result 3: A statistically significant difference exists between the total number of correct
number sentences and group size (F-value 5.85, p-value 0.014). Also, a statistical difference
exists based on class (F-value 17.75, p-value 0.001).
In addition to analyzing the total score for both group size and class, recognition was
given to the number of correct number sentence responses. It was determined that a significant
difference existed between the group sizes of 3 and 4 students (Groups of 2: n = 6, Groups of 3:
n = 8, Groups of 4: n = 6). The resulting f-value and p-value of the ANOVA test (F-value 5.85,
p-value 0.014) indicates that groups of 3 (9.875 correct responses) had significantly more correct
responses than groups of 4 (9.167 correct responses). However, the data did not indicate a
significant difference in the total number of correct responses between groups of 2 (9.667correct
responses) and groups of 3, and groups of 2 and groups of 4. Figure 10 compares the resulting
number of correct number sentence responses between groups of 2, 3, and 4.
Furthermore, a significant difference existed between classes and correct number
sentence responses. The ANOVA test yielded a p-values of 0.014 which indicates a significant
difference. These results Class B outscored Class A by an average of 0.69 points per game
played. Class B averaged 9.91 correct responses out of 10 while Class A students averaged 9.22
correct number sentences out of the 10 possible. Appendix G compares the number of correct
responses between the two classes.
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Result 4: No statistical difference existed between the time of completion and group size (Fvalue 0.61, p-value 0.557).
Upon analysis of the completion time and group size, it was determined that there was no

statistically significant difference between group size and the time until completion. Groups of
2 averaged the fastest completion time of 213.7 s, while groups of 4 completed the slowest with
a time of 249.7s. Appendix H compares the average time it took for each group size to complete
the SMADness game.
Result 5: No significant difference existed between the mean score of group size within each class.
Upon analysis of the total score and group size between classes, it was determined that
there was no significant difference between the group’s size and the overall score. In Class A,
groups of 2 had the highest average score of 13 points. The groups of 2 averaged a higher score
than groups of 3 and groups of 4 by .25 and 2 points, respectively. In Class B, groups of 3 had
the highest mean score with 14.75 points. The other two groups followed closely within one half
of a point.
There was no evidence that gave a clear and concise outcome to show group size was a
factor during the research. The amount of correct number sentence responses did show that
groups of 3 answered a higher number of sentences correctly. Also, Class B preformed better on
the assessment than Class A in all of the categories where data was collected. However, a study
of groups throughout an entire semester along with more groups may have lead to a decisive
result.
Student Survey Results
The first question generated demographic information about each of the students.
Students of both Class A and Class B stated that their last math class taken was a high school
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math class, which differed in name based on school policies. The majority of Class B students
declared a major for which they had to take a College Calculus class, whereas Class A students
were undecided or needed a mathematics course to satisfy a general graduation requirement.
Many students thought the number sentences resulting in 2 and 7 were the easiest to
create, based on the set of numbers for the game (Class A - 2, 2, 4, and 5 and Class B - 3,3, 5,
and 6). One student commented that the number sentence for 7 was the easiest because “you
only had to add and subtract the numbers to get 7.” Several students commented that creating
number sentences for consecutive numbers was very easy because one just had to change a sign.
For example, a student from Class A stated “Finding 2, 3, and 4 was very easy because once I
found three I changed the multiplication to adding to find 4 and subtraction to find 2.”
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Number sentences resulting in 1 and 10 were commonly expressed as the hardest number
sentence to come up with. One student wrote that “I do not believe there is any combination of
Figure	
  16:	
  Average	
  points	
  per	
  question.	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

these numbers that would ever ever ever get 10.” Another wrote “I was working too fast so I
could not think of any way for the numbers to add up to 1”. Students did not comment on the
number sentence for 6 being one of the hardest, however, the lowest average score was a .89 for
this number sentence. The most common mistake for this number sentence was the use of
parentheses in the order of operations process. Figure 16 breaks down the resulting score of each
number sentence in the game. Every group created a correct number sentence for the 2, 3, 4, 5,
7, 8, and 9. However, questions 1, 6, and 10 resulted with several groups incapable of creating a
number sentence.

	
  
	
  

	
  

OPTIMAL GROUP SIZE

HAMILTON 29

Students commented that working in groups had benefits and drawbacks. Almost all of
the students mentioned groups of 3 would be the optimal group size. Their reasons included the
following: “groups of 3 allow you to split up the work into chunks”, “no one gets lost and it is
easier to ask for help from your group”, “it was too hard to figure out who was doing what with
four people in a group”, and “groups of 2 had to do more work than the people in groups of 3 and
4.” A few students stated that working in groups of 4 was the best because it means less work
for everybody.
Overall, working in groups was an enjoyable experience for the students throughout the
assessment. While working in groups, participants have the opportunity to receive help
immediately instead of having to wait for the teacher. Accomplishing the task at hand was
ultimately easier when students had the ability to ask questions when they had the questions.
The hypothesis tested whether students working in groups of 3 students would work more
efficiently to solve math problems more accurately than students working in groups of 2 or 4
students. Also, groups of 3 were expected to communicate more effectively with a greater
amount of time on task than groups of 2 and 4. Based on group performance and student
comments on the survey at the end of the experiment, three areas of improvement for classroom
instruction and student learning emerged. Unfortunately, the results from this experiment were
inconclusive when determining optimal group size.
Implications for Teaching
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After the conclusion of this experiment, there are 3 major implications that need to be
considered for group work implementation in the classroom.
Implication 1: Group work needs to be implemented as a structured and practiced
learning strategy.
Due to the significant difference between classes in score, time, and number of correct
responses, it is evident that the amount of group work done in class affects the outcome of group
work. The results indicated that the group size does not directly affect the success of the group,
however, the amount of time spent on group work throughout the year may have a significant
outcome with the results. Successful group work needs to be implemented by the teacher as any
other learning strategy. From the beginning of school year, the importance of group work
needed to be emphasized along with keys to a successful group work experience. This can be
accomplished by allowing students to create and develop two important aspects of the group
work strategy. First, students should brainstorm and come up with group roles for each member
of the group, and second, students need to set and follow group rules. Once these two aspects
are applied, groups need to learn how to hold themselves accountable to the roles and rules.
Short role playing activities created by the teacher can help students see and experience
difficulties that may arise throughout the group work experience. Also, these activities give the
students valuable insight to how affective group work can be. This is a long process that needs
to be practiced by the educator and students for smooth operation.
Implication 2: Mathematics educators need to develop effective methods for selecting
groups.
The composition of individual groups can be a determining factor in the success of the
group. Students need to be able to work together with all students effectively. The teacher
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controls this aspect of group work. In the beginning phase of group work implementation, the
educator must group students based on effectiveness. It is the educator’s job to use his own
knowledge of each student and they should collaborate with colleagues to determine the optimal
make up of each group. A chaotic and unpleasant learning experience can develop when
expectations are not stressed and accentuated. Through practice and highly emphasized
expectations students can learn to work effectively with close friends and unfamiliar classmates.
This is an important aspect to group work, which is commonly overlooked.
Similarly, the composition of each group can lead to more time with students who need
direct help from the educator. Teachers can use homogeneous and heterogeneous grouping
strategies to allow for more individualized assistance. Homogeneous grouping allows for the
teacher to differentiate the work for the class. Higher performing groups can be given work to
elevate and exceed minimum requirements, which does not happen in a traditional style class.
These groups need to be carefully constructed by the educator because if given too much
freedom the assignment may be ineffective for the more independent groups. The group roles,
rules, and expectations must be emphasized throughout the lesson. The educators must use their
knowledge of the students, and their classroom structure to ensure the success of the groups. The
high fliers are usually held back so that lower achieving students are not left behind in the
traditional setting. This type of grouping allows the teacher to plan time to specifically help
students in a group that need to strengthen their procedural knowledge.
Some students will not ask questions in front of the entire class. However, in a small
group setting, when students are responsible for each other’s learning, they are more apt to ask
and answer questions about the material. Heterogeneous grouping strategies help the higher
achieving students explain and teach students that are struggling.

	
  
	
  

	
  

OPTIMAL GROUP SIZE

HAMILTON 32

Implication 3: Change the group sizes based on the selected classroom activity.
This study attempted to find the most efficient and effective size of groups for in class
assignment and investigations. The size of the group may depend on the activity at hand. While
playing SMADness or review games a group size of 4 or 5 may be the most effective. Larger
groups prove to be more successful when the information has already been taught and learned.
This allows for activities to be done in a timely manner and helps the students to review and
study in a class setting. However, when students are investigating new material a smaller group
size of 2 or 3 students may be more beneficial for students to work together. Students can use
the smaller group setting to bounce ideas and thoughts off of one another. This allows for a
deeper understanding than just the procedural drill-and-kill, stand-and-deliver teaching approach.
Students will have more of a conceptual understanding of what the mathematics is doing and
what they are discovering.
Implications for Further Research
Although this research did not yield conclusive results regarding the effectiveness and
efficiency of students working in groups of 2, 3, and 4 students, additional research involving
group work may produce more convincing results. A researcher may consider a more extensive
and in-depth process including more groups, more classes, and a longer-term study. A study that
lasted for an entire semester where students are required to work in groups on a consistent basis
may lead to more insight on effective group size. A longer study would alleviate the
stress/excitement of a short-term study. This would allow for the researcher to observe the work
ethic, and natural habits of the students in the experiment. Ineffective implementation strategies
of group work often leave students with a bad impression. Therefore, a similar study should be
conducted in a classroom conducive to group work.

	
  
	
  

	
  

OPTIMAL GROUP SIZE

HAMILTON 33
Concluding Remarks

The motivation behind this study was to determine if group size had an effect on the
efficiency and effectiveness the work of a group. Based on the results of this experiment, it
appears that the size of the group does not affect the outcome of the group. However, the
perception of group work may have an impact on how students react to working in groups of
various sizes. Students commented that they enjoyed working in small groups, of size three,
because communication was easier between students while working throughout the game.
Group work can be an effective tool in the repertoire of educators if implemented properly. The
continuous practice and refining of the group work strategy is a key component to the success of
each student and the class of a whole.
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Appendix A

Hypothesis – It is hypothesized that students working in groups of 3 will work more efficiently
to solve math problems more accurately than students working in groups of 2 or 4.
Team Name:
Names:

1.

2.

3.

4.
Directions

With your team, create the numbers 1 – 10 using the four numbers you obtained by
rolling the die. You may use each number once and only once, and you can use any
mathematical operation you wish. After your team has all ten numbers and translated them to
single scoring sheet, your team captain must stand up and say “SMADNESS!” Be certain that
our scoring sheet is accurate and follows all mathematical orders of operation.

Game 1

Game 2 (Individual)
=1

=1

=2

=2

=3

=3

=4

=4

=5

=5

=6

=6

=7

=7

=8

=8

=9

=9

= 10

= 10
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Appendix B

Each of the 10 mathematical sentences was worth one point each, for a total of ten points. The
time component was graded out of 5 points. Groups could receive 5 points if their activity was
completed in less than 3 minutes. If the group finished between 3 and 4 minutes they received 4
points, between 4 and 5 minutes they received 3 points, between 5 and 6 minutes they received 2
points, between 6 and 7 minutes they received 1 point, and for any time over 7 minutes they will
receive 0 points.
Grading Rubric (Total of 15 Possible Points)
Correct Responses (10)

Time Efficiency (5)

10 points if every response is
correct

5 points if game is completed
in 3 minutes or less.

9 points if 9 response are correct

4 points if game is completed
between 3 and 4 minutes.

8 points if 8 response are correct

3 points if game is completed
between 4 and 5 minutes.

7 points if 7 response are correct

2 points if game is completed
between 5 and 6 minutes.

6 points if 6 response are correct

1 points if game is completed
between 6 and 7 minutes.

5 points if 5 response are correct

0 points if game is completed
in more than 7 minutes.

4 points if 4 response are correct
3 points if 3 response are correct
2 points if 2 response are correct
1 points if 1 response are correct
0 points if 0 response are correct
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Appendix C

Follow Up Questions:
1) Please fill in the following information:
Age:
Gender:
Ethnicity:
College Major:
Last Mathematics Class Taken:

2) Which problem was the easiest for you (list question number)? Why?

3) Which problem was the hardest for you (list question number)? Why?

4) What was the best and worst part of working in our group? Explain.

5) What would the optimal group size be and why?
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Appendix D

TO: Students in MATH 110: Mathematics in Action
FROM: Mr. Hamilton
DATE:
RE: Consent Form
Purpose, Procedures and Benefits
v Purpose: The purpose of this study is to determine the optimal group size for the success
of the group.
v Procedures: For the first fifteen minutes of one class session, the presenter rolls four die
to obtain a set of numbers the students will use for the game. Each of the three times the
game is played the set of numbers will be of similar skill level. The students will work
together to write number sentences from their set to obtain numbers 1 – 10 exactly once.
Each group will record the time it took to complete the task.
v Benefits: Through this study, I hope to determine the optimal size for working in groups.
This is an important study as results will help design lesson plans that foster effective
student learning while working in groups.
Related Information
v You have been asked to be in this study because you are a student in Mr. Hamilton
MATH 110 class.
v Protecting Confidentiality: your name will not be used in any materials related for this
research project.
v Participation in this study is voluntary; you are free to withdraw from the study at any
time without penalty.
v By signing the consent form, you are allowing Mr. Hamilton to use your assessment
information and data in the study.
v Data will be collected from the graded assessment, the completed surveys and
observations made during the study.
v There are no risks associated with this study. This study deals with routine teaching
practices in mathematics education.
v There is no cost to you for participating in this research study.
v There is no penalty for not signing the consent form.
** Please sign and return the consent form as soon as possible**
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Student Consent Form
SUNY Fredonia

Thank you for being a part of this study. Please print and sign your name in the space provided
to show that you agree to participate. Remember that signing the form allows Mr. Hamilton to
use your data for the research project. All students must participate in class whether they sign
this form or not.
Voluntary Consent: I have read this memo and I am fully aware of all that this study involves.
My signature below shows that I freely agree to participate in this study. I understand that there
will be no penalty for not participating. I understand that I may withdraw from the study at any
time, also without penalty. I understand that my name and any other personal information will
be kept out of the study. I understand that if I have any questions about this study, I may contact
Mr. Hamilton at 716-450-1402 or hami4699@fredonia.edu.

Please return this original, completed consent form as soon as possible. Thank you for your
cooperation.

Student Name (please print):
_____________________________________________________________________

Student Signature:
_____________________________________________________________________________

Date: ______________________
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Appendix E
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Appendix F
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Appendix G

Mean Correct Responses between Group Size and Class.

	
  
	
  

	
  

OPTIMAL GROUP SIZE

HAMILTON 44
Appendix H
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Appendix I

This chart shows the percentage of groups that correctly answered 8, 9, and 10 number
sentences.
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Appendix J

This chart shows the percentage of each class that correctly answered 8, 9, and 10 number
sentences.

	
  
	
  

	
  

